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Preface.

Dear reader:

These lecture notes are aimed at students attending the 42-hour Quantum Physics III course
at the University of Santiago de Compostela (USC). They rely heavily on various chapters and
sections of the books listed in the bibliography, as well as on other sources. Most (though not
all) of what is written here is a rephrasing of what you can find in those books, and one might
wonder whether it would not be better to just refer you to the relevant chapters and sections
of the books. We do in fact both things. We do refer you to the books and encourage you to
read them, but we also make a selection of the material to cover in our course and present it
here in a way that, hopefully, allows you to go through the mathematical derivations with less
effort. At a time when excellent text processors are readily available, we can afford to include
more intermediate algebraic steps than would typically appear in a published textbook. We do
not, however, work out in detail everything. In any time-limited course, one must decide when
to perform every step of a calculation and when to skip to the final result in order to cover
more material. Of course, not all the calculations have the same pedagogical value: similar
calculations need not be repeated, and others lie beyond the scope of this course.

It follows a short list of the books that have been more extensively used when preparing the
lectures. Other references are listed in the bibliography at the end. It should be clear, in any
case, that these notes are not intended to replace them in your study.

• M. Weissbluth. Atoms and Molecules, [16]. Chapters 15, 16, 17, 18, 19, 22 and 23. This
book was published in 1978 and there has never been a second edition, but it remains an
excellent source of material. The first 14 chapters offer an unusually long introduction to
mathematical tools and a review of key quantum mechanics topics.

• D. J. Griffiths and D. F. Schroeter. Introduction to Quantum Mechanics [7]. At least
chapters 8 and 10, but other chapters should be useful also. This is a clear and pedagogical
textbook that you should enjoy reading. The second edition of this book, which is in the
library, is also excellent.

• Bransden, B. H. and Joachain, C. J., Physics of atoms and molecules [2]. The second
edition is a 1114 pages volume with a wide coverage of atomic and molecular physics. The
first edition, at least, is in the library.

Of course the bibliography on quantum physics is very vast. A few additional textbooks that
you might find useful are

• Sánchez del Ŕıo (coordinador). F́ısica Cuántica, [3].

• R. Eisberg and R. Resnick. Quantum Physics of Atoms, Molecules, Solids, Nuclei and
Particles, [4].

• M. Fox. A Student’s Guide to Atomic Physics, [5].
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• H. Haken and H.C. Wolf. The Physics of Atoms and Quanta, [9].

• J.J. Sakurai and J. Napolitano, Modern Quantum Mechanics, second edition, [13].

• S. Weinberg, Lectures on Quantum Mechanics, second edition, [15].

Bear in mind that this document does not necessarily cover all the material discussed in the
classroom and cannot be seen as the complete reference for the course. It is also bound to be
edited frequently, with the date appearing at the head of the pages.

One final note: since several figures and plots have been freely taken from books and other
sources without asking permission (only for pedagogical reasons), these lecture notes should not
be circulated outside the restricted domain of lecturer-student communication at the University
of Santiago de Compostela.
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Chapter 1

The hydrogen fine structure.

To find the relativistic corrections to hydrogen-like atomic energy levels we need to use the
Dirac equation. This equation can be exactly solved for the Coulomb potential. However, the
calculations are rather lengthy and since the relativistic corrections are small (provided Z is not
too large), it is convenient to use perturbation theory keeping only terms up to order v2/c2 in
the Dirac Hamiltonian.

Before getting to that, as a gentle starter, it is useful to review the very important role sym-
metries play in physics, and how they are implemented in quantum mechanics. In the historical
development of quantum mechanics, a lot of guidance from classical physics was obtained to get
explicit expressions for observables, specially Hamiltonians. Nevertheless, the recourse to the
classical world is not always possible and, to a large extent, symmetry principles alone seem to
provide the most solid guidance to obtain the correct expressions for observable quantities. In
addition, one would say that deep understanding comes only when the fundamental equations
of the theory can be derived from a few symmetry principles.

Since symmetries in the context of quantum mechanics have already been discussed in Quan-
tum Physics II, the treatment here is kept to a minimum review. The material in the next section
is more extensively discussed in, for example, chapter 3 of reference1 [15], or in the first chapter
of [13].

1.1 Postulates and symmetries, a brief review.

In quantum mechanics, physical states are represented as vectors in a Hilbert space, called also
state vectors. The properties of a system, or observable quantities than can be measured, are
represented by Hermitian operators acting on the states of the Hilbert space.

Remember that an operator A is hermitian if A† = A, where A† is the adjoint of A,
defined such that

〈
ϕ
∣∣A† ∣∣ψ〉 = ⟨ψ |A |ϕ⟩∗. The matrix elements of A† are related

to those of A (denoted as aij) through (A†)ij = a∗ji. When we use the Dirac bra-ket
notation to write ⟨ϕ|A|ψ⟩, the operator A is always assumed to act on the sate to
its right. Sometimes we could also write ⟨ϕ|A|ψ⟩ = ⟨ϕ|Aψ⟩, but note carefully that,
in general, ⟨ϕ|A|ψ⟩ ̸= ⟨Aϕ|ψ⟩, unless A is hermitian. Some authors, particularlly
S. Weinberg, use the notation (ϕ, ψ) for the scalar product instead of ⟨ϕ |ψ⟩. This
notation is commonly used by mathematicians, and the operators are written in a
natural way acting on the states as (ϕ,Aψ) or (Aϕ,ψ), as appropriate. For some
purposes the mathematical notation is more clear than the one introduced by Dirac.
For example, the adjoint A† can simply be defined as the operator that satisfies
(ϕ,A†ψ) = (Aϕ,ψ). In this course we will use the Dirac notation.

1Lectures on quantum mechanics, by S. Weinberg, is an excellent (graduate level) textbook. Chapter 3, in
particular, is a gem. We advise you to read it at some point in the future, especially if you plan to pursue
eventually postgraduate physics studies.

9
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When the property represented by the operator2 A is measured on a system in a state Ψ, the
result is necessarily one of the eigenvalues of A, say a. After the measurement, the state vector
of the system is the eigenstate of A corresponding to the eigenvalue a, say ϕa. The probability
of obtaining that particular value in the measurement process is given by (for discrete spectra)

P (a) =
| ⟨ϕa |Ψ⟩ |2

⟨ϕa |ϕa⟩ ⟨Ψ |Ψ⟩
. (1.1)

The state vector of the system evolves in time according to the Schrödinger equation,

iℏ
dΨ(t)

dt
= HΨ(t). (1.2)

The hermitian operator H is the Hamiltonian of the system and represents its total energy.
The previous paragraphs encapsulate all principles or postulates of quantum mechanics. It

remains now to decide how to choose the operators. Classical mechanics offers of course valuable
guidance, but has a limited reach, so let us see how symmetry principles can help us. Symmetries
in quantum mechanics are represented by unitary linear operators, U † = U−1, which transform
state vectors keeping transition probabilities invariant.

⟨Ψ2 |Ψ1⟩ −→
〈
Ψ′

2

∣∣Ψ′
1

〉
= ⟨UΨ2 |UΨ1⟩ =

〈
Ψ2

∣∣∣U †UΨ1

〉
= ⟨Ψ2 |Ψ1⟩ . (1.3)

Specially important symmetries are those that can be represented by unitary linear operators
that can be arbitrarily close to the identity operator, 1. In that case we may write

Uϵ = 1+ iϵT +O(ϵ2), (1.4)

where ϵ is an arbitrary real infinitesimal number, and T is some operator which does not depend
on ϵ. To first order in ϵ, the unitary condition is

U †
ϵUϵ =

(
1−iϵT †+O(ϵ2)

)(
1+iϵT+O(ϵ2)

)
= 1+iϵ(T−T †)+O(ϵ2) = 1 =⇒ T = T †. (1.5)

Therefore Hermitian operators arise naturally associated to infinitesimal symmetries. If we now
take ϵ = θ/n, where θ is some n-independent finite parameter, and apply the transformation n
times we have

lim
n→∞

(
1+

iθT

n

)n
= eiθT =

∞∑
n=0

(iθT )n

n!
= U(θ). (1.6)

The operator T is known as the generator of the symmetry. Many of the operators representing
observables in quantum mechanics are the generators of symmetries.

Under a symmetry transformation, Ψ′ = UΨ, the expectation value of any observable A
undergoes the following transformation

⟨Ψ |AΨ⟩ −→ ⟨UΨ |AUΨ⟩ =
〈
Ψ
∣∣U−1AUΨ

〉
. (1.7)

The transformation properties of the matrix elements can then be found by transforming the
observables as

A −→ A′ = U−1AU. (1.8)

This is called a similarity transformation. If we take Uϵ = 1+ iϵT +O(ϵ2), then the operator A
is transformed as

A −→ A′ = U−1
ϵ AUϵ = (1− iϵT )A(1+ iϵT ) = A+ iϵAT − iϵTA = A− iϵ[T,A]. (1.9)

We see then that the effect of infinitesimal symmetry transformations on any operator can be
expressed through the commutation relations of the symmetry generator with that operator. In
particular, if [T,A] = 0 the operator A does not change under the symmetry transformation T .

2In order to be extra clear, in this section we denote operators with uppercase letters and eigenvalues with
lowercase letters. For example, P = (P1, P2, P3) is the momentum operator and p = (p1, p2, p3) is an eigenvalue
of that operator. In future sections we will not be so strict with the notation because, hopefully, it will be clear
from the context what is a number and what is an operator.
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1.1.1 Time and space translations.

It seems almost unavoidable to take time-translation invariance to be a fundamental symmetry
for isolated systems: the Laws of Nature should not depend on the century when they are
discovered.3 Thus, the physical results obtained from the state vectors Ψ(t) and Ψ(t+ τ), where
τ is an arbitrary time amount, should be physically equivalent. This means there should be
some linear unitary operator U(τ) such that

U(τ)Ψ(t) = Ψ(t+ τ). (1.10)

Since τ is a continuous variable that can be arbitrarily small, it must be possible to express
U(τ) as eiτT . Instead of the Hermitian operator T , we may write T = −H/ℏ, so that

U(τ) = exp

(
− iHτ

ℏ

)
. (1.11)

This can be taken as the definition of the Hamiltonian H. By setting t = 0 in equation (1.10)
and replacing τ with t, it follows that the time-dependence of any state vector is given by

Ψ(t) = exp

(
− iHt

ℏ

)
Ψ(0). (1.12)

Taking the time derivative we find

dΨ(t)

dt
= − iH

ℏ
exp

(
− iHt

ℏ

)
Ψ(0) =

1

iℏ
HΨ(t). (1.13)

This equation is usually written as

HΨ(t) = iℏ
dΨ(t)

dt
. (1.14)

This is the general version of the time-dependent Schrödinger equation. Time translation in-
variance leads to the energy conservation law, which applies only to isolated systems.

Another important fundamental symmetry is that of spatial translations. The laws of nature
should not depend on where our laboratory is located. When performing a translation by an
arbitrary three-vector a, the expectation value of any particle coordinate X is transformed to
X+ a. (Here X = (X1, X2, X3) is the position operator). There must exist then a unitary
operator U(a) such that

U−1(a) X U(a) = X+ a. (1.15)

For a infinitesimal, U must take the form Uϵ = 1 + iϵT + O(ϵ2). We use now the Hermitian
operator −P/ℏ instead of T , and the three-vector parameter a instead of ϵ, to write

U(a) = 1− i

ℏ
P · a+O(a2). (1.16)

This can be taken as the definition of the momentum operator, P = (P1, P2, P3). Inserting the
expression for the infinitesimal translation into equation (1.15) we have, to first order in a,(

1+
i

ℏ
P · a

)
X

(
1− i

ℏ
P · a

)
= X− i

ℏ
X · (P · a) + i

ℏ
(P · a) ·X = X+

i

ℏ
[(P · a),X]. (1.17)

From this, we conclude that the following relation must be satisfied for any infinitesimal three-
vector a

i

ℏ
[(P · a),X] = a, [X, (P · a)] = iℏa. (1.18)

3Do not confuse time-translation with time-reversal, which has been experimentally found not to hold in weak
interactions.
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Taking now the first component of the X operator, X1, and a translation along the X1-axis, we
have

[X1, P1a1] = iℏa1. (1.19)

This relation holds for any a1 only if we have [X1, P1] = iℏ. Likewise, we have [X2, P2] = iℏ and
[X3, P3] = iℏ. In a more compact form,

[Xi, Pj ] = iℏδij . (1.20)

A translation by a vector a followed by a translation by a vector b gives the same result as a
translation by b followed by a translation by a, therefore

U(b)U(a) = U(a)U(b). (1.21)

From this follows that
[Pi, Pj ] = 0. (1.22)

Because they commute, we can find a complete set of eigenvectors of all three components of
momentum, so we can write for an arbitrary finite translation

U(a) = exp

(
−iP · a

ℏ

)
. (1.23)

Let |Φ0⟩ be a one-particle state with a definite position at the origin. This is an eigenstate of
the position operator X with eigenvalue zero. We can form an eigenstate with definite position
x using the space translation operator,

|Φx⟩ ≡ U(X) |Φ0⟩ . (1.24)

Of course, the position operator acts on this eigenstate according to

X |Φx⟩ = x |Φx⟩ . (1.25)

Remember that any state |ψ⟩ can be expanded in terms of the position eigenstates as

|ψ⟩ =
∫

d3x |Φx⟩ ⟨Φx |ψ⟩ =
∫

d3x ψ(x) |Φx⟩ , (1.26)

where ψ(x) = ⟨Φx |ψ⟩ is the state wave function in the position representation.4 A transla-
tion operation by an amount a transforms the position eigenstate |Φx⟩ into the new position
eigenstate U(a) |Φx⟩ = |Φx+a⟩. For an arbitrary state |ψ⟩ we have then

U(a) |ψ⟩ = U(a)

∫
d3x ψ(x) |Φx⟩ =

∫
d3x ψ(x)U(a) |Φx⟩

=

∫
d3x ψ(x) |Φx+a⟩ =

∫
d3x′ ψ(x′ − a) |Φx′⟩ . (1.27)

In the last step, we have just performed the change of variable x+ a → x′. Hence, the wave
function transforms under a translation as5

U(a)ψ(x) = ψ′(x) = ψ(x− a). (1.28)

For |a| infinitesimal we may Taylor expand ψ(x− a) and neglect everything beyond first order,

ψ(x− a) ≈ ψ(x)−∇ψ(x) · a. (1.29)

4The wave function of the position eigenstate |Φx0⟩ itself is ⟨Φx |Φx0⟩ = δ3(x− x0). Since this function is
zero everywhere except at x = x0, we obviously have X |Φx0⟩ = x0 |Φx0⟩.

5If the sign seems strange at first glance, think that what this equation says is that the translated function ψ′

evaluated at x is equal to the untranslated function ψ evaluated at x− a.
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On the other hand, for such an infinitesimal translation the unitary operator can be written as
U(a) ≈ 1− i

ℏP · a. Therefore

⟨Φx |U(a) |ψ⟩ = ⟨Φx |ψ⟩ −
i

ℏ
⟨Φx |P |ψ⟩ · a = ψ(x)− i

ℏ
⟨Φx |P |ψ⟩ · a. (1.30)

Remember that a is just a fixed three-vector parameter. Equating (1.29) to (1.30) we get

i

ℏ
⟨Φx |P |ψ⟩ = ∇ψ(x). (1.31)

In other words, the momentum operator acts on the wavefunctions as

Pψ(x) = −iℏ∇ψ(x). (1.32)

It can be seen that space translation invariance leads to the momentum conservation law. Note
that the representation of the momentum operator as P = −iℏ∇, as well as the commutation
relations [Xi, Pj ] = iℏδij , are not postulates. They both follow from the fundamental properties
of spatial translations and, in fact, are closely related in the sense that the representation
P = −iℏ∇ can also be inferred directly from the commutation relations (you are invited to
check this in problem 3).

This section was just a warm-up and we will not continue now with the next obvious candi-
date for a review: spatial rotations. You are expected to review it yourself by reading appendix
(B.5).

1.2 The Dirac equation.

Here we provide a very terse introduction to the Dirac equation, which is sufficient for our
purposes. For a systematic treatment you need to attend, for example, the Quantum Field
Theory course of the USC Physics Degree academic plan. By applying the standard quantum
prescriptions we have just reviewed in the previous section

p → −iℏ∇, E → iℏ
∂

∂t
, (1.33)

to the classical energy-momentum relation
p2

2m
+ V = E, you get the Schrödinger equation,

− ℏ2

2m
∇2Ψ+ VΨ = iℏ

∂Ψ

∂t
. (1.34)

It is easier to introduce the Dirac equation using relativistic four-vector notation, so here is
a brief reminder.6 The energy-momentum contravariant four-vector, or four-momentum, is
pµ = (E/c, px, py, pz) = (E/c,p) = (p0, p1, p2, p3). The corresponding covariant four-vector is is
pµ = (E/c,−p). You go from one to the other using the metric tensor

gµν = gµν︸ ︷︷ ︸
g

=


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , pν = gµνp
µ. (1.35)

In an expression such as gµνp
µ, two repeated indices, one covariant and the other contravariant,

are to be summed over (Einstein summation convention). The scalar product of the four-
momentum with itself is

p · p = pµgµνp
ν = pµpµ = pµp

µ = p0p
0 + p1p

1 + p2p
2 + p3p

3

= p0p0 − p1p1 − p2p2 − p3p3 =
E2

c2
− p2x − p2y − p2z = m2c2. (1.36)

6Although this is a powerful notation and should not give you any fear, this is essentially the only section
where we use relativistic four-vectors in this course.
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The quantum prescription goes over to the relativistic regime without modifications,

pµ = (E/c,−p) → iℏ∂µ, pµ = (E/c,p) → iℏ∂µ. (1.37)

∂µ ≡ ∂

∂xµ
=

(
1

c

∂

∂t
,
∂

∂x
,
∂

∂y
,
∂

∂z

)
, ∂µ ≡ ∂

∂xµ
=

(
1

c

∂

∂t
,− ∂

∂x
,− ∂

∂y
,− ∂

∂z

)
. (1.38)

□ ≡ ∂µ∂µ =
1

c2
∂2

∂t2
− ∂2

∂x2
− ∂2

∂y2
− ∂2

∂z2
=

1

c2
∂2

∂t2
−∇2 (1.39)

The relativistic energy-momentum relation E2−p2c2 = m2c4 can be more conveniently written
in covariant7 form as c2pµpµ = m2c4, or just8 p2 −m2c2 = 0. The free-particle Klein-Gordon
equation follows upon using here the canonical quantum prescription,

−ℏ2∂µ∂µΨ−m2c2Ψ = 0, − 1

c2
∂2Ψ

∂t2
+∇2Ψ =

(mc
ℏ

)2
Ψ, □Ψ+

(mc
ℏ

)2
Ψ = 0. (1.40)

In fact, even before Klein and Gordon, Schrödinger himself considered this equation as a rel-
ativistic starting point for his theory. However, after including electromagnetic interactions
in (1.40) he did not obtain the correct hydrogen fine structure and discarded it in favor of a
non-relativistic equation (which does not include any fine structure at all). Another problem
with the Klein-Gordon equation is that it leads to both positive and negative probability den-
sity solutions. The inevitable conclusion is that the Klein-Gordon equation does not provide a
consistent description of single-particle states for a relativistic system.9

The origin of the negative probability density in the Klein-Gordon equation lies in the fact
that it is a second-order equation in t. In searching for a first-order equation compatible with
the relativistic relation pµpµ −m2c2 = 0, Dirac tried to factorize it. Suppose you are able to
write

(pµpµ −m2c2) = (βκpκ +mc)(γλpλ −mc), (1.41)

where a summation over repeated indices is understood and βκ and γλ are eight coefficients to
be determined. Multiplying out the right-hand side we have

pµpµ −m2c2 = βκγλpκpλ −mc(βκ − γκ)pκ −m2c2. (1.42)

For this equation to hold it is necessary to make the linear term in pκ disappear from the
right-hand side, therefore we must impose the condition βκ = γκ. We are left with

pµpµ = γκγλpκpλ. (1.43)

The γκ coefficients we are searching for cannot be just numbers. We will not spend more time
on this here, but it can be shown that they should be matrices of, at least, dimension 4 × 4

7The covariant term is used here with a different meaning to the one in the expression covariant vector. In
brief, in a covariant equation both the left-hand side and right-hand side are explicitly written as tensors of the
same rank, which usually can be checked directly by simple inspection counting the number of contravariant and
covariant indices, taking also into account those which are contracted (summed over). This ensures that both
sides of the equation transform in the same way (they are covariant) when changing the frame of reference. In
modern terminology, a contravariant vector is just a vector, and a covariant vector is a 1-form. Nevertheless, the
scientific literature is full of expressions such as covariant vector, covariant equation and contravariant vectors, so
better get used to it.

8Note that in this equation we are doing p2 = pµpµ, which is not the same as the square of the three-momentum,
p2. In usual practice the context makes clear the meaning of p2, but in any case we will very seldom use covariant
notation in this course.

9In fact, no relativistic wave equation can provide a consistent description of single-particle states at very
high energies because the number of particles is not a conserved quantity: particle-antiparticle pairs can be
created. The proper interpretation of the relativistic wave equations has to be found in the Quantum Field
Theory Formalism. In this formalism the Dirac wave function, for example, appears as the matrix element of a
quantum field between a one-particle state and the vacuum, and not as a probability amplitude.
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and should satisfy the relation {γµ, γν} = γµγν + γνγµ = 2gµν , where gµν is the metric tensor
defined previously. We have then

(pµpµ −m2c2) = (γκpκ +mc)(γλpλ −mc) = 0, (1.44)

and the Dirac equation is conventionally chosen to arise from the relation10 (γλpλ −mc) = 0:

(iℏγµ∂µ −mc)Ψ = 0. (1.45)

We need an explicit representation of the γ matrices. In the non-relativistic limit the most
convenient one is the so-called standard representation, which is

γ0 =

(
I 0
0 −I

)
, γi =

(
0 σi

−σi 0

)
, i = 1, 2, 3 (1.46)

where the Pauli matrices are given by

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1.47)

Explicitly,

γ0 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , γ1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 , (1.48)

γ2 =


0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0

 , γ3 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 . (1.49)

The following relations are useful,

[σi, σj ] = 2iεijkσk, σiσj = iσk, σ2i = 1, σiσj + σjσi = 2δij , σ2σ
∗
k = −σkσ2,

σ†i = σi = σ−1
i , (a · σ) · (b · σ) = a · b+ iσ · (a× b), σ = (σ1, σ2, σ3). (1.50)

In the relation σiσj = iσk the indices are understood to be an even permutation of (1, 2, 3),
but if you want a general expression showing explicitly the Levi-Civita tensor you may write
σiσj = δij + iεijkσk.

The Dirac equation, (iℏγµ∂µ −mc)Ψ = 0, is written in a manifestly covariant form, but for
our purposes it will be more convenient to write it using the following matrices

β ≡ γ0, βα1 = γ1, βα2 = γ2, βα3 = γ3, αk = γ0γk =

(
0 σk
σk 0

)
. (1.51)

Explicitly,

β =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , α1 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , (1.52)

α2 =


0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0

 , α3 =


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 . (1.53)

10Of course, it doesn’t really matter which relation you choose. You could as well take (γκpκ +mc) = 0 and
reach the same physical conclusions. Only the notation would be slightly changed.
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And the Dirac equation becomes now

iℏ
(
β∂0 + βα1∂1 + βα2∂2 + βα3∂3 −

mc

iℏ

)
Ψ = 0. (1.54)

Multiplying on the left by β we have (since β2 = (γ0)2 = 1)

iℏ
(
∂0 + α1∂1 + α2∂2 + α3∂3 − β

mc

iℏ

)
Ψ = 0, (1.55)

iℏ∂0Ψ = iℏ
(
−α1∂1 − α2∂2 − α3∂3 + β

mc

iℏ

)
Ψ. (1.56)

But iℏ (−α1∂1 − α2∂2 − α3∂3) = αp and ∂0 =
1
c∂t, therefore

iℏ
c
∂tΨ = (αp+ βmc)Ψ. (1.57)

The operator HD = cαp + βmc2 is known as the Dirac Hamiltonian for a free particle. The
time-independent Dirac equation for a free particle is

(cαp+ βmc2)Ψ = EΨ. (1.58)

Of course, Ψ is a four-component (bispinor) function,

Ψ =


ψ1

ψ2

ψ3

ψ4

 . (1.59)

In components, the free-particle Dirac equation becomes a set of four equations,

c(px − ipy)ψ4 + cpzψ3 + (mc2 − E)ψ1 = 0,

c(px + ipy)ψ3 − cpzψ4 + (mc2 − E)ψ2 = 0, (1.60)

c(px − ipy)ψ2 + cpzψ1 − (mc2 + E)ψ3 = 0,

c(px + ipy)ψ1 − cpzψ2 − (mc2 + E)ψ4 = 0.

Using the Pauli matrices we can write these equations in two-component form for the spinors
ψu and ψv defined as

ψu =

(
ψ1

ψ2

)
, ψv =

(
ψ3

ψ4

)
. (1.61)

cσpψv + (mc2 − E)ψu = 0, (1.62)

cσpψu − (mc2 + E)ψv = 0. (1.63)

From (1.62) we have

ψu =
cσp

E −mc2
ψv. (1.64)

Let’s make an estimation of the relative magnitude of ψu and ψv in the non-relativistic approx-
imation. From the general relation (a ·σ) · (b ·σ) = a ·b+ iσ · (a×b) we can write (σp)2 = p2,
and so σp = p ≈ mv. Furthermore11,

E −mc2 =
√
(mc2)2 + p2c2 −mc2 = mc2

√
1 +

( p

mc

)2
−mc2

= mc2
[
1 +

1

2

( p

mc

)2
− 1

8

( p

mc

)4
+ . . .

]
−mc2 =

p2

2m
− p4

8m3c2
+ . . . ≈ 1

2
mv2 (1.65)

11Using
√
1 + x2 = 1 + 1

2
x2 − 1

8
x4 + . . ..
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Thus
ψu
ψv

≈ cmv
1
2mv

2
= 2

c

v
, (1.66)

and for v/c≪ 1 only the ψu component (also known as large component) needs to be considered.
Inserting ψv = ψu(E −mc2)/(cσp) in (1.63) we get

cσpψu −
(mc2 + E)(E −mc2)

cσp
ψu = 0, c2(σp)2ψu = (E +mc2)(E −mc2)ψu. (1.67)

At non-relativistic energies we have E′ ≡ E −mc2 ≈ 1
2mv

2 ≪ mc2, so

(E −mc2)(E +mc2) = E′(E′ + 2mc2) = 2mc2E′
(
1 +

E′

2mc2

)
≈ 2mc2E′. (1.68)

Using this, and taking into account that (σp)2 = p2, equation (1.67) becomes

E′ψu =
p2

2m
ψu, E′ψu = − ℏ2

2m
∇2ψu. (1.69)

This is still a two-component equation, but since both ψu components satisfy the relation, we
may as well drop the subscript and write generically

E′ψ = − ℏ2

2m
∇2ψ, (1.70)

which is the time-independent Schrödinger equation for a free particle. Our next job will be to
find the non-relativistic approximation of the Dirac equation with an electromagnetic coupling.

1.3 The Electromagnetic Coupling in the Dirac equation.

Let’s consider an electromagnetic field given by the vector and scalar potentials A and ϕ.
Remember that the magnetic and electric fields are (in Gaussian units)

B = ∇×A, E = −1

c

∂A

∂t
−∇ϕ. (1.71)

At present, the best understanding we have on how to describe the electromagnetic interac-
tion is by requiring the Dirac Lagrangian to be invariant under a certain type of local gauge
transformations. It can be seen12 that this local gauge invariance principle leads us from the
free-particle Dirac Hamiltonian H0 = cαp+βmc2 to H = α(cp− qA)+βmc2+ qϕ, which takes
into account the interaction with the electromagnetic field. The Dirac equation for a particle in
the presence of an electromagnetic field is then(

α(cp− qA) + βmc2 + qϕ
)
ψ = Eψ. (1.72)

In two-component form,

σ(cp− qA)ψv + (mc2 + qϕ)ψu = Eψu, (1.73)

σ(cp− qA)ψu − (mc2 − qϕ)ψv = Eψv. (1.74)

Let’s examine more closely the large component. From (1.74),

ψv(E +mc2 − qϕ) = σ(cp− qA)ψu, ψv =
σ(cp− qA)

E +mc2 − qϕ
ψu. (1.75)

12We’ll explore a bit this mechanism in problem (1), but with the Schrödinger equation.
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Insert now this in (1.73), denoting E′ = E −mc2 and π = p− q

c
A,

σ(cp− qA)
σ(cp− qA)

E +mc2 − qϕ
ψu + (mc2 + qϕ)ψu = Eψu, (1.76)

(σπ)
c2

E′ + 2mc2 − qϕ
(σπ)ψu = (E −mc2 − qϕ)ψu = (E′ − qϕ)ψu, (1.77)

1

2m
(σπ)

2mc2

E′ + 2mc2 − qϕ
(σπ)ψu = (E′ − qϕ)ψu, (1.78)

(E′ − qϕ)ψu =
1

2m
(σπ)K(σπ)ψu, (1.79)

where

K =
2mc2

E′ + 2mc2 − qϕ
=

1

1 +
E′ − qϕ

2mc2

. (1.80)

When the kinetic energy E′ is small or, to be precise, the combination E′ − qϕ is much smaller
than 2mc2, we can approximate K ≈ 1 and obtain

(E′ − qϕ)ψu =
1

2m
(σπ)2 ψu. (1.81)

In problem (6) we will prove the relation

(σπ)2 =
(
p− q

c
A
)2

− qℏ
c

σ · (∇×A) . (1.82)

Inserting this into equation (1.81) we arrive at

(E′ − qϕ)ψu =

[
1

2m

(
p− q

c
A
)2

− qℏ
2mc

σ · (∇×A)

]
ψu. (1.83)

E′ ψu =

[
1

2m

(
p− q

c
A
)2

− qℏ
2mc

σ · (∇×A) + qϕ

]
ψu. (1.84)

This is the Dirac equation to order v/c. It is known as the Pauli equation because Pauli himself
had studied it before, following a different reasoning. It predicts an interaction term between
the magnetic field, B = ∇×A, and the spin operator of a spin 1/2 particle, S = ℏσ/2.

We need to go to the next higher approximation, to order v2/c2, which comes from doing,13

K =
1

1 +
E′ − qϕ

2mc2

≈ 1− E′ − qϕ

2mc2
. (1.85)

The procedure to follow is to insert this approximation for K into equation (1.79) and retain
only terms up to order v2/c2. We skip here the rather tedious derivation (see appendix B.9)
which would lead us to

(E′ − qϕ)ψ =

[
1

2m

(
p− q

c
A
)2

− qℏ
2mc

σ · (∇×A)

− p4

8m3c2
+

ℏ2q
8m2c2

∇ (∇ϕ) +
ℏq

4m2c2
σ [(∇ϕ)× p]

]
ψ. (1.86)

13Remember that 1/(1 + x) ≈ 1− x for small x.
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Now we set q = −e, where e is the absolute value of the electron charge,

(E′ + eϕ)ψ =

[
1

2m

(
p+

e

c
A
)2

+
eℏ
2mc

σ · (∇×A)

− p4

8m3c2
− ℏ2e

8m2c2
∇2ϕ− ℏe

4m2c2
σ [(∇ϕ)× p]

]
ψ. (1.87)

This is the Dirac equation for an electron to order v2/c2, and it will be the basis to compute the
first-order relativistic corrections to the Hydrogen spectrum. Higher-order corrections, however,
are not correctly given by relativistic wave equations, and a full quantum field theory treatment
would be needed.14

Before describing the relative importance of the different terms which appear in this equa-
tion, a few words about units. The primary laboratory data in atomic spectroscopy are the
wavelengths of electromagnetic radiation emitted by atoms. For a given transition between two
states, one does not measure directly the energy of the emitted photon, but its wavelength.
This is the reason why it is commong practice to work with inverse of centimeters instead of
energy units.15 From the relation between energy and wavelength for electromagnetic radiation,
1/λ = E/hc, we find, for E = 1 eV,

1

λ
=

E

2πℏc
=

1 eV

2π × 197.3269788(12)× 106 eV × 10−13 cm
= 8065.544005 cm−1. (1.88)

The relative importance of the different terms in equation (1.87) is the following:

• The electric scalar potential energy, eϕ, with a size of about 105 cm−1, or ∼ 12 eV.

• The term
1

2m

(
p+

e

c
A
)2

contains the kinetic energy and the interaction with the vector

potential A. It has also a size of about 105cm−1 and is responsible of, or contributes to,
several physical processes such as the absorption, emission and scattering of electromag-
netic waves, diamagnetism and the Zeeman effect.

• The interaction of the electron spin magnetic moment with a magnetic field, B = ∇×A,

is given by
eℏ
2mc

σ · (∇×A), with an energy of about 1cm−1 (1.2× 10−4 eV).

• The relativistic correction to the kinetic energy,
p4

8m3c2
, with a size of about 0.1cm−1 (1.2×

10−5 eV), comes from the expansion of the relativistic kinetic energy

T = E −mc2 =
√

(mc2)2 + p2c2 −mc2 = mc2
√
1 +

( p

mc

)2
−mc2

= mc2
[
1 +

1

2

( p

mc

)2
− 1

8

( p

mc

)4
+ . . .

]
−mc2 =

p2

2m
− p4

8m3c2
+ . . .

14As it was pointed out before, relativistic wave equations do not provide a consistent framework to deal with
high-energy particle physics problems. It is true that the non-relativistic limit of the Dirac equation in an external
electromagnetic field reduces to the Schrödinger equation with a Hamiltonian which contains an expansion in
powers of the electron velocity, i.e. relativistic corrections. A posteriori, the field theoretical treatment shows
that the first-order corrections produced by the Dirac wave equation are correct, in the sense that they coincide
with the field theory result. In the language of Feynman diagrams, we would say that the relativistic wave
equations reproduce the tree-level diagram result. For more details see section 3.6 of M. Maggiore’s textbook A
Modern Introduction to Quantum Field Theory, Oxford University Press, 2013.

15Be careful not to mix the spectroscopic use of cm−1 with its use in the natural system of units. For more
details see equation (B.6) in appendix (B.1).
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• The Darwin term,
ℏ2e

8m2c2
∇2ϕ, has no classic analog and produces an energy shift in

s-states by less than 0.1cm−1.

• The spin-orbit interaction term is − ℏe
4m2c2

σ [(∇ϕ)× p]. In Hydrogen, this represents an

energy correction of about 10−5 eV, but for heavy atoms it can be considerably larger,
reaching a a size from 10 to 103 cm−1, (0.0012 to 0.12 eV). If ϕ depends only on r the

gradient is just ∇ϕ =
dϕ

dr

r

r
. Using L = r × p and S =

ℏ
2
σ, we obtain the more familiar

expression

− ℏe
4m2c2

σ [(∇ϕ)× p] = − e

2m2c2
dϕ

dr

1

r
S(r× p) = − e

2m2c2
dϕ

dr

1

r
LS (1.89)

Finally, a remark should be made concerning the approximation we have used for the K factor,

K =
2mc2

E′ + 2mc2 − qϕ
≈ 1− E′ − qϕ

2mc2
.

When the electric scalar potential ϕ becomes singular, as it happens with the Coulomb potential
for r = 0, this approximation is not valid and a different approach is needed. We will see how
to deal with this problem when computing the hyperfine splitting in chapter 2.

1.4 The hydrogen atom without higher-order corrections.

What follows is a brief account on how to solve the Schrödinger equation for the Hydrogen
system because we assume you have already seen this in detail in previous courses. If this is
not the case you are advised to read, for example, chapter four of Griffiths’s book [7], and work
through exercises 9 and 10 at the end of this chapter.

For an electron in a static field without higher-order relativistic corrections equation (1.87)
reduces to

(E′ + eϕ)ψ =
p2

2m
ψ. (1.90)

At non-relativistic energies we have E′ ≈ mv2/2. Let’s write now this energy directly as E
instead of E′, to simplify notation. Next we replace p by −iℏ∇ and write the electric scalar
potential as eϕ = −V to get

Hψ =

(
− ℏ2

2m
∇2 + V

)
ψ = Eψ. (1.91)

In spherical coordinates,

r2
(
∂2

∂r2
+

2

r

∂

∂r

)
ψ +

2mr2

ℏ2
(E − V )ψ =

1

ℏ2
L2ψ, (1.92)

where

L2 = −ℏ2
[

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2

]
. (1.93)

Assuming that the potential has only a radial dependence, V = V (r), and that the eigenfunctions
can be written as

ψ(r, θ, φ) =
1

r
u(r)Y (θ, φ) = R(r)Y (θ, φ), (1.94)

so the Schrödinger equation can be separated into

d2u(r)

dr2
+

2m

ℏ2
[
E − V (r)

]
u(r) =

λ

r2
u(r), (1.95)

L2Y (θ, φ) = ℏ2λY (θ, φ), (1.96)
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where λ is a constant. Next, we need to apply some appropriate boundary conditions. It seems
sensible to assume that ψ and its first derivatives are everywhere continuous, single-valued and
finite. The consequences of imposing these conditions are that

λ = ℓ(ℓ+ 1), (ℓ = 0, 1, 2 . . .), (1.97)

and that the functions Y (θ, φ) are the spherical harmonics, Y m
ℓ (θ, φ), with m = −ℓ,−ℓ +

1, . . . ,+ℓ. The first few of them, for ℓ = 1, 2, 3, are listed in table (1.1). The equation for u(r)
can be written now as [

d2

dr2
+

2m

ℏ2
[E − V (r)]− ℓ(ℓ+ 1)

r2

]
u(r) = 0. (1.98)

Solutions to this equation are searched for taking into account that V (r) → 0 as r → ∞.
Asymptotically, as r → ∞, the previous equation reduces to

d2u(r)

dr2
+

2m

ℏ2
Eu(r) = 0, (1.99)

which has solutions of the form

u(r) = e±ar, with a =

√
−2m

ℏ2
E. (1.100)

For E < 0 the solution e+ar is not acceptable because it grows without limit as r → ∞. On the
contrary, the solution e−ar is acceptable because goes to zero as r goes to infinity. For E > 0
either sign in the exponent would satisfy the boundary conditions, nevertheless we will focus
here on the bound states of the atom, that is, solutions with E < 0. In this case, according to
the asymptotic behavior, we should look for solutions of the form u(r) = e−arf(r), where f(r)
is a function to be determined by the radial equation (1.98) and the boundary conditions.

Consider now an electron of mass m interacting with a nucleus of charge Ze, so that16

V (r) = −Ze2/r. The radial equation is now[
d2

dr2
+

2m

ℏ2

(
E +

Ze2

r

)
− ℓ(ℓ+ 1)

r2

]
u(r) = 0. (1.101)

In Rydberg units, where the unit of length is taken to be the Bohr radius, a0, and the unit of
energy the magnitude of the ground state bounding energy of a Hydrogen with infinite nucleus
mass, we have the relations17

rR =
r

a0
, ER =

E

R∞
, ∇2

R = a20∇2, a0 =
ℏ2

me2
=

ℏ
αmc

, (1.102)

R∞ =
1

2

(
e2

ℏc

)2

mc2 =
1

2
α2mc2 =

ℏ2

2ma20
=

e2

2a0
, α =

e2

ℏc
, (1.103)

which, for example, let us do this transformation,(
− ℏ2

2m
∇2 − Ze2

r

)
ψ = Eψ −→

(
−∇2

R − 2Z

rR

)
ψ = ERψ. (1.104)

16In the SI system V (r) = − Ze2

4πϵ0r
. In the Gaussian system of units, the constants are absorbed into a

redefinition of the electric charge unit, so we have V (r) = −Ze2

r
. To go from one system to the other just make

the replacement ϵ0 → 1
4π

. Have a look at the appendix B.1 for more information about various systems of units.

17In the SI system the fine structure constant is α =
e2

4πϵ0ℏc
, and the Bohr radius reads a0 =

4πϵ0ℏ2

e2m
. The

expression a0 =
ℏ

mcα
is valid in any system of units. R∞ is the Rydberg constant for infinite nuclear mass.
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We have also [
1

a20

d2

dr2R
+

1

a20
ER +

1

a20

2Z

rR
− 1

a20

ℓ(ℓ+ 1)

r2R

]
u(rR) = 0. (1.105)

Since in Rydberg units a0 = 1 by definition, we get (writing r instead of rR etc. from now on,
to shorten the notation)

d2u(r)

dr2
+

[
E +

2Z

r
− ℓ(ℓ+ 1)

r2

]
u(r) = 0. (1.106)

Now we substitute u(r) = e−arf(r) and get

d2f

dr2
− 2a

df

dr
+

[
a2 + E +

2Z

r
− ℓ(ℓ+ 1)

r2

]
f = 0, (1.107)

But a2 = −2mE/ℏ2 = −2mERR∞/ℏ2 = −ER/a20, so when E is expressed in Rydberg units
(where a0 = 1) we have a2 = −E and the previous expression reduces to

d2f

dr2
− 2a

df

dr
+

[
2Z

r
− ℓ(ℓ+ 1)

r2

]
f = 0. (1.108)

Next, we try a power series solution,

f = rs
(
A0 +A1r +A2r

2 + . . .
)
, (1.109)

with s > 0 to ensure that f remains finite as r → 0. After inserting this power series in the
differential equation for f(r) it is found that s = ℓ + 1 > 0 and that the following recursion
relation for the coefficients must hold,18

Ak
Ak−1

= 2
(ℓ+ k)a− Z

k2 + (2ℓ+ 1)k
= 2

ℓa
k + a− Z

k

k + 2ℓ+ 1
. (1.110)

We see that, for k → ∞, the recursion relation behaves as
Ak
Ak−1

→ 2a

k
. This is also what

happens to the coefficients of the e2ar power series expansion,

e2ar =
∞∑
k=0

(2a)k

k!
rk,

(2a)k/k!

(2a)k−1/(k − 1)!
=

2a

k
. (1.111)

This tells us that the function f(r) behaves like e2ar for large k and, therefore, u(r) = e−arf(r) ≈
e−are2ar = ear for large k if f(r) is given by an infinite series expansion. Since this implies that
u(r) → ∞ for r → ∞, which is not an acceptable solution, we must demand the series (1.109)
to terminate at some finite value of k. This can only be done by setting to zero the numerator
of the recursion relation (1.110). Recalling that a2 = −E in Rydberg units,

(ℓ+ k)a− Z = 0, a =
Z

ℓ+ k
, E = − Z2

(ℓ+ k)2
≡ −Z

2

n2
. (1.112)

In SI units,

En = −

[
m

2ℏ2

(
e2

4πϵ0

)2
]
Z2

n2
= −1

2
mc2

(
e2

4πϵ0ℏc

)2
Z2

n2
= −1

2
α2mc2

Z2

n2
=
E1

n2
, (1.113)

18To see clearly how a recursion relation like this arises, work carefully through problem number 9 at the end
of the chapter.
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where E1 is the binding energy of the hydrogen ground state. Note that the boundary conditions
imposed on the differential equations have forced the bound states to have a discrete energy
spectrum. The acceptable solutions for u(r) can be written in terms of the Laguerre polynomials,

L2ℓ+1
n+ℓ (x) = − [(n+ ℓ)!]2

n−ℓ−1∑
k=0

(−x)k

k!(n− ℓ− k − 1)!(2ℓ+ k + 1)!

= B0 +B1x+B2x
2 + . . .+Bn−ℓ−1x

n−ℓ−1. (1.114)

Bk = −Bk−1
n− ℓ− k

k(2ℓ+ k + 1)
, Bn−ℓ−1 = (−1)n−ℓ

(n+ ℓ)!

(n− ℓ− 1)!
(1.115)

To keep the order of the Laguerre polynomial finite, the acceptable values for the integer n are
those that make the relation n− ℓ− 1 to be equal to zero or to some positive integer, therefore
we have

n = ℓ+ 1, ℓ+ 2, ℓ+ 3, . . . (1.116)

The full solution for the hydrogen bound states is,

|nℓm⟩ ≡ ψnℓm(r, θ, φ) = Rnℓ(r)Y
m
ℓ (θ, φ) =

1

r
unℓ(r)Y

m
ℓ (θ, φ) (1.117)

where,

unℓ(r) =

√
(n− ℓ− 1)!Z

n2[(n+ ℓ)!]3a0

(
2Zr

na0

)ℓ+1

e−Zr/(na0) L2ℓ+1
n+ℓ

(
2Zr

na0

)
, (1.118)

and ∫ ∞

0
unℓ(r)un′ℓ(r) dr =

∫ ∞

0
Rnℓ(r)Rn′ℓ(r) r

2 dr = δnn′ . (1.119)

The orthogonality properties of unℓ(r) and Y
m
ℓ (θ, φ) lead to the following orthogonality relations

for the Hydrogen eigenfunctions.

⟨nℓm|n′ℓ′m′⟩ =
∫
ψ∗
nℓm(r, θ, φ)ψn′ℓ′m′(r, θ, φ) dτ = δnn′δℓℓ′δmm′ . (1.120)

We have three quantum numbers, n, ℓ and m, where n is the principal quantum number taking
the values n = 1, 2, 3, . . .. The orbital angular momentum quantum number takes the values
ℓ = 0, 1, 2, . . . (n − 1). The magnetic (or projection) quantum number takes the values m =
−ℓ, ℓ + 1, . . . , 0, . . . ℓ − 1,+ℓ. In spectroscopic notation we have s, p, d, f, g . . . instead of ℓ =
0, 1, 2, 3, 4, . . . Note that the degeneracy of the Hydrogen eigenstates19 is n2,

n−1∑
ℓ=0

(2ℓ+ 1) = n2 (1.121)

Table (1.2) shows the hydrogen-like atom wave functions (all written with a positive phase
factor) for states with n = 1 and n = 2, together with the radial functions unℓ(r) = rRnℓ(r).

It is interesting to see some plots of Rnℓ(r) =
1
runℓ(r). The higher the value of n, the greater

is the number of nodes in Rnℓ(r) for a given value of ℓ. The probability of finding an electron
in an element of volume dτ is

ψ∗ψ dτ =
1

r2
u2nℓ(r)Y

m∗
ℓ (θ, φ)Y m

ℓ (θ, φ) r2 sin θ dr dθ dφ. (1.122)

19For a Hamiltonian invariant under three-dimensional rotations, as it is the case when V = V (r), one in general
expects eigenfunctions of the form R(r)Y m

ℓ (θ, φ) with a degeneracy of (2ℓ + 1). The fact that for Hydrogen we
have a degeneracy of n2 is due to the special property of the Coulomb field. This degeneracy is often called
accidental. For multi-electron atoms, the energy of the orbitals depends on both n and ℓ because V (r) is no
longer the Coulomb potential.
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ℓ,m Y m
ℓ (θ, φ) ℓ,m Y m

ℓ (θ, φ)

0, 0
(

1
4π

)1/2
2,±2

(
15
32π

)1/2
sin2 θ e±i2φ

1, 0
(

3
4π

)1/2
cos θ 3, 0

(
7

16π

)1/2
(5 cos3 θ − 3 cos θ)

1,±1 ∓
(

3
8π

)1/2
sin θ e±iφ 3,±1 ∓

(
21
64π

)1/2
sin θ (5 cos2 θ − 1) e±iφ

2, 0
(

5
16π

)1/2
(3 cos2 θ − 1) 3,±2

(
105
32π

)1/2
sin2 θ cos θ e±i2φ

2,±1 ∓
(
15
8π

)1/2
sin θ cos θ e±iφ 3,±3 ∓

(
35
64π

)1/2
sin3 θ e±i3φ

Table 1.1: Spherical harmonics for ℓ = 1, 2, 3.

n, ℓ,m ψnℓm(r, θ, φ) unℓ(r)

1, 0, 0
(
Z
a0

)3/2
1√
π
e−Zr/a0

(
Z
a0

)3/2
2r e−Zr/a0

2, 0, 0
(
Z
a0

)3/2
1√
32π

(
2− Zr

a0

)
e−Zr/2a0

(
Z
a0

)3/2
r√
2

(
1− Zr

2a0

)
e−Zr/2a0

2, 1, 0
(
Z
a0

)3/2
1√
32π

Zr
a0
e−Zr/2a0 cos θ (

Z
a0

)3/2
1

2
√
6
Zr2

a0
e−Zr/2a0

2, 1,±1
(
Z
a0

)3/2
1√
64π

Zr
a0
e−Zr/2a0 sin θ e±iφ

3, 0, 0
(
Z
a0

)3/2
1

81
√
3π

[
27− 18Zra0 + 2

(
Zr
a0

)2]
e−Zr/3a0

(
Z
a0

)3/2
2r
3
√
3

[
1− 2Zr

3a0
+ 2

27

(
Zr
a0

)2]
e−Zr/3a0

3, 1, 0
(
Z
a0

)3/2
1
81

√
2
π

[
6Zra0 −

(
Zr
a0

)2]
e−Zr/3a0 cos θ

(
Z
a0

)3/2
8

27
√
6
Zr2

a0

(
1− Zr

6a0

)
e−Zr/3a0

3, 1,±1
(
Z
a0

)3/2
1

81
√
π

[
6Zra0 −

(
Zr
a0

)2]
e−Zr/3a0 sin θ e±iφ

3, 2, 0
(
Z
a0

)3/2
1

81
√
6π

(
Zr
a0

)2
e−Zr/3a0 (3 cos2 θ − 1) (

Z
a0

)3/2
4

81
√
30
Z2r3

a20
e−Zr/3a03, 2,±1

(
Z
a0

)3/2
1

81
√
π

(
Zr
a0

)2
e−Zr/3a0 sin θ cos θ e±iφ

3, 2,±2
(
Z
a0

)3/2
1

162
√
π

(
Zr
a0

)2
e−Zr/3a0 sin2 θ e±i2φ

Table 1.2: Hydrogen-like wave functions (all written with a positive phase factor) and radial
wave functions for states with n = 1, 2, 3.

If ψ∗ψ dτ is integrated over the surface of a sphere you get the probability of finding the electron
in a shell between two spheres of radii r and r+dr. Since the spherical harmonics are normalized
to unity the result is just r2R2

nℓ dr = u2nℓ(r) dr. Therefore u2nℓ(r) is a radial charge density in
the same sense that ψ∗ψ is a charge density. The probability of finding the electron between θ
and θ + dθ is proportional to

Y m∗
ℓ (θ, φ)Y m

ℓ (θ, φ) sin θ dθ =
[
P

|m|
ℓ (cos θ)

]2
sin θ dθ. (1.123)

The probability of finding the electron between φ and φ+ dφ is just proportional to dφ.
The orbital angular momentum operator, L = r× p, commutes with the Laplace operator,

∇2, therefore the Hamiltonian H = −(ℏ2/2m)∇2 + V (r) also commutes with L and L2. The
components of L do not commute with one another, but any one of them commutes with L2

and H. It is conventional to write the Hydrogen bound states as eigenstates of the operators
Lz, L

2 and H, which satisfy

[L2,H] = [Lz,H] = [L2, Lz] = 0. (1.124)

Since our Hamiltonian does not contain spin operators, the following relations also hold,

[S2,H] = [Sz,H] = 0. (1.125)
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Going back to equation (1.100), we see that if E > 0 the parameter a =
√
−(2m/ℏ2)E

becomes a pure imaginary number, which may be written as a = ±iκ. The radial function
u(r) = e±iκr remains now finite for r → ∞ and it is not necessary (in fact it is not possible) to
terminate the series in (1.109). As a consequence, the energy is not quantized and can take any
value from zero to infinity, giving rise to a continuum set of eigenstates. Each positive eigenvalue
is infinitely degenerate: to each value of E there corresponds an infinite number of states, with ℓ
taking all integral values from 0 to ∞ (with all possible values of m for a given ℓ). The hydrogen
eigenstates for E > 0 can still be written as the product of a radial function and the spherical
harmonics,

ψkℓm(r, θ, φ) = Rkℓ(r)Y
m
ℓ (θ, φ), (1.126)

where k =
√
2mE/ℏ2 is a continuous parameter (wave number) that may take any positive

value. The radial function Rkℓ(r) can be written as the product of an exponential function and
a confluent hypergeometric function. We don’t need to provide here an explicit expression,20

but they satisfy the following conditions of normalization and orthogonality∫ ∞

0
r2Rk′ℓRkℓ dr = δ

(
k′ − k

2π

)
= 2π δ(k′ − k). (1.127)

If Rnℓ(r) is a radial function of the discrete spectrum and Rkℓ(r) a radial function of the con-
tinuum spectrum, the following orthogonality relation holds21∫ ∞

0
r2RnℓRkℓ dr = 0. (1.128)

The orthogonality of the full eigenstates of the continuum spectrum for different values of ℓ and
m is ensured by the spherical harmonics,

⟨kℓm|k′ℓ′m′⟩ =
∫
ψ∗
kℓm(r, θ, φ)ψk′ℓ′m′(r, θ, φ) dτ = 2π δℓℓ′ δmm′ δ(k′ − k). (1.129)

It should be emphasized that, if we wish to expand a function in terms of the Hydrogen atom
solutions, it is necessary to include both the continuum states and the bound discrete states.
The bound states form an infinite discrete set, but not a complete one.

1.4.1 Expectation values.

The expectation value of a given power of r is defined as〈
rk
〉
=

∫
rkψ∗ψ dτ =

∫ ∞

0
rkR2

nℓ(r) r
2 dr =

∫ ∞

0
rku2nℓ(r) dr. (1.130)

The expectation value of r itself is found to be

⟨r⟩nℓ =
a0
2Z

[
3n2 − ℓ(ℓ+ 1)

]
. (1.131)

This may be interpreted as the size of the atom and is inversely proportional to Z.22 For ℓ = 0
states the value of ⟨r⟩nℓ is proportional to n2, the deviations from this proportionality being

20The interested reader may consult [11] (chapter 5) or [1] (page 21), for example.
21Remember the theorem which states that eigenfunctions corresponding to different eigenvalues are orthogonal.
22Of course, this is only true for hydrogenic atoms with nuclear charge Ze. The radii of multi-electron atoms

with high Z do not decrease as 1/Z because the charge of the nucleus is greatly screened by the inner electrons,
so the outer electrons do not see the full Ze charge. Heavy atoms are slightly larger than light ones because the
electrons in the outer orbits have larger values of the principal quantum number n, but for the same n the atomic
radius decreases as Z grows. In some contexts, the size of the atom is defined as one-half the distance between
the nuclei of identical atoms that are bonded together. For the H2 molecule this is 0.74× 10−10 m, which would
translate to a Hydrogen radius of about 0.37× 10−10 m (the Bohr radius is a0 = 0.529× 10−10 m).
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small for states with ℓ ̸= 0. Note that for the ground state of the Hydrogen atom we have
⟨r⟩ = 3a0/2, while the maximum value of the probability density function occurs at a value of
r given by rmax = a0. For states with ℓ = n − 1 the probability density function has a single
maximum located at rmax = a0n

2/Z. The expectation value of r2 is

⟨r2⟩nℓ =
a20
Z2

n2

2

[
5n2 + 1− 3ℓ(ℓ+ 1)

]
. (1.132)

We collect below the expressions for the expectation values of a few inverse powers of r that will
be used later to compute several corrections.〈

1

r

〉
nℓ

=

∫ ∞

0

1

r
u2nℓ(r) dr =

Z

a0

1

n2
,

〈
1

r2

〉
nℓ

=
Z2

a20

1

n3(ℓ+ 1
2)
. (1.133)

〈
1

r3

〉
nℓ

=
Z3

a30

1

n3(ℓ+ 1)(ℓ+ 1
2)ℓ

. (1.134)〈
1

r4

〉
nℓ

=
Z4

a40

3n2 − ℓ(ℓ+ 1)

2n5(ℓ+ 3
2)(ℓ+ 1)(ℓ+ 1

2)ℓ(ℓ−
1
2)
. (1.135)

1.4.2 One-electron wave functions.

We have just seen that for the Hamiltonian H =
p2

2m
− Ze2

r
the complete solution to the

time-independent Schrödinger equation Hψ = Eψ for the bound states consists of the orbitals
ψnlm(r, θ, φ) together with the energy eigenvalues En. The Dirac equation to order v2/c2 (1.87)
contains additional terms which modify both the ψnlm eigenfunctions and the En eigenvalues.
We will evaluate later the corrections to En using time-independent perturbation theory with
the ψnlm solutions as a zero-order basis set.

The Hamiltonian of the free-particle Schrödinger equation, H = p2/2m, commutes with the
orbital angular momentum, L, but the Hamiltonian of the free-particle Dirac equation does not:

[HD,L] ̸= 0, HD = cαp+ βmc2, (1.136)

where β = γ0 and αk = γ0γk, (k = 1, 2, 3). It does commute, however, with the total angular
momentum operator J = L+ S, where the spin operator is defined as23

S =
ℏ
2

(
σ 0
0 σ

)
≡ ℏ

2
Σ, Si =

ℏ
2

(
σi 0
0 σi

)
, i = 1, 2, 3 (1.137)

S2 =
ℏ2

4

(
σ21 0
0 σ21

)
+

ℏ2

4

(
σ22 0
0 σ22

)
+

ℏ2

4

(
σ23 0
0 σ23

)
=

3ℏ2

4


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (1.138)

It is easy to verify that the components of S satisfy the same commutation relations as the
orbital angular momentum, [Si, Sj ] = iℏSk, with (i, j, k) an even permutation of (1, 2, 3). A
particle at rest (L = 0) satisfying the Dirac equation is described by a spinor which verifies the
eigenvalue equation

S2χ = ℏ2S(S + 1)χ = ℏ2
3

4
χ,

and thus has intrinsic angular momentum S = 1/2. The ability to automatically incorporate in
such a way the fact that the electron has spin 1/2 was historically one of the great accomplish-
ments of the Dirac equation.

23This is the spin operator which acts on the bispinor states (4 components) which are solutions of the Dirac
equation. The spin operator which acts on the spinor states (2 components) is just ℏσ/2.
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We may adopt now the notation ϕ(r) ≡ ϕnℓmℓ
(r, θ, φ) for a one-electron spatial orbital char-

acterized by the quantum numbers n, ℓ and mℓ, instead of the previous notation ψnℓm(r, θ, φ).
For the one-electron spin function we may write,

χms ≡ χ(ms) =



(
1

0

)
= |12 ,+

1
2⟩ , for ms = +1

2(
0

1

)
= |12 ,−

1
2⟩ , for ms = −1

2

(1.139)

The complete one-electron orbital would be

ψ(λ) = ψ(r, θ, φ,ms) = ϕ(r)χ(ms). (1.140)

Whenever we write an integral involving spin orbitals, a spatial integration, as well as a sum-
mation over spin coordinates, is to be understood. It will often be the case that the radial
part of the wave function remains fixed, then the principal quantum number (n) can be sup-
pressed without loss of information. For many purposes, the Dirac notation turns out to be
the most convenient one. The notation |ℓsmℓms⟩ stands for the angular and spin parts of the
wave function. The subscripts in mℓ and ms are used to distinguish the projection quantum
numbers associated to ℓ and to s. The spin orbitals ψ(λ) = |nℓsmℓms⟩ are still eigenfunctions

of H =
p2

2m
− Ze2

r
, with the same energy eigenvalues associated to ϕnℓmℓ

(r, θ, φ). However, the

degeneracy has been increased from n2 to 2n2. We have the following relations,

L2 |ℓsmℓms⟩ = ℓ(ℓ+ 1)ℏ2 |ℓsmℓms⟩ ,

S2 |ℓsmℓms⟩ = s(s+ 1)ℏ2 |ℓsmℓms⟩ =
3

4
ℏ2 |ℓsmℓms⟩ ,

Lz |ℓsmℓms⟩ = mℓℏ |ℓsmℓms⟩ , (1.141)

Sz |ℓsmℓms⟩ = msℏ |ℓsmℓms⟩ = ±1

2
ℏ |ℓsmℓms⟩ .

We are free to make any linear combination of degenerate eigenfunctions to build other sets of
degenerate eigenfunctions. A specially important example is

|ℓsjm⟩ =
∑
mℓms

|ℓsmℓms⟩ ⟨ℓsmℓms|ℓsjm⟩ , (1.142)

where ⟨ℓsmℓms|ℓsjm⟩ are the Clebsh-Gordan coefficients for the coupling of L and S to obtain
the total angular momentum J = L+ S. The |ℓsjm⟩ eigenstates satisfy

L2 |ℓsjm⟩ = ℓ(ℓ+ 1)ℏ2 |ℓsjm⟩ ,

S2 |ℓsjm⟩ = s(s+ 1)ℏ2 |ℓsjm⟩ = 3

4
ℏ2 |ℓsjm⟩ ,

J2 |ℓsjm⟩ = j(j + 1)ℏ2 |ℓsjm⟩ , (1.143)

Jz |ℓsjm⟩ = mℏ |ℓsjm⟩ .

And,

j = ℓ− 1

2
, ℓ+

1

2
, m = mℓ +ms (1.144)

The |ℓsjm⟩ states are not eigenfunctions of Lz or Sz. They are said to be in the coupled basis, in
contrast to the |ℓsmℓms⟩ states, which are in the uncoupled basis. In the spectroscopic notation
for the orbitals, the small case letters s, p, d, f, . . . stand for ℓ = 0, 1, 2, 3, . . . in the |ℓsmℓms⟩
basis. In the coupled basis |ℓsjm⟩ (also called terms) we use upper case letters, S, P, D, F, . . .
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to stand for ℓ = 0, 1, 2, 3, . . . , and the spin s is indicated by writing 2s + 1 as a superscript to
the left. For example, the expression

2s+1Lj = 2D3/2 (1.145)

means ℓ = 2 and 2s+ 1 = 2, so s = 1/2.24 The value of the total angular momentum, j = 3/2,
is written as a subscript, and m may be indicated separately as follows

|ℓsjm⟩ =
∣∣∣∣212 32 − 1

2

〉
=

∣∣∣∣2D3/2 −
1

2

〉
. (1.146)

Of course, the choice of basis for the states does not affect the physics results.
In the coupled basis the states cannot be written as a product of a single space-wavefunction

and a constant spinor, like we did in equation (1.140) for the uncoupled basis. This is because
the angular part of the wavefunction turns out to be different for the two components of the
spinor. Indeed, equation (1.142) tells us that the state |ℓsjm⟩ is built as a linear combination
of |ℓsmℓms⟩ states with different values of mℓ, hence different spherical harmonics.

It is instructive to see this difference by finding the explicit form of the one-electron wave-
functions which are simultaneously eigenstates of L2, S2, J2 and Jz. To be very clear, we can
write the total angular momentum as

J = L

(
1 0
0 1

)
+

ℏ
2
σ. (1.147)

The Jz operator is then

Jz = −iℏ

(
∂
∂φ 0

0 ∂
∂φ

)
+

ℏ
2
σ3 = ℏ

(
−i ∂∂φ + 1

2 0

0 −i ∂∂φ − 1
2

)
. (1.148)

From this expression, it is easy to see that the eigenfunction of Jz corresponding to the eigenvalue
mℏ can be written as

Ψ =

(
R1(r)F1(θ) e

i(m− 1
2
)φ

R2(r)F2(θ) e
i(m+ 1

2
)φ

)
, (1.149)

where R1, R2, F1, F2, are radial and angular functions to be determined. For Ψ to be an
eigenfunction of L2 we need to require that L2Ψ = ℓ(ℓ+ 1)ℏ2Ψ. In full detail,

L2R1(r)F1(θ) e
i(m− 1

2
)φ = ℓ(ℓ+ 1)ℏ2R1(r)F1(θ) e

i(m− 1
2
)φ,

L2R2(r)F2(θ) e
i(m+ 1

2
)φ = ℓ(ℓ+ 1)ℏ2R2(r)F2(θ) e

i(m+ 1
2
)φ.

(1.150)

Since we know that L2Y m
ℓ = ℓ(ℓ+ 1)ℏ2 Y m

ℓ , we conclude

F1(θ) e
i(m− 1

2
)φ = Y

m− 1
2

ℓ (θ, φ), F2(θ) e
i(m+ 1

2
)φ = Y

m+ 1
2

ℓ (θ, φ),

Therefore

Ψ =

(
R1(r)Y

m− 1
2

ℓ (θ, φ)

R2(r)Y
m+ 1

2
ℓ (θ, φ)

)
. (1.151)

Finally, we need to add the requirement that Ψ is an eigenfunction of J2 = L2+S2+2LS. When
acting on Ψ, the eigenvalues of L2 and S2 are ℓ(ℓ+ 1)ℏ2 and 3ℏ2/4, respectively. Therefore we
can write

J2 = ℓ(ℓ+ 1)ℏ2 +
3

4
ℏ2 + ℏLσ = ℏ2

(
ℓ(ℓ+ 1) + 3

4 + 1
ℏLz

1
ℏL−

1
ℏL+ ℓ(ℓ+ 1) + 3

4 − 1
ℏLz

)
, (1.152)

24For one-electron systems we always have s = 1/2 and 2s + 1 = 2, but this notation will be very convenient
when applied to multi-electron systems.
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where
L±Y

m
ℓ = (Lx ± iLy)Y

m
ℓ = ℏ

√
ℓ(ℓ+ 1)−m(m± 1)Y m±1

ℓ . (1.153)

Imposing now the condition J2Ψ = j(j + 1)ℏ2Ψ, leads to a system of two equations which can
be solved to obtain the following normalized eigenfunctions (see problem 8),

Ψn,ℓ,j=ℓ+ 1
2
,m =

Rn,j− 1
2
(r)

√
2ℓ+ 1

 √
ℓ+m+ 1

2 Y
m− 1

2
ℓ√

ℓ−m+ 1
2 Y

m+ 1
2

ℓ

 , ℓ = j − 1

2
, ℓ ̸= 0

Ψn,ℓ,j=ℓ− 1
2
,m =

Rn,j+ 1
2
(r)

√
2ℓ+ 1

 √
ℓ−m+ 1

2 Y
m− 1

2
ℓ

−
√
ℓ+m+ 1

2 Y
m+ 1

2
ℓ

 , ℓ = j +
1

2
, ℓ ̸= 0

(1.154)

Of course, the radial functions in the expressions above are the usual hydrogen-like radial func-
tions. Also, be careful to note that the m quantum number is the magnetic quantum number
of the total angular momentum, m ≡ mj = mℓ+ms. Thus, the spherical harmonic index in the
upper components of the spinors tells us that

mℓ = mj −
1

2
= mℓ +ms −

1

2
=⇒ ms =

1

2
.

While for the lower components we have

mℓ = mj +
1

2
= mℓ +ms +

1

2
=⇒ ms = −1

2
.

The case ℓ = 0 must be treated separately. If ℓ = 0 we only have the spin part and the Jz
operator becomes

Jz =
ℏ
2
σ3 =

ℏ
2

(
1 0
0 −1

)
.

The eigenfunctions of L2, S2, J2 and Jz can then be written for ℓ = 0 as

Ψn,ℓ=0,j= 1
2
,m = Rn,0(r)Y

0
0 (θ, φ)

(
m+ 1

2
1
2 −m

)
, j =

1

2
, ℓ = 0. (1.155)

Note that in this case there is no angular dependence inside the spinor and the state is written
as a separate product of a space-wavefunction and a constant spinor. The states for the two
possible values of the magnetic quantum number m are

Ψn,ℓ=0,j= 1
2
,m= 1

2
= Rn,0(r)Y

0
0 (θ, φ)

(
1
0

)
,

Ψn,ℓ=0,j= 1
2
,m=− 1

2
= Rn,0(r)Y

0
0 (θ, φ)

(
0
1

)
.

(1.156)

Equations (1.154) can also be written in terms of abstract Hilbert states without reference
to a particular representation (space or momentum) as follows∣∣∣∣n, ℓ, j = ℓ+

1

2
,m

〉
=

√
ℓ+m+ 1

2√
2ℓ+ 1

∣∣∣∣n, ℓ,mℓ = m− 1

2
,ms =

1

2

〉

+

√
ℓ−m+ 1

2√
2ℓ+ 1

∣∣∣∣n, ℓ,mℓ = m+
1

2
,ms = −1

2

〉
,

∣∣∣∣n, ℓ, j = ℓ− 1

2
,m

〉
=

√
ℓ−m+ 1

2√
2ℓ+ 1

∣∣∣∣n, ℓ,mℓ = m− 1

2
,ms =

1

2

〉
(1.157)

−

√
ℓ+m+ 1

2√
2ℓ+ 1

∣∣∣∣n, ℓ,mℓ = m+
1

2
,ms = −1

2

〉
.
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1.5 Spin-Orbit coupling.

In the rest frame of the electron the moving body is the nucleus. This moving nuclear electric
charge creates a magnetic field at the electron position which interacts with the intrinsic magnetic
moment of the electron (originating from its spin). From a classical point of view, this would
give rise to a torque that tends to align the electron spin along the direction of the field.
Alternatively, you may prefer to analyze the problem in the rest frame of the nucleus. In this
case, of course, there is no magnetic field due to the movement of the nucleus and you could
argue that the electron only sees the nucleus Coulombic electric field. This is correct (ignoring
the nucleus intrinsic magnetic moment), but electrodynamics tells us that a moving magnetic
dipole (the electron) acquires an electric dipole moment, and in the nucleus rest frame the spin-
orbit coupling is due to the interaction of the electric field of the nucleus with the electric dipole
moment of the moving electron.

If the electrostatic potential depends only on r, from equation (1.89) we read off the following
spin-orbit Hamiltonian,

Hso = − e

2m2c2
1

r

dϕ

dr
LS = ξ(r)LS. (1.158)

For hydrogen-like atoms ϕ = Ze/r, therefore

ξ(r) =
Ze2

2m2c2r3
. (1.159)

The one-electron Hamiltonian with spin-orbit coupling becomes then H = H0 +Hso, where

H0 = − ℏ2

2m
∇2 − Ze2

r
, Hso = ξ(r)LS. (1.160)

We will treat the term Hso as a small perturbation.25 If the hydrogenic states |nℓsjm⟩ were non-
degenerate, the first-order correction to the energy obtained from time-independent perturbation
theory would be

E(1)
n =

〈
ψ(0)
n

∣∣∣Hso

∣∣∣ψ(0)
n

〉
. (1.161)

However, one has to be careful because H0 has degenerate eigenvalues. There are a number of

eigenstates ψ
(0)
ni with the same eigenvalue, so in this case the first-order corrections to the energy

are obtained from the solutions of the secular equation,∣∣∣Hso
ij − E(1)

n δij

∣∣∣ = 0, where Hso
ij =

〈
ψ
(0)
ni

∣∣∣Hso

∣∣∣ψ(0)
nj

〉
, (1.162)

where ψ
(0)
ni , ψ

(0)
nj are degenerate eigenfunctions of H0. To decide in which basis it is more conve-

nient to compute the matrix elements we note that

J = L+ S, J2 = L2 + S2 + 2LS, LS =
1

2
(J2 − L2 − S2), (1.163)[

H0, L
2
]
=
[
H0, S

2
]
=
[
H0, J

2
]
= [H0, Lµ] = [H0, Sµ] = [H0, Jµ] = 0, (1.164)

where Lµ, Sµ and Jµ stand for any component (rectangular or spherical) of L, S and J, respec-
tively. We have also (see problem (12)),[

LS, L2
]
=
[
LS, S2

]
=
[
LS, J2

]
= [LS, Jz] = 0, (1.165)

but [LS, Lz] ̸= 0 and [LS, Sz] ̸= 0. Both |ℓsmℓms⟩ and |ℓsjm⟩ are eigenfunctions of H0, however
LS does not commute with Lz and Sz, which means that |ℓsmℓms⟩ will not necessarily be an
eigenfunction of LS. The |ℓsjm⟩ states are simultaneous eigenfunctions of L2, S2, J2, Jz and

25It would be a good idea to read appendix B.2 before you proceed.
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LS, therefore the coupled basis is the one we should use because only diagonal matrix elements
will appear in the secular determinant. We have,

〈
ℓ′s j′m′∣∣LS |ℓsjm⟩ = 1

2
⟨ℓ′s j′m′| (J2 − L2 − S2) |ℓsjm⟩

=
ℏ2

2

[
j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

]
δj′jδℓ′ℓδm′m. (1.166)

The expectation value of the radial function ξ(r) is,

⟨ξ(r)⟩ = ξnℓ = ⟨nℓ| ξ(r) |nℓ⟩ =
∫ ∞

0
ξ(r)R2

nℓ(r)r
2 dr =

∫ ∞

0
ξ(r)u2nℓ(r) dr

=
Ze2

2m2c2

∫ ∞

0

1

r3
u2nℓ(r) dr =

Ze2

2m2c2

〈
nℓ

∣∣∣∣ 1r3
∣∣∣∣nℓ〉 =

Ze2

2m2c2
Z3

a30

1

n3(ℓ+ 1)(ℓ+ 1
2)ℓ

, (1.167)

where we have used the value of ⟨1/r3⟩ given by equation (1.134). Combining everything to-
gether,

⟨ℓsjm | ξ(r)LS | ℓsjm⟩ = Z4e2ℏ2

4m2c2a30

j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

n3(ℓ+ 1)(ℓ+ 1
2)ℓ

. (1.168)

To simplify this take into account that

α =
e2

ℏc
, a0 =

ℏ2

me2
=

ℏ
αmc

,
e2

2a0
=

1

2
α2mc2 = −E(0)

1 = 1Ry. (1.169)

So

e2ℏ2

4m2c2a30
=

e2ℏ2

4m2c2
α3m3c3

ℏ3
=
e2

ℏc
α3mc2

4
=
α4mc2

4
=

(
1

2
α2mc2

)
α2

2
=
α2

2
Ry. (1.170)

Therefore in Rydberg units

Eso =
Z4α2

n3
j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

2ℓ(ℓ+ 1
2)(ℓ+ 1)

Ry, (for ℓ ̸= 0). (1.171)

To get an expression valid in any system of units note that

E(0)
n = −(Z2/n2)Ry, E(0)

n = −1

2
α2mc2

Z2

n2
, (Zα)2 = −2n2

E
(0)
n

mc2
, (1.172)

Z4α2

2n3
=

1

2n

Z2

n2
(Zα)2 =

1

2n
E(0)
n

2n2E
(0)
n

mc2
=

n

mc2

(
E(0)
n

)2
, (1.173)

so we can rewrite Eso as

Eso =

(
E

(0)
n

)2
mc2

n[j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)]

ℓ(ℓ+ 1
2)(ℓ+ 1)

. (1.174)

If we want to make explicit the fine-structure constant,

Eso = −E(0)
n (Zα)2

j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

2nℓ(ℓ+ 1
2)(ℓ+ 1)

. (1.175)

Note that this formula for Eso diverges when ℓ = 0. This is due to the fact that we have
computed the value of ⟨1/r3⟩ with the eigenfunctions of the Hamiltonian in (1.87), which has
been obtained in the non-relativistic regime where eϕ ≪ mc2. However, the Coulomb energy
Ze2/r becomes infinite at r = 0 (where the wave function for ℓ = 0 is still finite) and therefore
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the approximation eϕ ≪ mc2 becomes invalid. In any case, atomic nuclei are not point-like
electric charges generating an exact Coulomb potential, so a more careful study should be done
at short distances. A proper calculation with an improved approximation26 reveals that ⟨1/r3⟩
is finite and we can safely use the fact that the matrix element of LS vanishes for ℓ = 0 to
conclude that Eso = 0 for s states.

For one-electron systems s(s+ 1) = 3/4, therefore

j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1) =

{
ℓ for j = ℓ+ 1

2

−(ℓ+ 1) for j = ℓ− 1
2

(1.176)

We can then rewrite Eso in Rydberg units as

Eℓ+ 1
2
=
Z4α2

n3
ℓ

2ℓ(ℓ+ 1
2)(ℓ+ 1)

Ry, Eℓ− 1
2
= −Z

4α2

n3
(ℓ+ 1)

2ℓ(ℓ+ 1
2)(ℓ+ 1)

Ry (1.177)

∆Eso = Eℓ+ 1
2
− Eℓ− 1

2
=
Z4α2

n3
1

ℓ(ℓ+ 1)
Ry. (1.178)

And in arbitrary units,

Eℓ+ 1
2
=

(
E

(0)
n

)2
mc2

nℓ

ℓ(ℓ+ 1
2)(ℓ+ 1)

, Eℓ− 1
2
= −

(
E

(0)
n

)2
mc2

n(ℓ+ 1)

ℓ(ℓ+ 1
2)(ℓ+ 1)

(1.179)

∆Eso = Eℓ+ 1
2
− Eℓ− 1

2
=

(
E

(0)
n

)2
mc2

2n

ℓ(ℓ+ 1)
. (1.180)

The size of the spin-orbit energy shift in the Hydrogen atom is of the order of 10−5 eV, or
0.1 cm−1. Since the energies between states with different values of the principal quantum
number, n, are about 104 cm−1, we see that the spin-orbit energy shifts are much smaller and
the first-order perturbation theory seems appropriate. Nevertheless, one has to take into account
that the spin-orbit energy increases rapidly with the atomic number due to the Z4 dependence.

The conditions on j, ℓ and m for the spin-orbit interaction matrix elements to be nonzero
can be read directly from equation (1.166). They are

∆j = ∆ℓ = ∆m = ∆(mℓ +ms) = 0. (1.181)

To see if there are any restrictions on the individual values of mℓ and ms we should compute the
matrix elements of LS in the uncoupled basis, |ℓsmℓms⟩. To do this it is convenient to express
L and S in spherical components,

L+1 = − 1√
2
(Lx + iLy), L−1 =

1√
2
(Lx − iLy), L0 = Lz (1.182)

S+1 = − 1√
2
(Sx + iSy), S−1 =

1√
2
(Sx − iSy), S0 = Sz (1.183)

Lx = − 1√
2
(L+1 − L−1), Ly =

i√
2
(L+1 + L−1), Lz = L0 (1.184)

Sx = − 1√
2
(S+1 − S−1), Sy =

i√
2
(S+1 + S−1), Sz = S0 (1.185)

This leads to LS = −L+1S−1 + L0S0 − L−1S+1, and therefore the matrix element〈
ℓsm′

ℓm
′
s

∣∣−L+1S−1 + L0S0 − L−1S+1

∣∣ ℓsmℓms

〉
(1.186)

26We do not perform this particular calculation here, but a similar one will be done when studying hyperfine
interactions.
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∣∣11
2

〉 ∣∣1− 1
2

〉 ∣∣01
2

〉 ∣∣0− 1
2

〉 ∣∣−11
2

〉 ∣∣−1− 1
2

〉〈
11
2

∣∣ 1
2〈

1− 1
2

∣∣ −1
2

1√
2〈

01
2

∣∣ 1√
2

0〈
0− 1

2

∣∣ 0 1√
2〈

−11
2

∣∣ 1√
2

−1
2〈

−1− 1
2

∣∣ 1
2

Table 1.3:
〈
11
2mℓms

∣∣ ξ(r)LS ∣∣ 11
2mℓms

〉
matrix elements for p states in units of ℏ2ξnℓ =

ℏ2 ⟨nℓ|ξ(r)|nℓ⟩. The notation has been shortened from |ℓsmℓms⟩ to |mℓms⟩ because ℓ = 1
and s = 1/2 for all the states in the table.

vanishes unless ∆mℓ = 0,±1 and ∆ms = 0,±1. A further requirement is that, if mℓ increases
by one unit, ms must decrease by one unit and vice-versa. In summary, the matrix element is
zero unless

∆mℓ = ∆ms = 0, or ∆mℓ = −∆ms = ±1. (1.187)

As a reference, the different values of
〈
11
2mℓms

∣∣ ξ(r)LS ∣∣ 11
2mℓms

〉
are shown in table (1.3)

in units of ℏ2ξnℓ = ℏ2 ⟨nℓ|ξ(r)|nℓ⟩.

1.6 Relativistic correction to the kinetic energy.

From (1.87) we see that the relativistic correction to the kinetic energy is given by

Hr = − p4

8m3c2
= − 1

2mc2

(
p2

2m

)2

. (1.188)

Using H0 =
p2

2m
− Ze2

r
we have,

Hr = − 1

2mc2

(
H0 +

Ze2

r

)2

= − 1

2mc2

[
H2

0 + Ze2
(
H0

1

r
+

1

r
H0

)
+

(Ze2)2

r2

]
. (1.189)

We want to compute the effects produced by Hr within a multiplet of states specified by par-
ticular values of n, ℓ, s and j, as for example the 2S1/2 or 2P3/2 eigenstates of H0 belonging to
a particular value of n. Therefore, treating Hr as a perturbation, the basis set is |nℓsjm⟩ and
the relevant matrix elements are ⟨nℓ′sj′m′|Hr|nℓsjm⟩. Let E(0)

n be an eigenvalue of H0, then〈
n ℓ′sj′m′ ∣∣H2

0

∣∣nℓsjm〉 = (E(0)
n

)2
δℓℓ′δjj′δmm′ . (1.190)

Since [p, r] ̸= 0, H0 and 1/r do not commute. However H0 is Hermitian,27 therefore we find the
following two matrix elements to be equal〈

nℓ′sj′m′
∣∣∣∣H0

1

r

∣∣∣∣nℓsjm〉 =

〈
nℓ′sj′m′

∣∣∣∣ 1rH0

∣∣∣∣nℓsjm〉
= E(0)

n

〈
nℓ′sj′m′

∣∣∣∣ 1r
∣∣∣∣nℓsjm〉 = E(0)

n

〈
1

r

〉
δℓℓ′δjj′δmm′ . (1.191)

27Remember that a Hermitian operator satisfies
〈
ψ
∣∣A†ϕ

〉
= ⟨Aψ |ϕ⟩ = ⟨ϕ |Aψ⟩∗. So〈

nℓsjm

∣∣∣∣H0
1

r

∣∣∣∣nℓsjm〉
=

〈
ψnℓsjm

∣∣∣∣H0
1

r

∣∣∣∣ψnℓsjm

〉
=

〈
H†

0ψnℓsjm

∣∣∣∣ 1r
∣∣∣∣ψnℓsjm

〉
=

〈
H0ψnℓsjm

∣∣∣∣ 1r
∣∣∣∣ψnℓsjm

〉
= E(0)

n

〈
ψnℓsjm

∣∣∣∣ 1r
∣∣∣∣ψnℓsjm

〉
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In the last step, we have taken into account that the value of ⟨1/r⟩ only depends on the radial
part of the wave function and is independent of ℓ, j and m. Similarly〈

nℓ′sj′m′
∣∣∣∣ 1r2

∣∣∣∣nℓsjm〉 =

〈
1

r2

〉
δℓℓ′δjj′δmm′ . (1.192)

Thus Hr has only diagonal matrix elements and its expectation value is

⟨Hr⟩ = − E
(0)
n

2mc2

[
E(0)
n + 2Ze2

〈
1

r

〉
+

(Ze2)2

E
(0)
n

〈
1

r2

〉]
. (1.193)

For Hydrogen we have

E(0)
n = −Z

2

n2
e2

2a0
= −Z

2

n2
me4

2ℏ2
= −Z

2

n2
Ry, (1.194)

and 〈
1

r

〉
=
Z

a0

1

n2
,

〈
1

r2

〉
=
Z2

a20

1

n3(ℓ+ 1
2)
. (1.195)

⟨Hr⟩ = − E
(0)
n

2mc2

[
−Z

2

n2
e2

2a0
+ 2Ze2

Z

a0

1

n2
− n2

Z2

2a0
e2

(Ze2)2
Z2

a20

1

n3(ℓ+ 1
2)

]

= −E
(0)
n Z2e2

mc2a0

[
− 1

4n2
+

1

n2
− 1

n(ℓ+ 1
2)

]
= E(0)

n Z2α2

[
− 3

4n2
+

1

n(ℓ+ 1
2)

]
, (1.196)

where

α2 =

(
e2

ℏc

)2

=
e2

mc2a0
, a0 =

ℏ2

me2
. (1.197)

We have obtained a formula for ⟨Hr⟩ which is valid for all values of ℓ (including ℓ = 0), namely.

Er = ⟨Hr⟩ = E(0)
n

(Zα)2

n

[
− 3

4n
+

1

(ℓ+ 1
2)

]
. (1.198)

To write this in Rydberg units note that E
(0)
n = −(Z2/n2) Ry, therefore

Er = −Z
4α2

n3

[
− 3

4n
+

1

(ℓ+ 1
2)

]
Ry (1.199)

Using the relations

E(0)
n = −1

2
α2mc2

Z2

n2
,

Z2

n2
= − 2E

(0)
n

α2mc2
, (1.200)

we can also write the relativistic correction in this useful form

Er =
E

(0)
n Z2α2

4n2

(
4n

ℓ+ 1
2

− 3

)
= −

2
(
E

(0)
n

)2
α2

4α2mc2

(
4n

ℓ+ 1
2

− 3

)
(1.201)

Er = −

(
E

(0)
n

)2
2mc2

(
4n

ℓ+ 1
2

− 3

)
(1.202)
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1.7 The Darwin term.

For the Darwin term let’s consider E = −∇ϕ, with ϕ = Ze/r. Then

HD =
eℏ2

8m2c2
∇ ·E = −Ze

2ℏ2

8m2c2
∇2

(
1

r

)
. (1.203)

The direct computation of ∇2(1/r) would give zero everywhere except, possibly, at r = 0. This
also happens with the divergence of r̂/r2,

∇
(

r̂

r2

)
=

1

r2
∂

∂r

(
r2

1

r2

)
= 0, for r ̸= 0. (1.204)

On the other hand, using Gauss’s theorem we can compute the volume integral of ∇(r̂/r2) over
the interior of a sphere of radius R, centered at the origin, as the integral of r̂/r2 over the surface
of the same sphere. The result is∫

∇
(

r̂

r2

)
d3r =

∮ (
r̂

r2

)
dσ =

∫ (
r̂

R2

)
R2 sin θ dθ dφ r̂ = 4π. (1.205)

Taken together, equations (1.204) and (1.205) tell us that ∇(r̂/r2) = 4πδ(r). Now, since
∇(1/r) = −r̂/r2, we have ∇2(1/r) = −∇(r̂/r2) = −4πδ(r). Therefore the Hamiltonian of
the Darwin term is

HD =
4πZe2ℏ2

8m2c2
δ(r). (1.206)

It is clear that we only need to consider the radial part of the wave function. The ma-
trix elements of the delta function are just the values of the wave functions at the origin,
⟨nℓ|δ(r)|nℓ⟩ = |ψ(0)|2, therefore

⟨HD⟩ =
πZe2ℏ2

2m2c2
|ψ(0)|2 = ED. (1.207)

This formula implies that ⟨HD⟩ is nonzero only for s states. In Hydrogen

|ψ(0)|2 = Z3

πn3a30
, ED =

πZe2ℏ2

2m2c2
Z3

πn3a30
=

Z4e2ℏ2

2n3m2c2a30
. (1.208)

In Rydberg units,

ED =
Z4α2

n3
Ry, (ℓ = 0 only) (1.209)

Since E
(0)
n = −(Z2/n2) Ry, we can also write

ED = −E(0)
n

(Zα)2

n
, (ℓ = 0 only). (1.210)

To make the comparison with mc2 explicit we can trade (Zα)2 for another factor of E
(0)
n using

the relation E(0)
n = −1

2
α2mc2

Z2

n2
. Therefore

ED = 2n

(
E

(0)
n

)2
mc2

. (1.211)
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Figure 1.1: Fine structure energy shifts on the n state of a hydrogen atom (not to scale).

1.8 Combining all corrections.

To recapitulate, the corrections due to the spin-orbit effect and the Darwin term are

Eso =
Z4α2

n3
j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

2ℓ(ℓ+ 1
2)(ℓ+ 1)

Ry, ED =
Z4α2

n3
Ry. (1.212)

The expression for Eso is only valid for ℓ ̸= 0, although we know that Eso = 0 for states with
ℓ = 0 anyhow. On the contrary, the Darwin correction applies only to states with ℓ = 0. The
relativistic correction is valid for all values of ℓ,

Er = −Z
4α2

n3

[
1

(ℓ+ 1
2)

− 3

4n

]
Ry. (1.213)

Taking all this into account, it is easy to show (problem 14) that by adding the three corrections
we obtain a formula that depends only on n and j, but not on ℓ or m.

Eso + Er + ED = −Z
4α2

n3

[
1

j + 1
2

− 3

4n

]
Ry. (1.214)

The zero-order Hydrogen energy levels are given by E
(0)
n = −(Z2/n2) Ry. By including all

corrections we have computed we arrive then at

Enj = −Z
2

n2

[
1 +

Z2α2

n

(
1

j + 1
2

− 3

4n

)]
Ry. (1.215)

In arbitrary units,

Enj = E(0)
n

[
1 +

Z2α2

n

(
1

j + 1
2

− 3

4n

)]
. (1.216)

The splitting that arises within a manifold of states belonging to the same value of the principal
quantum number, n, is known as fine structure.

To summarize: without relativistic corrections, the energy En depends only on the principal
quantum number n. After relativistic corrections, the En energy level splits into n different
levels, one for each value j = 1/2, 3/2, 5/2 . . . , n−(1/2) of the total angular momentum quantum
number j. This splitting is called fine structure splitting, and the n levels j = 1/2, . . . , n− (1/2)
are said to form a fine structure multiplet (see Fig. 1.1). The dimensionless constant that
controls the scale of the splitting, α ≈ 1/137, receives the name of fine structure constant.

1.9 The Lamb shift.

It is interesting to note that equation (1.215) predicts the energies of the 2S1/2 and 2P1/2 levels
(notation 2s+1Lj) to be the same for a given n (see Fig. 1.2). This is a result that holds even for
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Figure 1.2: Fine structure energy shifts on the n = 1, 2, 3 states of a hydrogen atom (not to
scale).

the exact solution of the Dirac equation for Hydrogen, which predicts that states with the same
value of the quantum number j, but different values of ℓ, have the same energy. However, already
in the late 1930’s several small discrepancies were observed between the measured spectra and
theoretical expectations. The 2S1/2 and 2P1/2 levels, for example, did not coincide because
there existed a slight upward shift of the 2S1/2 level. Nevertheless, not all observations around
that time agreed with each other. The broadening of spectral lines, due mainly to the Doppler
effect, made high-precision spectroscopy measurements very difficult. In 1947 W. E. Lamb and
R. C. Retherford performed a brilliant experiment using microwave techniques to stimulate a
direct radio-frequency transition between the 2S1/2 and 2P1/2 levels. Since the Doppler effect
is proportional to the frequency of the waves, working in the microwave regime guarantees
negligible line-broadening due to this effect.

The need to explain the so-called Lamb shift stimulated the revision of fundamental physical
concepts such as the renormalization of mass, and contributed to the final formulation of the
theory of quantum electrodynamics. The calculation of the Lamb shift can only be done with the
methods of quantum field theory and is beyond the scope of this course. However, a qualitative
explanation may be provided in the following way. A quantized radiation field in its lowest
energy state is not characterized by a vanishing amplitude of electromagnetic fields. There exist
zero-point oscillations similar to those which appear in the study of the quantum-mechanical
harmonic oscillator. This means that even in the vacuum there are fluctuations in this zero-point
radiation field which can act on the electron, causing it to execute rapid oscillatory motions so
that its charge is smeared out and the point electron effectively looks like a spherical charge of a
certain radius. If the electron is bound by a non-uniform electric field, as in atomic systems, these
oscillations will make it experience a potential that is slightly different from that corresponding
to its mean position. In particular, the electron in a one-electron atom would not be so strongly
attracted to the nucleus at short distances. As a result, s-states (which are most sensitive to
short distance modifications because |ψ(0)|2 ̸= 0 for these states) are raised in energy with
respect to other states for which the corresponding modifications are much smaller.

The present measured value for the energy difference between the 2S1/2 and 2P1/2 levels of
Hydrogen is 3.36× 10−5 eV (we do not quote the full available accuracy here) and there is good
agreement between theory and experiment. The proper calculation of the Lamb shift has to take
into account higher-order radiative corrections in addition to the vacuum polarization effect just
described, and also the proton size.28 Figure (1.3) shows some of the loop diagrams contributing

28In fact, vacuum polarization contributes only a small part of the radiative corrections in ordinary atoms.
However, in muonic atoms (where an electron is replaced by a muon), the vacuum polarization dominates the
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Figure 1.3: Some loop diagrams contributing to the Lamb shift. Taken from Griffiths [8].

to the Lamb shift. At present, the greatest uncertainty in the theoretical calculations comes
from the root-mean-square charge radius of the proton, which has to be taken from experiment.

For ℓ = 0 the Lamb shift has been computed to be

∆ELamb = α5mc2
1

4n3
k(n, 0), (1.217)

where k(n, 0) is a numerical factor that varies slightly with n, from 12.7 for n = 1 to 13.2 for
n→ ∞. For ℓ ̸= 0 the Lamb shift is

∆ELamb = α5mc2
1

4n3

[
k(n, ℓ)± 1

π(j + 1
2)(ℓ+

1
2)

]
for j = ℓ± 1

2
, (1.218)

where k(n, ℓ) is a very small number (less than 0.05) that varies slightly with n and ℓ. The
Lamb shift is very small, except for s states where is about 1/10 of the size of the fine structure.

The hierarchy of corrections to the (Bohr) Hydrogen energy levels is the following

Bohr energies: of order α2mc2

Fine structure: of order α4mc2

Lamb shift: of order α5mc2

Hyperfine splitting: of order (m/mp)α
4mc2

The hyperfine splitting, which will be computed in chapter 2 (see equation (2.172), for exam-
ple), is smaller than the Lamb shift by an order of magnitude due to the small value of the
electron/proton mass ratio.

1.10 Special hydrogen-like atomic systems.

1.10.1 Antihydrogen.

The antihydrogen, a pe+ bound system, is specially interesting to study possible fundamental
differences between matter and antimatter. To be sure, we already know there are differences
between matter and antimatter. Perhaps the most conspicuous one is that antimatter is es-
sentially absent in the visible Universe. Still, we expect the antihydrogen to behave exactly as

radiative corrections.
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hydrogen, since this is an electromagnetic system where we expect the weak interaction to play
a negligible role.

Antihydrogen atoms were first produced at CERN in 1996. Several experiments take nowa-
days place in the so-called CERN’s Antiproton Decelerator (AD), a complex that produces
low-energy antiprotons for studies of antimatter, and creates antiatoms. In one recent publica-
tion the ALPHA collaboration has reported the observation of the 1S-2S transition in trapped
antihydrogen atoms. They are magnetically trapped using a very sophisticated superconduct-
ing trapping device. The vacuum region where they are confined is a cylinder of 28 centimeters
length and a diameter of 4.4 cm. Special windows let a laser beam go through the chamber. One
of the goals is to measure the frequency of the 1S-2S transition in antihydrogen and compare
it with the very precise measured valued in hydrogen, 2466061413187035(10) Hz. A significant
deviation from this value would mean a breakdown of CPT symmetry, but no anomaly has been
observed so far.

1.10.2 Positronium and muonium.

The positronium is a e+e− bound system. Essentially all formulas we have studied so far can
adapted to this (and others) exotic hydrogenic atom by changing the mass of the electron by
the so-called reduced mass. For a system of two particles with masses m1 and m2, the reduced
mass is defined as

µ =
m1m2

m1 +m2
. (1.219)

For positronium µ = me/2, and the unperturbed Bohr energies are given by half of the formula
we derived for hydrogen,

Epos
n =

1

2
En = −α2mc2

1

4n2
. (1.220)

The Bohr radius for this system is a factor of 2 larger, apos0 = 2a0 = 1.06 × 10−8 cm. The
perturbative corrections get similar factors, except the hyperfine splitting, which is of the same
order than the fine structure because we don’t have anymore the mass suppression ratio me/mp.
The positronium is an interesting test system for QED. It has been produced in the laboratory
and there are several measurements that could be discussed, but this is not the place to do it.
Let’s finish this section by remarking that this is not a stable system. It decays to two photons
with a lifetime of

τ =
2ℏ

α5mc2
= 1.25× 10−10 sec. (1.221)

The muonium is a µ+e− bound system. The mass of the muon is about 207 times the mass
of the electron, and all formulas have to be adapted with a new value of the reduced mass. The
lifetime of the muonium is 2.2× 10−6 seconds, which is the lifetime of the muon itself.

1.10.3 Rydberg atoms.

An atom with an electron in a very high-energy state, with principal quantum number even as
high as n = 100, is called a Rydberg atom. The size of such an atom is truly big compared
to atomic standards. With electron orbital radii of the order of 10−7 m, it is almost as big as
a bacteria. Of course, the ionization energy for hydrogen atoms with n = 100 is very small,
about 1.36×10−3 eV. Another important feature is that the energy separation for states around
n = 100 is also very small, because we are approaching the region were the spectrum becomes
continuum.

The study of Rydberg atoms is important for several areas of astrophysics, plasma physics
and quantum optics. The highly excited electron of a Rydberg can be removed very easily, even
in thermal collisions. However, in the interstellar vacuum space a Rydberg atom can in principle
have a long lifetime and emit radio waves which can be detected on Earth by radio telescopes.
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1.10.4 Pionium.

The pionium is a π+π− bound system, called usually A2π. The reduced mass is now mπ/2
(mπ = 139.57MeV/c2), leading to a Bohr radius of 378 fm = 3.78× 10−13m. This exotic atom
is very unstable, it decays mainly from the 1s state to two neutral pions, A2π → π0 + π0,
with a lifetime of the order of 10−15 seconds. The measurement of the A2π decay width to two
neutral pions, Γ2π0 , is an important input to understand quantum chromodynamics (QCD) at
low energy.29 We mention this hydrogen-like atom because, as it happens, the University of
Santiago de Compostela was a founding member of the DIRAC (Dimeson Relativistic Atom
Complex) collaboration at CERN, which had as its primary goal to measure Γ2π0 . To produce
pionium atoms, protons accelerated up to 24GeV/c by the CERN PS accelerator were directed
into thin target foils of less than 100 µm thickness. The proton collision with the target produces
many particles, most of them pions, which can form A2π atoms. These atoms, produced at
relativistic energies with a large boost, travel inside the target foil interacting with the ordinary
atoms of the target. This may lead to the break up (ionization) of the A2π atom before it has
had time to decay to 2π0. By measuring the momentum spectra of pairs of oppositely charged
pions leaving the target foil it is possible to infer the ionization probability and the Γ2π0 decay
width.

1.10.5 Quarkonium.

In the quark model all mesons are bound states of a quark and an antiquark, q1q̄2. The
light-quark mesons, like for example the π0, which is a combination of uu and dd states, are
intrinsically relativistic and a simple analysis is not possible. Heavy-quark mesons, however, like
the J/ψ (cc) or the ηb (bb), could be possible candidates. Even in these systems the interaction
energy, E, is so large that the different energy levels are treated as different particles, with
masses given by

M = m1 +m2 +
E

c2
(1.222)

A very important difference with respect to the preceding systems, where the binding is
due to the electromagnetic interaction, is that the binding is now due to the strong force.
The potential to use, instead of the Coulomb one, could in principle be derived from quantum
chromodynamics (QCD), but nobody has been able to do it yet. For reasons that we don’t go
into here, it is known that the strong potential at short distances (but not very short) goes like
1/r, as in the Coulomb case. For large distances, the potential may be taken to be linear with
r, so a possible parametrization could be

V (r) = −4

3

αsℏc
r

+ F0r, (1.223)

where αs is the chromodynamic analog to the fine structure constant. If the constant F0 is
chosen to fit the experimental data, the result is about 900 MeV fm−1. To have a feeling of how
strong two quarks attract each other, we may translate those 900 MeV fm−1 to 14 × 104 J/m
and boldly say that it would be sufficient to lift a weight of about 14 tons. However, quarks
cannot be found as free particles outside hadrons. If enough energy is put into a qq system, a
new quark-antiquark pair is formed instead of tearing apart the old one.

29Although the A2π is an electromagnetic bound system, the decay to 2π0 is due to the strong interaction.
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1.11 Problems.

1. By definition, a vector is a three-element tensor Vi, i = 1, 2, 3, that verifies the
following commutation relations with the angular momentum operators

[Ji, Vj ] = iℏϵijkVk,

where Einstein’s convention of summing over repeated indexes applies. The spherical
components of a vector are constructed as follows

V+1 = − 1√
2
(V1 + iV2), V−1 =

1√
2
(V1 − iV2), V0 = V3.

Also by definition, an irreducible tensor of rank j is a set of 2j + 1 operators, Omj ,
with m = −j,−j + 1, . . . , j − 1, j, such that their commutators with the angular
momentum operators are

[J3, O
m
j ] = ℏmOmj ,

[J1 ± iJ2, O
m
j ] = ℏ

√
j(j + 1)−m(m± 1)Om±1

j .

Demonstrate that the spherical components of any vector constitute an irreducible
tensor of rank j = 1.

2. The purpose of this problem is to help you understand the Wigner-Eckart theorem by
providing simple examples of how to use it. Consider the cartesian tensor of rank 2
defined as Tij = xixj , where xi denotes the i-th Cartesian component of the position
vector.

a) Factorize Tij using the irreducible tensor of rank two Omk=2 =
√

32π
15 r

2Y m
2 (θ, φ)

and the irreducible tensor of rank zero O0
k=0 =

√
4πr2Y 0

0 (θ, φ), where Y
m
ℓ (θ, φ)

are spherical harmonics, in this case for ℓ = 0, 2. Why contributions of an
irreducible tensor of rank 1 are not expected in this case?

Hint1: write explicitly the Y m2 and Y 0
0 as a function of xi and r and identify the Tij

components.

Hint2: You may also need to consider:

Y 0
0 (θ, φ) =

√
1

4π
=

√
1

4π

(x2 + y2 + z2)

r2
.

b) If |nℓm⟩ denotes an eigenfunction of the Hydrogen atom (without considering
its spin), and χ ≡ ⟨322|xy|300⟩. Compute the matrix elements ⟨32m|Tij |300⟩
as a function of the matrix element χ. This exercise shows that, thanks to
the Wigner-Eckart theorem, all ⟨32m|Tij |300⟩ matrix elements are equal to
⟨322|xy|300⟩ multiplied by a combination of CG coefficients. Thus, if needed,
we would only compute the χ matrix element and then look up the relevant
CG coefficients in a table to find the values of the remaining ones.

3. a) Working in one dimension to make the notation simpler, follow the next steps
to prove that the position representation of the momentum operator can be
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derived from the canonical commutation relation [X,P ] = iℏ. Take two eigen-
states of the position operator, X |Φx0⟩ = x0 |Φx0⟩ and X |Φx1⟩ = x1 |Φx1⟩.
Using the commutation relation it is clear that

⟨Φx1 | [X,P ] |Φx0⟩ = iℏ δ(x1 − x0).

Taking into account that X is a Hermitian operator compute separately
⟨Φx1 |XP |Φx0⟩ and ⟨Φx1 |PX |Φx0⟩, expressing the results in terms of
⟨Φx1 |P |Φx0⟩. From this you should be able to get a new expression for
⟨Φx1 | [X,P ] |Φx0⟩, which you can compare to the previous iℏ δ(x1 − x0) re-
sult and conclude that (x1 − x0) ⟨Φx1 |P |Φx0⟩ = iℏ δ(x1 − x0). Now remem-
ber that the Dirac delta distribution verifies the relation xδ′(x) = −δ(x) and
use it to infer that the position representation of the momentum operator is
P = −iℏ d/dx.

b) Using the commutation relation [P,X] = −iℏ, and the general commutator
property [A,BC] = B[A,C] + [A,B]C, prove by induction that

[P,Xn] = −iℏnXn−1.

This tells us that the commutator [P,Xn] acts like a derivative. In fact, for
any function f(X) expressible as a power series in X we can write compactly

[P, f(X)] = −iℏ df

dX
.

This is the operator identity that underlines the coordinate representation of
the momentum operator, P = −iℏd/dx. In an analoguous way, prove that the
representation of the position operator in momentum space is X = iℏd/dp.

4. A quantum system with only three linearly independent states is described by the
following Hamiltonian

H = H0 + δH = V0

 (1− ε) 0 0
0 1 ε
0 ε 2

 , δH = εV0

 −1 0 0
0 0 1
0 1 0

 ,

where V0 is a constant and ε≪ 1 is a very small parameter.

• Write down the eigenvectors and eigenvalues of the unperturbed Hamiltonian,
H0.

• Find the exact eigenvalues of H and expand them as a power series in ε, up to
second order.

• Use first- and second-order non-degenerate perturbation theory to find the
approximate eigenvalue for the perturbed state arising from the non-degenerate
eigenvector of H0.

• Use degenerate perturbation theory to find the first-order correction to the two
initially degenerate eigenvalues. Compare with the exact results.
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5. Using the α and β matrices show that the four components of the free-particle Dirac
equation are given by the expressions in equation (1.60). Check also that using the
Pauli matrices you are able to write the Dirac equation in the two-component form
shown in equations (1.62) and (1.63).

6. Prove the relations pA −Ap = −iℏ∇A and p ×A +A × p = −iℏ (∇×A). Use

the last one to prove (σπ)2 =
(
p− q

cA
)2 − qℏ

c σ · (∇×A), where π = p− qA.
Hint: Use the identity (A · σ) · (B · σ) = A ·B+ iσ · (A×B), with A = B = π.

7. The free-particle Dirac Hamiltonian can be written as HD = cαp + βmc2, where
β = γ0 and αk = γ0γk, (k = 1, 2, 3). Prove that [HD,L] = −iℏc(α× p). This shows
that, for a particle satisfying the Dirac equation the orbital angular momentum
operator does not commute with the Dirac Hamiltonian, and therefore does not
correspond to a conserved quantity. Consider now the spin operator defined as

S =
ℏ
2

(
σ 0
0 σ

)
≡ ℏ

2
Σ,

and prove that [HD,S] = iℏc(α × p). This, combined with [HD,L] = −iℏc(α × p),
means that HD commutes with the total angular momentum operator J = L + S,
and thus a particle satisfying the Dirac equation has intrinsic angular momentum
S = 1/2. This is a profound result, since it shows that spin can be considered to
emerge as a direct consequence of requiring the wavefunction to satisfy the Dirac
equation.

8. Complete the missing steps in the lecture notes to find the wavefunctions of an
electron in a central potential which are simultaneously eigenstates of L2, S2, J2

and Jz.

Hint: from the eigenvalue condition J2Ψ = j(j + 1)ℏ2 Ψ you can obtain a system of two

coupled equations for the radial functions (R1 and R2 in the lecture notes notation). The

existence of a non-trivial solution requires that the determinant of the coffecients of R1 and

R2 vanish. From this condition you should be able to obtain that the only possible values of

j are j = ℓ±1/2, which determine the possible values of the ratio R1/R2. Finally, normalize

the obtained eigenfunctions.

9. Consider the Hydrogen atom with a modified electrostatic potential given by

V (r) = −Ze
2

r

(
1− β

r

)
.

• Although V (r) has spherical symmetry, it is not a Coulomb potential, so there
is no reason to expect that the spectrum will show the accidental degeneracy
characteristic of Hydrogen. Show that the energy levels for this potential are
dependent on both n and ℓ according to the following expression (in Ry)

Enℓ = − Z2(
n−

(
ℓ+ 1

2

)
+

√(
ℓ+ 1

2

)2
+ γ

)2 ,
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where γ = 2mZe2β
ℏ2 = 2Zβ

a0
is a dimensionless parameter. For γ = 0 we recover

the Hydrogen spectrum.

• Assume now that β is small, treat Ze2β/r2 as a perturbation and compute
the energy levels using first-order perturbation theory. Show your result as a
function of γ.

• Discuss the compatibility of the exact and first-order perturbation results.

Hints: You may consider reproducing the line of thought going from equation (1.106) to
equation (1.112) with the required modifications. For the second part you may want to use
that for the hydrogen eigenstates the expected value of 1/r2 is〈

1

r2

〉
=

Z2

n3
(
ℓ+ 1

2

)

10. In his historical 1925 Christmas break in Arosa (Switzerland), aside from formulating
his non-relativistic wave equation, Erwin Schrödinger studied a covariant equation
for spinless particles,

(cpµ − eAµ)(cpµ − eAµ)Ψ = m2c4Ψ,

which we now know as the Klein-Gordon equation with electromagnetic interaction,
after its rediscovery by Oskar Klein and Walter Gordon in 1926 (Schrödinger never
published his finding). For the Hydrogen atom with a pure timelike Coulomb four-
potential, Aµ = ( er , 0, 0, 0), this equation becomes[(

iℏ
∂

∂t
− e2

r

)2

+ (cℏ)2∇2

]
Ψ =

(
mc2

)2
Ψ.

Use the separation technique and spherical coordinates

Ψ = T (t)R(r)Yℓm(θ, φ) = T (t)
u(r)

r
Yℓm(θ, φ),

where T (t) = e−
iEt
ℏ and Yℓm(θ, φ) are the spherical harmonics, to solve this equation

and find that its energy spectrum is

Enℓ = mc2


1 +

 α

n−
(
ℓ+ 1

2

)
+

√(
ℓ+ 1

2

)2 − α2

2− 1
2

− 1

 ,

where α is the fine structure constant. Discuss the discrepancies with the equation
shown in problem 16. These discrepancies lead to a disagreement with laboratory
measurements of the Hydrogen fine structure, therefore Erwin Schrödinger decided to
discard the Klein-Gordon equation and publish instead the non-relativistic equation
named after him.

Hint: You may consider reproducing the line of thought going from equation (1.91) to

equation (1.112) with the required modifications.
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11. For the Hydrogen atom calculate the energy splitting originated in the spin-orbit
coupling if the electrostatic potential were given by

ϕ(r) =
Ze

r

(
1− β

r

)
.

This is the same potential considered in problem 9. To use the unmodified Hydrogen
atom wave functions we need to assume that β is small. Compare the magnitude of
the spin-orbit splitting with the shift in the energy levels at first-perturbative order
obtained in that problem.

Hint: You might need the following Hydrogen atom relations in a.u.,〈
nℓ

∣∣∣∣ 1

r3

∣∣∣∣nℓ〉 =
Z3

n3(ℓ+ 1)
(
ℓ+ 1

2

)
ℓ〈

nℓ

∣∣∣∣ 1

r4

∣∣∣∣nℓ〉 =
Z4 1

2

[
3n2 − ℓ(ℓ+ 1)

]
n5
(
ℓ+ 3

2

)
(ℓ+ 1)

(
ℓ+ 1

2

)
ℓ
(
ℓ− 1

2

) .

12. Evaluate the commutators [LS,L], [LS,S], [LS,J], [LS, L2], [LS, S2] and [LS, J2].

13. Compute the matrix elements shown in table (1.3).

14. Check that by adding the three corrections Eso, Er and ED, given by equations
(1.171), (1.199) and (1.209), you obtain formula (1.214), which depends only on n
and j, but not on ℓ or m.

15. How many protons should the nucleus have (atomic number) to make the relativistic
correction to the kinetic energy of a 1s-electron to be comparable to 1% and 10%
of the electron rest mass energy? To do this calculation ignore the effect of the
remaining electrons in the atom.

16. The Dirac equation can be solved exactly (without using perturbation theory) to
obtain the Hydrogen fine-structure levels. The result is

Enj = mc2


1 +

 α

n−
(
j + 1

2

)
+

√(
j + 1

2

)2 − α2

2−1/2

− 1

 . (1.224)

Expand this to order α4 and recover equation (1.215)

17. Compute the value of the energy splitting due to the spin-orbit coupling in the 2p,
3p and 4p states of the Hydrogen atom. Express your answers in Ry, eV and cm−1.

18. In your quantum physics laboratory course you have seen a very conspicuous red
Balmer line in the visible region of the Hydrogen spectrum, coming from the transi-
tion n = 3 to n = 2. Determine the wavelength and frequency of this line using the
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unperturbed Hydrogen eigenvalues. Once you take into account the fine structure
this line splits into several closely spaced lines. Determine how many and how close
are they. Draw an energy level diagram showing all possible transitions from n = 3
to n = 2, together with the respective energies and frequencies.

19. Consider a state of a multi-electron atom with total electronic spin S = 2 and total
electronic orbital angular momentum L = 2. In analogy with the hydrogenic case,
assume that the spin-orbit interaction is described by the Hamiltonian Hso = ALS.
Show the splitting of this state due to the spin-orbit interaction on an energy level
diagram in units of A (assume A to be positive). Indicate the value of J and the
energy of each level, 2S+1LJ , of the multiplet. Compute the shift of the multiplet
center of gravity (mean average energy) with respect to the unperturbed energy of
the term (don’t forget that for each value of J you have a 2J + 1 degeneracy).

20. The fluctuations in the electromagnetic field associated with the QED vacuum per-
turbs the electrical potential that an electron sees inside an atom. This perturbation
causes fluctuations in the position of the electron. Assuming that the fluctuations
are isotropic, the effective potential energy of the electron can be written as the
following average

⟨V (r+ δr)⟩ ≈ V (r) +
1

6

〈
(δr)2

〉
∇2 V (r) = V (r) +

1

6
r20 ∇2 V (r),

where r20 ≡
〈
(δr)2

〉
is the spherical-average quadratic size of the fluctuations,

and V (r) = −e2/r is the Coulomb energy. Treating the r20 term as a very small
perturbation compared to V (r) = −e2/r, compute the Lamb shifts for the 2S1/2 and
2P1/2 levels of the hydrogen atom. Leave the result in terms of r0 and fundamental
constants. Compute the value of r0 taking the Lamb shift for the 2S1/2 hydrogen
level to be ∆ELamb = 3.36× 10−5 eV.

The unperturbed hydrogen wave functions you should use are

ψ1s = ψ100(r, θ, φ) =
1√
πa30

e−r/a0 , ψ2pm = ψ21m(r, θ, φ) =
r√
24a50

e−r/2a0 Y m1 .

21. Compute the wavelength of the photon emitted in the following He+ transition taking
into account the fine structure

2p 2P3/2 −→ 1s 2S1/2.

The measured value of this wavelength is 30.378040982 nm . If your result is not
compatible with this value try to explain the origin of the discrepancy. (Note: be
sure to use enough significant digits for the value of the Rydbgerg constant).

22. Consider a two-particle system with the Yukawa potential

V (r) = −V0
e−r/a

r/a
, V0, a > 0.

The system has reduced mass m. Use the variational principle and the family of
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functions
ψλ(r) = Nλe

−λr/(2a), λ > 0,

to address the following items.

a) Show that

Nλ =

√
λ3

8πa3
.

b) Show that for the considered functions the energy mean value is

E(λ) =
ℏ2

2ma2

(
λ2

4
− (κ/2)λ3

(1 + λ)2

)
,

where κ = 2ma2V0
ℏ2 .

c) By calculating the derivative of the previous expression demonstrate that the
minimal energy condition, achieved at λ = λ0, is equivalent to

(1 + λ0)
3 = κλ0(3 + λ0).

Use this expression to find that the minimum energy estimate is

E0 =
ℏ2λ20
8ma2

(
1− λ0
3 + λ0

)
.

From this, it should be easy to prove that this family of functions predicts a
bound state if κ > 2.

d) If the energy minimum is at λ0 = 2 show that

E0 = − 1

10

ℏ2

ma2
, V0 =

27

20

ℏ2

ma2
.

Let us suppose that the system under study is the nucleus of deuterium, the
hydrogen isotope constituted by a proton and a neutron. The radius of deu-
terium is: a = 2.126 fm. What is E0 for this system? Compare your result
with the experimental value of E0 = −2.22 MeV.

e) Find for deuterium in its estimated ground state the energy shift due to the
relativistic kinetic energy correction:

Hr = − 1

2mc2

(
p2

2m

)2

.

Hint: The next expression (which is not difficult to prove) might be useful:∫ ∞

0

rne−αrdr =
n!

αn+1
.

23. The Coulomb problem in two dimensions is given by the Hamiltonian

H =
p2

2m
− Ze2

r
,

where r =
√
x2 + y2 and p = −iℏ(∂x, ∂y). The corresponding Schrödinger equation
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in polar plane coordinates is

− ℏ2

2m

[
∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂ϕ2

]
− Ze2

r
ψ = Eψ.

Use separation of variables:

ψ(r, ϕ) = R(r)
eimℓϕ

√
2π

, mℓ = 0,±1,±2, ...

and the ansatz

R(r) =
u(r)√
r
,

to find the eigenstates of this system and show that the eigenvalues are

En = −Z
2e2

2a0

1

(n+ 1/2)2
= − Z2

(n+ 1/2)2
R∞,

where a0 = ℏ2/me2 is the Bohr radius, R∞ is the Rydeberg constant and n =
0, 1, 2, 3, ....



Chapter 2

Atoms in static fields and hyperfine
interactions.

2.1 Magnetic fields.

Let us consider a hydrogen atom surrounded by a constant magnetic fieldB. The vector potential
can be taken to be1

A =
1

2
B× r. (2.1)

We have seen that the Schrödinger equation for an electron interacting with fields given by the
potentials A and ϕ is

(E′ + eϕ)ψ =

[
1

2m

(
p+

e

c
A
)2

+
eℏ
2mc

σ · (∇×A)

− p4

8m3c2
− ℏ2e

8m2c2
∇2ϕ− ℏe

4m2c2
σ [(∇ϕ)× p]

]
ψ. (2.2)

The interaction terms that depend on the vector potential are

e

2mc
(pA+Ap) +

eℏ
2mc

σ · (∇×A) +
e2

2mc2
A2. (2.3)

With A = 1
2B × r we have ∇A = 0, so2 pA = Ap and the Hamiltonian which describes the

interaction with the magnetic field can be written as

Hm =
e

mc
Ap+

eℏ
2mc

σB+
e2

2mc2
A2. (2.4)

2.1.1 The linear term. The Zeeman and Paschen-Back effects.

Limiting ourselves for the moment only to effects linear in B = ∇×A, the magnetic Hamiltonian
can be approximated by

Hm ≈ e

mc
Ap+

eℏ
2mc

σB. (2.5)

The orbital angular momentum operator is L = r× p, and S =
ℏ
2
σ, so3

Ap =
1

2
(B× r)p =

1

2
B(r× p) =

1

2
BL (2.6)

1If B is uniform, check that with this choice of A the relations ∇×A = B and ∇A = 0 are verified.
2Using a dummy function it is easy to see that

(pA−Ap)ψ = −iℏ(∇A)ψ − iℏA∇ψ + iℏA∇ψ = −iℏ(∇A)ψ.

3Remember the properties of the scalar triple product: (a× b)c = (b× c)a = (c× a)b.

49
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Hm =
e

2mc
BL+

e

mc
SB =

e

2mc
B(L+ 2S) =

1

ℏ
µB B(L+ 2S), (2.7)

where the positive constant

µB =
eℏ
2mc

= 9.273× 10−21 erg/G, (2.8)

is known as the Bohr magneton. In the SI system of units, the Bohr magneton is written as4

µB =
eℏ
2m

= 9.273× 10−24 J/T = 5.788× 10−11MeV/T. (2.9)

Defining (with a minus sign due to the charge of the electron)

µL = −µB

ℏ
L, µS = −2µB

ℏ
S, (2.10)

we can write

Hm = −µLB− µSB. (2.11)

This expression is similar to that of the classical energy5 of a magnetic dipole in a magnetic field,
suggesting that µL and µS should be interpreted as magnetic moment operators associated to L
and S, respectively. The factor 2 which appears in the relation µS = −2µBS/ℏ is not expected
on classical grounds. On the contrary, the expression µL = −µBL/ℏ is exactly what classical
electrodynamics would predict for an orbiting point charge. It was one of the early triumphs
of the Dirac equation to be able to predict the factor 2. Higher-order corrections computed in
quantum electrodynamics show, however, that this number is not exactly 2, but rather we have

µS = −geµB

ℏ
S, ge ≈ 2.0023, (2.12)

where ge is the gyromagnetic ratio for the electron.6

The quantities µL and µS defined previously are magnetic moment operators. They should
not be confused with the corresponding magnetic moment values, which we define now. The
orbital magnetic moment, µL, is

µL =
〈
ℓ,mℓ = ℓ

∣∣µLz ∣∣ ℓ,mℓ = ℓ
〉
, (2.13)

where µLz is the z-component of the operator µL. This is the matrix element of the third
component of µL in a state with the maximum value of the third component (mℓ = ℓ) of the
orbital angular momentum. Since µL = −µBL/ℏ and µLz = −µBLz/ℏ, we have

µL = −µB

ℏ
⟨ℓ,mℓ = ℓ |Lz | ℓ,mℓ = ℓ⟩ = −µBℓ. (2.14)

4See Eqs. (B.28) and (B.29) in the appendix on Gaussian and SI units.
5The classical energy of an ideal electric dipole p in an electric field E is He = −pE. Here, p = qd, d is

the vector connecting the negative charge with the positive charge, and q is the magnitude of the positive charge
(equal to the magnitude of the negative charge). Similarly, the classical energy of a magnetic dipole in a magnetic
field is given by Hm = −µB. For an infinitesimal closed loop current the magnetic dipole moment can be written
as µ = Ia, where I is the current and a the vector area, with the direction assigned by the usual right hand rule
(fingers in the direction of the current) and the magnitude given by the area of the closed loop.

6It is worth to mention that this number is measured to an extraordinary accuracy, which is matched by a
similar accuracy in the theoretical calculation using quantum electrodynamics (QED). From reference [14] we
may quote the experimental value

µe

µB
− 1 =

ge − 2

2
= 0.00115965218991± 0.00000000000026,

which is a beautiful testimony of the very high level achieved both in experimental techniques and theoretical
understanding.
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Similarly, the spin magnetic moment is defined as

µS =
〈
s,ms = s

∣∣µSz ∣∣ s,ms = s
〉

= −µB

ℏ
ge ⟨s,ms = s |Sz | s,ms = s⟩ = −µBges = −1

2
µBge ≈ −µB. (2.15)

The spin eigenvalue 1/2 approximately cancels the gyromagnetic ratio ge. Thus the absolute
value of the spin magnetic moment of the electron is one Bohr magneton. Using these orbital
and spin magnetic moments defined in this way we can write, instead of µL = −µBL/ℏ and
µS = −2µBS/ℏ, the following expressions

µL =
µL

ℓℏ
L, µS =

µS

sℏ
S =

2µS

ℏ
S = −geµB

ℏ
S ≈ −2µB

ℏ
S. (2.16)

To simplify future calculations it is convenient to assume the magnetic field to be aligned with
the z-axis, B = (0, 0, B), therefore our Hamiltonian (2.7) reduces to

Hm =
1

ℏ
µBB(Lz + 2Sz). (2.17)

If the energy change due to the application of the magnetic field is small compared with
the spin-orbit coupling energy, the field is said to be weak. This is the regime of the Zeeman
effect, while the case of a strong field is called Paschen-Back effect, although in the most recent
scientific literature there is a tendency to use just the term Zeeman effect in both situations.
Historically there was also a distinction between the so-called normal and anomalous Zeeman
effects. The normal effect appears in transitions between atomic terms with zero spin (singlets),7

producing an energy splitting that could be understood using a classical model developed by
Lorentz. The anomalous Zeeman effect arises in transitions between states with non-zero spin. It
could only be explained after the discovery of the electron spin and the development of quantum
mechanics. Cadmium lamps are often used in academic labs to show the normal Zeeman effect
in 1D2 → 1P1 transitions, and the anomalous effect in 3S1 → 3P2.

Let’s start with the weak field regime, in which case we shall assume the effects of the spin-
orbit coupling to have been already taken into account and we work with the eigenstates in the
coupled8 basis, |ℓsjm⟩. It is necessary to evaluate only matrix elements diagonal in ℓ, s and
j, since individual terms like 2S1/2,

2P1/2,
2P3/2, etc. are isolated (different energies) in the

weak-field regime. We need the Landé formula (see appendix B.5.5), which is〈
αjm′ ∣∣A ∣∣αjm〉 = ⟨αjm |AJ |αjm⟩

j(j + 1)ℏ2
〈
αjm′ ∣∣J ∣∣αjm〉 , (2.18)

whereA is an arbitrary vector operator and |αjm⟩ are eigenstates of the total angular momentum
(α stands for any other quantum numbers needed to completely specify the state). In our case
we are only interested in the matrix element of the third component of the vector operator
(L+ 2S)J, so this formula transforms into〈

ℓsjm′ ∣∣Lz + 2Sz
∣∣ ℓsjm〉 = ⟨ℓsjm | (L+ 2S)J | ℓsjm⟩

j(j + 1)ℏ2
〈
ℓsjm′ ∣∣ Jz ∣∣ ℓsjm〉 . (2.19)

First note that ⟨ℓsjm′ | Jz | ℓsjm⟩ = ℏmδm′m. Furthermore,

L = J− S, L2 = J2 + S2 − 2SJ, SJ =
1

2
(J2 + S2 − L2), (2.20)

7States with zero spin can only be present in multi-electron atoms, as we will see.
8We are dealing with two perturbations simultaneously: Zeeman splitting and fine structure. The appropriate

basis to work with is the one associated to the good quantum numbers of the dominant perturbation. If the
external magnetic field is weak the dominant perturbation is the spin-orbit interaction, therefore the good quantum
numbers are n, ℓ, j and mj , but not mℓ and ms because in the presence of spin-orbit coupling L and S are not
separately conserved.
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(L+ 2S)J = (J− S+ 2S)J = (J+ S)J = J2 + SJ =
3

2
J2 +

1

2
(S2 − L2). (2.21)

Therefore

⟨ℓsjm | (L+ 2S)J | ℓsjm⟩ =
〈
ℓsjm

∣∣∣∣ 32J2 +
1

2
(S2 − L2)

∣∣∣∣ ℓsjm〉
=

3ℏ2

2
j(j + 1) +

ℏ2

2
s(s+ 1)− ℏ2

2
ℓ(ℓ+ 1). (2.22)

And
⟨ℓsjm | (L+ 2S)J | ℓsjm⟩

j(j + 1)ℏ2
= 1 +

j(j + 1) + s(s+ 1)− ℓ(ℓ+ 1)

2j(j + 1)
≡ gJ, (2.23)

where gJ is the so–called Landé g factor. So, finally〈
ℓsjm′ ∣∣Lz + 2Sz

∣∣ ℓsjm〉 = ℏgJmδm′m. (2.24)

This result shows that only the diagonal elements are nonzero. The energies in a weak magnetic
field, known as Zeeman levels, are then given by

Em = µBgJBm. (2.25)

They are proportional to the magnetic quantum numberm, something which was to be expected.
To use the actual value of the gyromagnetic ratio, ge, rather than the round value of 2, we need
to make the substitution

(L+ 2S)J −→ (L+ geS)J = (J− S)J+ geSJ = J2 + (ge − 1)SJ,

which leads to write the Landé factor as

gJ = 1 + (ge − 1)
j(j + 1) + s(s+ 1)− ℓ(ℓ+ 1)

2j(j + 1)
. (2.26)

The total magnetic moment operator is defined as µJ = −gJµB

ℏ
J. Taking into account that

the total magnetic moment is

µJ =
〈
j,m = j

∣∣µJz ∣∣ j,m = j
〉

= −µBgJ
ℏ

⟨j,m = j |Jz | j,m = j⟩ = −gJµBj, (2.27)

we can write the Landé factor as gJ = −µJ/(µBj), so that the magnetic moment operator
becomes

µJ = −gJµB

ℏ
J, gJ = − µJ

µBj
, µJ =

µJ

jℏ
J. (2.28)

The Hamiltonian which describes the interaction of the electron with the magnetic field is then

Hm =
1

ℏ
µBB(Lz + 2Sz) = −µJB. (2.29)

Comparing this with our previous relation Hm = −µLB− µSB we see that µJ = µL + µS,

µJ =
1

ℏ
µB(L+ 2S), (2.30)

so all our definitions make sense.

For an electron in a s state, 2S1/2, we have ℓ = 0, s = 1/2, j = 1/2 and gJ = 2, so the
energies of the Zeeman levels given by Em = gJµBBm are Em = ±µBB, for m = ±1/2. For
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∣∣11
2

〉 ∣∣1− 1
2

〉 ∣∣01
2

〉 ∣∣0− 1
2

〉 ∣∣−11
2

〉 ∣∣−1− 1
2

〉〈
11
2

∣∣ ℏ2
2 ξnℓ + 2µBB〈

1− 1
2

∣∣ −ℏ2
2 ξnℓ

ℏ2√
2
ξnℓ〈

01
2

∣∣ ℏ2√
2
ξnℓ µBB〈

0− 1
2

∣∣ −µBB
ℏ2√
2
ξnℓ〈

−11
2

∣∣ ℏ2√
2
ξnℓ −ℏ2

2 ξnℓ〈
−1− 1

2

∣∣ ℏ2
2 ξnℓ − 2µBB

Table 2.1: H′
m matrix elements for p (ℓ = 1) states. The notation is shortened to |mℓ,ms⟩.

a 2P1/2 term gJ = 2/3 and there will be also a splitting in two levels, while for a 2P3/2 term
gJ = 4/3 and the splitting is in four different levels.

Em(
2S1/2) = ±µBB (2.31)

Em(
2P1/2) = ±1

3
µBB (2.32)

Em(
2P3/2) = ±2µBB, ±

2

3
µBB (2.33)

If the strength of the magnetic field is increased to the point where the splitting becomes
comparable to the spin-orbit coupling, it is no longer possible to isolate a single term with a
specific value of j, because terms with different values of j may have the same (or nearly the
same) energy. In such a case we should include both the spin-orbit and the magnetic field
interaction in the perturbation Hamiltonian

H′
m = ξ(r)LS+

µB

ℏ
B(Lz + 2Sz). (2.34)

The matrix elements are now more easily calculated in the |ℓsmℓms⟩ basis, since then〈
ℓ′sm′

ℓm
′
s

∣∣ (Lz + 2Sz)
∣∣ ℓsmℓms

〉
= ℏ(mℓ + 2ms)δℓ′ℓδm′

ℓmℓ
δm′

sms , (2.35)

and 〈
ℓ′sm′

ℓm
′
s

∣∣LS ∣∣ ℓsmℓms

〉
=
〈
ℓ′sm′

ℓm
′
s

∣∣ (−L+1S−1 + L0S0 − L−1S+1)
∣∣ ℓsmℓms

〉
. (2.36)

For the multiplet of p states we have already collected the LS matrix elements in table (1.3).
It is now straightforward to update the table including the magnetic field interactions given by
equation (2.35). This is shown in table (2.1). According to the structure of this table it is clear
that the secular equation factors out into the following four equations, where ξnℓ = ⟨nℓ|ξ(r)|nℓ⟩,(

2µBB +
ℏ2

2
ξnℓ − E

)
= 0, (2.37)

∣∣∣∣∣ −
ℏ2
2 ξnℓ − E ℏ2√

2
ξnℓ

ℏ2√
2
ξnℓ µBB − E

∣∣∣∣∣ = 0, (2.38)

∣∣∣∣∣ −µBB − E ℏ2√
2
ξnℓ

ℏ2√
2
ξnℓ −ℏ2

2 ξnℓ − E

∣∣∣∣∣ = 0, (2.39)

(
ℏ2

2
ξnℓ − 2µBB − E

)
= 0. (2.40)
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The energy eigenvalues are then,
E1

ℏ2ξnℓ
= 2

µBB

ℏ2ξnℓ
+

1

2
(2.41)

E2,3

ℏ2ξnℓ
=

1

2

(
µBB

ℏ2ξnℓ
− 1

2

)
± 1

2

√(
µBB

ℏ2ξnℓ

)2

+

(
µBB

ℏ2ξnℓ

)
+

9

4
(2.42)

E4,5

ℏ2ξnℓ
= −1

2

(
µBB

ℏ2ξnℓ
+

1

2

)
± 1

2

√(
µBB

ℏ2ξnℓ

)2

−
(
µBB

ℏ2ξnℓ

)
+

9

4
(2.43)

E6

ℏ2ξnℓ
= −2

µBB

ℏ2ξnℓ
+

1

2
. (2.44)

Now we can study these energies as a function of the magnetic field, B. This is shown in figure
(2.1). The following interesting regimes are visible.

• Strong field, µBB ≫ ℏ2ξnℓ. This is the Paschen–Back region, where the spin-orbit coupling
is negligible compared to the magnetic interaction. Remember that in this situation the
good quantum numbers are n, ℓ,mℓ,ms but not j and mj , because in the presence of an
external torque caused by the magnetic field the total angular momentum is not conserved,
whereas Lz and Sz are. Ignoring the fine structure we can assume the energies to satisfy
the relation Em = µBB(mℓ + 2ms). The hydrogenic energy levels will then be

Enℓmℓms =
E

(0)
1

n2
+ µBB(mℓ + 2ms). (2.45)

In the strong field regime the fine-structure Hamiltonian Hfs = Hso + Hr + HD can be
considered to produce a small perturbation in the unperturbed energies Enℓmℓms given by
the previous expression. Although the states |ℓsmℓms⟩ are degenerate (their energy does
not depend on ℓ and states with the same value of mℓ+2ms have the same energy), it can
be shown that the fine-structure correction to the unperturbed energies (2.45) can be com-
puted with ordinary first-order non-degenerated perturbation theory using the |ℓsmℓms⟩
states.9 Thus

E
(1)
fs = ⟨ℓsmℓms |Hfs | ℓsmℓms⟩ = ⟨ℓsmℓms |Hso +Hr +HD | ℓsmℓms⟩ . (2.46)

The relativistic and the Darwin contributions are still given by (see equations (1.198) and
(1.210)).

Er = E(0)
n

(Zα)2

n

[
− 3

4n
+

1

(ℓ+ 1
2)

]
= −E(0)

1

(Zα)2

n3

[
3

4n
− 1

(ℓ+ 1
2)

]
, (2.47)

ED = −E(0)
n

(Zα)2

n
= −E(0)

1

(Zα)2

n3
, (ℓ = 0 only). (2.48)

For the spin-orbit term we need to evaluate

⟨LS⟩ = ⟨Lx⟩ ⟨Sx⟩+ ⟨Ly⟩ ⟨Sy⟩+ ⟨Lz⟩ ⟨Sz⟩ = ⟨Lz⟩ ⟨Sz⟩ = ℏ2mℓms. (2.49)

9In appendix B.2 (see equations (B.52) and (B.53)) it is shown that if we can find an operator A which
commutes with both the unperturbed Hamiltonian H0 and the perturbation H′, then we can apply non-degenerate
perturbation theory using the simultaneous eigenstates of A and H0. In the particular case of the strong-field
Zeeman effect, we can choose the operators L2 and Jz, which commute with H0 and H′ = Hfs, to play the role
of A. Note that L2 removes the degeneracy in ℓ, while Jz removes the degeneracy in mℓ + 2ms = mℓ +mj , and
the |ℓsmℓms⟩ states are simultaneous eigenstates of H0, L

2 and Jz.
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Note that ⟨Lx⟩ = ⟨Sx⟩ = ⟨Ly⟩ = ⟨Sy⟩ = 0 for eigenstates of Sz and Lz. Since the
expectation value of ξ(r) is given by equation (1.167), we have

Eso =
Z4e2ℏ2

2m2c2a30n
3

mℓms

ℓ(ℓ+ 1
2)(ℓ+ 1)

= −E(0)
1

(Zα)2

n3
mℓms

ℓ(ℓ+ 1
2)(ℓ+ 1)

, (ℓ ̸= 0 only). (2.50)

Adding everything we get

E
(1)
fs = Er + Eso + ED

= −E(0)
1

(Zα)2

n3

[
3

4n
− 1

(ℓ+ 1
2)

+
mℓms

ℓ(ℓ+ 1
2)(ℓ+ 1)

(1− δℓ0) + δℓ0

]
. (2.51)

The first (1−δℓ0) factor makes sure the spin–orbit contribution is computed only for states
with ℓ ̸= 0. The second δℓ0 represents the Darwin contribution, which is non–zero only for
ℓ = 0 states. The total Enℓmℓms energy is given by

Enℓmℓms =
E

(0)
1

n2

[
1− Z2α2

n

(
3

4n
− 1

(ℓ+ 1
2)

+
mℓms

ℓ(ℓ+ 1
2)(ℓ+ 1)

(1− δℓ0) + δℓ0

)]
+ µBB(mℓ + 2ms). (2.52)

• Weak field, µBB ≪ ℏ2ξnℓ. If we consider only linear terms in µBB, the energies can now
be approximated by

E1 =
1

2
ℏ2ξnℓ + 2µBB, E2 =

1

2
ℏ2ξnℓ +

2

3
µBB, E3 = −ℏ2ξnℓ +

1

3
µBB. (2.53)

E4 =
1

2
ℏ2ξnℓ −

2

3
µBB, E5 = −ℏ2ξnℓ −

1

3
µBB, E6 =

1

2
ℏ2ξnℓ − 2µBB. (2.54)

Here we recognize again the energies for the splitting in a weak magnetic field given by
equations (2.32) and (2.33), together with the energies for the spin-orbit interaction with
ℓ = 1.

Figure 2.2 shows the correlation between the spin-orbit weak-field and strong-field splitting
for a p state. In the weak-field regime mj = mℓ+ms is a good quantum number and the system
is best described in the coupled representation. In a classical analogy, one would say that the
spin and the orbital angular momentum are coupled to produce a total angular momentum,
j, which precesses as a whole about the applied magnetic field. On the other hand, when the
field is strong the good quantum numbers are mℓ and ms separately, as appropriate for the
uncoupled basis. In classical terms, in this case the spin angular momentum and the orbital
angular momentum are each individually precessing about the magnetic field. See figure (2.3)
for an illustration.

Note that in the presence of an external torque the total angular momentum is not conserved.
When the atom is placed in a magnetic field, the Hamiltonian is no longer invariant under all
three-dimensional rotations but only under rotations about an axis parallel to the magnetic field.
The consequence of this reduced symmetry is that the Hamiltonian no longer commutes with J2,
although it does commute with Jz. In other words, in a magnetic field j is not a good quantum
number, but m is. When these features are fully realized the field is regarded as strong. The
field is considered weak if, to a good approximation, j is still a good quantum number.

Atoms can be exposed to electromagnetic radiation to produce electronic transitions be-
tween magnetic substates. These are known as electron spin resonance (ESR) experiments (also
electron paramagnetic resonance, EPR). For an s state the energies are given by Em = ±µBB,
therefore we need a photon energy of

Eγ = ℏω = 2µBB = 2
eℏ

2mec
B, ν =

ω

2π
=

e

2πmec
B (2.55)
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Figure 2.1: Transition from a weak to a strong magnetic field for a 2P term (figure taken from
Weissbluth, 1978; the parameter β is the Bohr magneton, µB).

Figure 2.2: Splitting of a p state under the influence of spin-orbit coupling and a magnetic field
(figure taken from Weissbluth, 1978; the parameter β is the Bohr magneton, µB).
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B

S

L

J

B

S

L

(a) (b)

Figure 2.3: Precession of L, S, J in a weak (a) and strong (b) magnetic field.

To end this section, let us see how the Hamiltonian of the spin-orbit interaction can be used
to make an estimation of the internal magnetic field in the Hydrogen atom. Based on this, we
can make an estimation of how large should an external magnetic field be to cause a strong
Zeeman effect. Furthermore, We will use this example to show how to convert expressions from
the Gaussian system of units to the SI system.

The Hamiltonian of the spin-orbit interaction in Hydrogen is

Hso =
e2

2m2c2r3
LS =

( e
m
S
) e

2mc2r3
L = −µB, (2.56)

where µ = −2µBS/ℏ = −eS/mc = −eℏ/2mc is the electron magnetic moment and B is the
magnetic field created by the proton at the position of the electron. To make an estimation of
the value of the magnetic field we could take L = ℏ and r = a0, so that

Hso =

(
eℏ
2mc

)
eℏ

2mca30
= −µB =⇒ B =

eℏ
2mca30

=
αℏ2

2mea30
Gauss. (2.57)

In the last step we used the expression for the (dimensionless) structure fine constant in Gaussian
units, α = e2/ℏc. In this system of units, the absolute value of the electric charge of the electron
is

e =
√
αℏc =

√
1

137
× (1.055× 10−27 erg · s)× (2.9979× 1010 cm · s−1)

= 4.80× 10−10 statcoulomb, (2.58)

so the value of the magnetic field is

B =
1

137 × (1.055× 10−27 erg · s)2

2× (9.109× 10−28 gr)(4.80× 10−10 statcoul)(5.291× 10−9 cm)3
= 6.2× 104G. (2.59)

It is interesting to work out in detail the conversion from Gaussian to SI units. The electric
charge and the magnetic field in both system of units are related through the expressions (see
equations (B.12) and (B.16) in the appendix on Gaussian units)

eg =
esi√
4πϵ0

, Bg =

√
4π

µ0
Bsi. (2.60)
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Therefore,

Bsi =

√
µ0
4π
Bg =

√
µ0
4π

egℏ
2mca30

=

√
µ0
4π

esi√
4πϵ0

ℏ
2mca30

=

√
µ0ϵ0

4πϵ0

esiℏ
2mca30

=
1

4πϵ0

esiℏ
2mc2a30

. (2.61)

In the last step we have used the relation
√
µ0ϵ0 = 1/c. Therefore, in the SI system of units the

expression to use is

Bsi =
1

4πϵ0

esiℏ
2mc2a30

=
αℏ2

2mesica30
Tesla, (2.62)

where α = e2si/(4πϵ0ℏc) is the fine structure constant written in the SI system. If we compare
the last expression for Bsi with the one for Bg given by (2.57), without paying proper attention
to the electric charge, we might conclude that Bg/Bsi = c, but this is wrong. The correct
comparison to make is

Bg

Bsi
=
esi
eg
c =

√
4πϵ0 c =

√
4πϵ0

1
√
µ0ϵ0

=

√
4π

µ0
. (2.63)

Putting numbers in the SI system,

B =
1

137(1.05× 10−34 J · s)2

2(9.1× 10−31 kg)(1.6× 10−19C)(3× 108m/s)(0.53× 10−10m)3
= 6.2T. (2.64)

A strong Zeeman field would be one such that, for example, Bext ≫ 10T, and a weak field one
such that Bext ≪ 10T. Note that the Earth’s magnetic field is about 10−4 T, which is certainly
weak in the Zeeman effect sense.

2.1.2 The quadratic term. Diamagnetism.

Let us study now the quadratic term in (2.4),
e2

2mec2
A2. For a vector potential given by A =

1
2B× r this term is

Hd =
e2

2mec2
1

4
(B× r)(B× r) =

e2

8mec2
B2r2 sin2 θ, (2.65)

where θ is the angle between B and r. This is the so-called diamagnetic term, while that of
equation (2.7) is the paramagnetic term.10 Since x = r sin θ cosφ and y = r sin θ sinφ, for any
spherically symmetric state we have〈

r2 sin2 θ
〉
=
〈
x2 + y2

〉
=
〈
r2 − z2

〉
=
〈
r2
〉
−
〈
z2
〉
=
〈
r2
〉
− 1

3

〈
r2
〉
=

2

3

〈
r2
〉
,

and the expectation value of Hd would be

⟨Hd⟩ = Ed =
e2

8mec2
B2
〈
r2 sin2 θ

〉
=

e2

12mec2
B2
〈
r2
〉
, (2.66)

where r is the distance of the electron to the nucleus.
To put numbers it is convenient to use the relations a0 = ℏ/(αmec) and µB = eℏ/(2mec) to

write ea0 = 2µB/α. Then, for B = 1 Tesla (104 Gauss) and the hydrogen ground-state, where〈
r2
〉
= 3a20/2, the diamagnetic energy would be

(Ed)Hgs =
1

8

(ea0B)2

mec2
=

1

2

(µBB)2

α2mec2
=

1

2

(5.788× 10−5 eV · T−1 × 1T)2(
1

137

)2 × 511× 103 eV
= 6.15× 10−11 eV.

10The paramagnetic term gives rise to the alignment of magnetic moments in an external magnetic field, which
leads to paramagnetism.
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We see that, for ordinary magnetic field values, the diamagnetic energy is really small. The
ratio of Ed to the energy of the Zeeman levels given by equation (2.25), Em = µBgJBm, is

Ed

Em
=

e2

12mec2
B2
〈
r2
〉

µBgJBm
=

1

12gJm

e2
〈
r2
〉

µBmec2
B. (2.67)

To estimate the size of this ratio let’s put in numbers again for a magnetic field of 1 Tesla and
a ℓ = 0 (gJm = 1) hydrogenic state. From equation (1.132) we have

⟨r2⟩nℓ =
a20
Z2

n2

2

[
5n2 + 1− 3ℓ(ℓ+ 1)

]
≈ 5n4a20

2Z2
. (2.68)

Therefore
Ed

Em
=

5n4

24Z2

e2a20
µBmec2

B =
5n4

6Z2

µBB

α2mec2
=

5n4

6Z2
× (2.13× 10−6). (2.69)

Since laboratory magnetic fields do not usually exceed a few tens of tesla, the diamagnetic
term can be safely neglected unless n is large. Nevertheless, it is worth noting that in some
astrophysical environments, such as at the surface of neutron stars, magnetic fields as large as
108 Tesla are believed to exist. In such situations the quadratic diamagnetic term cannot be
ignored.

The magnetic moment may be taken as11

µ = −∂Ed

∂B
= − e2

6mec2
B
〈
r2
〉
, (2.70)

thus the diamagnetic susceptibility is

χd =
µ

B
= − e2

6mec2
〈
r2
〉
= −1

6
α2a0

〈
r2
〉
. (2.71)

The diamagnetic susceptibility is a measure of how much a material will become (dia)magnetized
in an externally applied magnetic field. Diamagnetism is due to the orbital motion of electrons,
therefore it is a general property of all atoms and molecules. However, paramagnetism arises from
the alignment of the magnetic moments associated to the orbital and spin angular momenta in
an applied external magnetic field. It is not uncommon for a material to have both a diamagnetic
and paramagnetic susceptibility.

2.2 Electric fields.

2.2.1 Linear Stark effect.

External electric fields applied to atoms give rise to the so-called Stark effect. In general, this is
a second-order effect, except for hydrogen, as we will see in this section. The interaction of an
electron with an external electric potential ϕ(r) gives it an extra energy of −eϕ(r). Since atoms
are very small compared with the scales over which the external macroscopic potential varies, we
can replace ϕ(r) with the first two terms in its Taylor series expansion, ϕ(r) = ϕ(0) + [∇ϕ(0)]r.
Setting the (arbitrary) value of ϕ(r) at the position r = 0 of the atomic nucleus equal to zero,
this gives ϕ(r) = [∇ϕ(0)]r = −Er, where E ≡ −∇ϕ(0) is the electric field at the nucleus.12

Choosing the z-axis as the direction of the electric field, the Hamiltonian of the interaction may
then be taken as

Hs = −eϕ(r) = eEz = eEr cos θ =
√

4π

3
Y 0
1 eEr, (2.72)

11Remember that the energy of a magnetic dipole immersed in an external magnetic field is E = −µB =
−µxBx − µyBy − µzBz. If the direction of B is along the z-axis, E = −µzBz and we may just take the magnetic
moment to be µ = −∂E/∂B.

12Note that the electric field is written in calligraphic font, E and E , to avoid confusions with the energy, E.
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where we have written cos θ in terms of the Y 0
1 spherical harmonic. For the strong-field regime,

where the Stark effect is large compared to the spin-orbit splittings, the uncoupled basis is the
appropriate one to perform the calculations. Let’s compute then the Hs matrix elements in the
|nℓsmℓms⟩ basis. We need the formula for the YM

L matrix elements in terms of the 3j symbol
coefficients,〈

ℓ′mℓ′
∣∣YM

L

∣∣ ℓm〉
= (−1)mℓ′

√
1

4π
(2ℓ′ + 1)(2L+ 1)(2ℓ+ 1)

(
ℓ′ L ℓ

−mℓ′ M mℓ

)(
ℓ′ L ℓ
0 0 0

)
. (2.73)

According to the 3j-symbol properties, the second 3j-symbol in the previous equation is zero
when ℓ′+L+ℓ is odd. Since L = 1 (we are dealing with YM

L = Y 0
1 ), the above matrix element is

zero if ℓ′ = ℓ. This implies that, in general, there is no first-order splitting due to an electric field.
This was to be expected, because the wave functions ψnℓm have a definite parity (even when ℓ
is even and odd otherwise), therefore the matrix element ⟨ψnℓm|eEz|ψnℓm⟩ vanishes because the
Hamiltonian Hs = eEz has odd parity.13

However, for Hydrogen things are a bit different because, in first approximation, the energy
eigenvalues depend only on the principal quantum number n and not on ℓ. For n = 2, for
example, we have four degenerate states: (ℓ = 0,mℓ = 0), (ℓ = 1,mℓ = 0,±1). So within this
collection of states there is a first-order Stark effect because there are nonzero matrix elements
of Y 0

1 between the state with ℓ = 0 and the states with ℓ = 1. To compute the first-order Stark
effect in the n = 2 states of Hydrogen note that(

ℓ′ L ℓ
−mℓ′ M mℓ

)
= 0 (2.74)

unless −mℓ′ +M +mℓ = 0. This implies that mℓ′ = mℓ, because M = 0. Also, since one of
the ℓ values is zero, we conclude that mℓ′ = mℓ = 0. We have then only two nonzero matrix
elements left. Using the notation |nℓmℓ⟩,〈

200
∣∣Y 0

1

∣∣ 210〉 = 〈210 ∣∣Y 0
1

∣∣ 200〉 = 1√
4π
. (2.75)

To proceed further we need the matrix element of r between the radial part of the wavefunctions
|200⟩ ≡ 2s and |210⟩ ≡ 2p0, which is given by

⟨R(2s) | r |R(2p0)⟩ = ⟨R(2p0) | r |R(2s)⟩ = − 9√
3

a0
Z
. (2.76)

Now, since Hs = eErY 0
1

√
4π/3, we combine everything together into

⟨200 |Hs | 210⟩ = −eE 9√
3

a0
Z

√
4π

3

1√
4π

= −3eEa0/Z, (2.77)

and build table (2.2) showing the matrix elements for the Stark Effect in hydrogen with n = 2,
s = 1/2, ms = m′

s. From the table, we see that the secular equation leads directly to the
following four eigenvalues,

E = ±3eEa0/Z, 0, 0. (2.78)

The two states with mℓ = 0 are shifted up and down symmetrically, while the states with
mℓ = ±1 are not affected by the electric field. This means that them degeneracy is only partially
lifted, as shown in figure (2.4). You may check that the eigenvalue −3eEa0/Z is associated to the
new normalized eigenstate 1√

2
(ψ200 + ψ210), while the eigenstate 1√

2
(ψ200 − ψ210) is associated

to +3eEa0/Z.
13The integration over all space of an odd-parity expression vanishes. Remember that the parity of Y m

ℓ is (−1)ℓ.
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ℓ = 0, m = 0

ℓ = 1, m = 0,±1

4 degenerate states

m = 0; 1√
2
(ψ200 − ψ210)

m = ±1; ψ2,1,±1

m = 0; 1√
2
(ψ200 + ψ210)

Figure 2.4: Splitting of the degenerate n = 2 Hydrogen level due to the linear Stark effect.

|0 0⟩ |1 0⟩ |1 1⟩ |1 − 1⟩
⟨0 0| −3eEa0/Z
⟨1 0| −3eEa0/Z
⟨1 1|

⟨1 − 1|

Table 2.2: Matrix elements for the Stark effect in hydrogen with n = 2, s = 1/2, ms = m′
s.

In hydrogen, assuming an electric field of E = 104 V cm−1, we have (remember that a0 =
5.29× 10−9 cm)

3eEa0 = 3× 104 × 5.29× 10−9 eV = 1.59× 10−4 eV = 1.28 cm−1, (2.79)

which is much larger than the fine structure splitting. The Stark effect in hydrogen is linear due
to the degeneracy of states with different ℓ and the same n. At very high electric fields there
appears a quadratic effect superimposed on the linear one, resulting in an asymmetric shifting
of the energy levels.

2.2.2 Quadratic Stark effect.

We have seen that for the ground state of hydrogenic atoms there is no linear Stark effect. We
must then go to second order in perturbation theory. The second-order correction to the (zero

order) energy eigenvalue E
(0)
n is (see equation (B.64)).

E(2)
n =

∑
m̸=n

∣∣∣〈ψ(0)
n

∣∣∣Hs

∣∣∣ψ(0)
m

〉∣∣∣2
E

(0)
n − E

(0)
m

, (2.80)

whereHs = eEz is the small perturbation. The second-order correction to the hydrogenic ground
state is then (we neglect now the fine structure),

E
(2)
100 = e2E2

∑
n̸=1,ℓ,m

∣∣∣〈ψ(0)
nℓm

∣∣∣ z ∣∣∣ψ(0)
100

〉∣∣∣2
E

(0)
1 − E

(0)
n

. (2.81)

The complete set of hydrogenic states is the union of a discrete set and a continuous (non-
discrete) set of wavefunctions. The summation above implies a summation over the discrete
set of eigenfunctions and an integration over the continuous set of eigenfunctions. Since the

energy differences E
(0)
1 − E

(0)
n are always negative for n ≥ 2, it is clear from (2.81) that the

correction E
(2)
100 is always also negative. The effect of the quadratic Stark effect is to lower (make

it more negative) the energy of the ground state.14 We can easily obtain a lower limit for E
(2)
100

14This is a general feature of second-order corrections in time-independent perturbation theory, they are always
negative.
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by replacing the energy differences E
(0)
1 −E(0)

n by E
(0)
1 −E(0)

2 . Remember that, in Rydberg units
we have

E
(0)
2 − E

(0)
1 ≈ 1− 1

4
=

3

4
, E(0)

n − E
(0)
1 ≈ 1− 1

n2
>

3

4
for n > 2.

Therefore

E
(2)
100 = −e2E2

∑
n̸=1,ℓ,m

∣∣∣〈ψ(0)
nℓm

∣∣∣ z ∣∣∣ψ(0)
100

〉∣∣∣2
E

(0)
n − E

(0)
1

>
−e2E2

E
(0)
2 − E

(0)
1

∑
n̸=1,ℓ,m

∣∣∣〈ψ(0)
nℓm

∣∣∣ z ∣∣∣ψ(0)
100

〉∣∣∣2 . (2.82)

To perform the summation we first note that
〈
ψ
(0)
100

∣∣∣ z ∣∣∣ψ(0)
100

〉
= 0, therefore we may write

∑
n̸=1,ℓ,m

∣∣∣〈ψ(0)
nℓm

∣∣∣ z ∣∣∣ψ(0)
100

〉∣∣∣2 = ∑
n,ℓ,m

∣∣∣〈ψ(0)
nℓm

∣∣∣ z ∣∣∣ψ(0)
100

〉∣∣∣2
=
∑
n,ℓ,m

〈
ψ
(0)
100

∣∣∣ z ∣∣∣ψ(0)
nℓm

〉〈
ψ
(0)
nℓm

∣∣∣ z ∣∣∣ψ(0)
100

〉
=
〈
ψ
(0)
100

∣∣∣ z2 ∣∣∣ψ(0)
100

〉
=
〈
z2
〉
100

, (2.83)

where we have used the completeness relation of the hydrogenic sates,
∑
n,ℓ,m

∣∣∣ψ(0)
nℓm

〉〈
ψ
(0)
nℓm

∣∣∣ = I

(summation and integration). Now we use the results

〈
r2
〉
nℓm

=
a20
Z2

n2

2

[
5n2 + 1− 3ℓ(ℓ+ 1)

]
,

〈
r2
〉
100

= 3
a20
Z2
, (2.84)

and take into account the symmetry of the hydrogenic ground state to write

〈
z2
〉
100

=
〈
x2
〉
100

=
〈
y2
〉
100

=
1

3

〈
r2
〉
100

,
〈
z2
〉
100

=
a20
Z2
. (2.85)

Plugging everything in (2.82) we get

E
(2)
100 >

−e2E2

E
(0)
2 − E

(0)
1

a20
Z2

= − 1

E
(0)
2 − E

(0)
1

(
eEa0
Z

)2

(2.86)

Expressing energies in Rydberg units we have

E(0)
n = − Z

n2
,

1

E
(0)
2 − E

(0)
1

=
4

3

1

Z
, E

(2)
100 > −1.33

1

Z

(
eEa0
Z

)2

. (2.87)

Another approximation can be obtained in an easy way (see problem 14), which is

E
(2)
100 ≈ 1

E
(0)
1

(
eEa0
Z

)2

= − 1

Z

(
eEa0
Z

)2

. (2.88)

In any case, it is possible to perform a full evaluation of the sum in equation (2.81). Here we
just quote the result,

E
(2)
100 =

9

8

1

E
(0)
1

(
eEa0
Z

)2

= −9

8

1

Z

(
eEa0
Z

)2

= −1.125

(
eEa0
Z

)2

. (2.89)

It is interesting to note that about one third of this value arises from the contribution of the
continuum in the summation.
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Figure 2.5: Potential experienced by an electron interacting with a nucleus of charge Ze in a
uniform electric field of strength E , as a function of z, for x = x0 and y = y0 fixed (adapted
from Bransden, [2]).

2.2.3 Ionization by a static electric field.

An external electric field applied to the atom may have the effect of removing the electron
from the atom. Consider a hydrogenic atom placed in an external electric field E in the z-axis
direction. The potential energy of the electron is given by

V = −Ze
2

r
+ eEz. (2.90)

A plot of V as a function of z, for x and y fixed (figure 2.5), shows that the nucleus represents
just a local minima, and that V can become even more negative if z is negative enough (large
distances from the nucleus). One could then see this potential as having two minima separated
by a barrier, one at the nucleus and the other at the anode. The electron has a non–zero
probability to escape from the atom by means of the so-called tunnel effect and be accelerated
towards the anode.

This ionization can be observed when the external electric field is very strong and/or for
levels with high principal quantum number n. Consequently, in the presence of an external
electric field the lifetime of the discrete levels is decreased due to this tunnel effect, so the width
of the spectral lines is increased. This is known as Stark broadening. In particular, the ground
state itself is no longer stationary. It can be shown that the lifetime of the hydrogen ground
state in an external electric field is (in atomic units)

τ =
1

4
E exp

(
2

3E

)
. (2.91)

For small values of the electric field strength, E , the lifetime of the ground state is very long
and can be considered essentially stable. Even if we take a high value such as, for example,
E = 0.01 a.u. = 5.14× 109V ·m−1, we get τ = 2× 1026 a.u. = 4.8× 109 s.

2.3 Hyperfine interactions.

An ideal point-like nucleus without intrinsic angular momentum (spin) gives rise only to a
Coulomb potential of the form −Ze/r. But real nuclei are notoriously complicated systems,
certainly not point-like, with charge distributions not necessarily spherical and different values
of spin. All interactions between electrons and nuclei other than the Coulomb interaction are



64

referred to as hyperfine interactions. Among them, the most important are those due to the
nuclear spin and the nuclear quadrupole moment. The nuclear spin gives rise to a nuclear
magnetic moment that interacts with the electronic magnetic dipole moments associated with
the orbital and/or spin angular momenta. Furthermore, a non-spherical nuclear electric charge
distribution creates an electric quadrupole moment that interacts with the electric field gradient
created by the electronic charge distribution at the position of the nucleus.

2.3.1 Magnetic hyperfine interaction.

The Hamiltonian for the magnetic hyperfine interaction can be derived from the Dirac equation
(1.79), which we reproduce here expanded,

E′ψu =

[
qϕ+

1

2m

[
σ
(
p− q

c
A
)
Kσ

(
p− q

c
A
)]]

ψu (2.92)

where

K =
2mc2

E′ + 2mc2 − qϕ
, E′ = E −mc2. (2.93)

It is convenient to write in a separate H1 term the dependence of the Hamiltonian on the vector
potential,

H = qϕ+
1

2m

[
σ
(
p− q

c
A
)
Kσ

(
p− q

c
A
)]

= H0 +H1 (2.94)

H0 = qϕ+
1

2m
(σp)K(σp), (2.95)

H1 = − q

2mc2

[
(σp)K(σA) + (σA)K(σp)

]
+

q2

2mc2
(σA)K(σA). (2.96)

The last term of the previous expression is quadratic in A and can be neglected in a first
approximation. If the potential ϕ depends only on r, ϕ = ϕ(r), then K is also a function only
of r, K(r), and we may write

∇K =
dK

dr

r

r
. (2.97)

Furthermore remember that the operator p = −iℏ∇ acts on everything that stands to its right,
so for an arbitrary function f(r)

pKf(r) = −iℏ∇(Kf(r)) = −iℏK(∇f)− iℏf∇K = Kpf − iℏ
dK

dr

r

r
f. (2.98)

Therefore

pK = Kp− iℏ
dK

dr

r

r
. (2.99)

Using this relation we can write

(σp)K(σA) = K(σp)(σA)− iℏ
dK

dr

1

r
(σr)(σA). (2.100)

Inserting this result in the expression for H1 and neglecting the quadratic part in A we have

H1 = − q

2mc

[
K(σp)(σA)− iℏ

dK

dr

1

r
(σr)(σA) +K(σA)(σp)

]
. (2.101)

This expression can be transformed using the rule

(σA)(σB) = AB+ iσ(A×B), (2.102)

into

H1 = − q

2mc
K(pA+Ap) + iKσ(p×A+A× p)− iℏ

dK

dr

1

r

[
rA+ iσ(r×A)

]
. (2.103)



Quantum Physics III. Monday 7th September, 2026, 11:08. 65

To proceed further we need to specify the vector potential. If we assume the nucleus to be a
point dipole with a magnetic dipole moment µ, the vector potential at r is15

A =
µ× r

r3
(Gaussian units). (2.104)

Now we use the vector identities

∇(a× b) = b(∇× a)− a(∇× b), ∇× fa = (∇f)× a+ f(∇× a), (2.105)

∇
(
a

f

)
=
f(∇a)− a(∇f)

f2
, (2.106)

together with the fact that ∇ × µ = 0, because µ is constant, to find that ∇A = 0. Indeed,
since ∇× r = 0 and ∇(1/r3) = [∂(1/r3)/∂r] r̂ = −3r̂/r4 = −3r/r5, we have

∇A = ∇
(
µ× r

r3

)
=

r

r3�
����(∇× µ)− µ

(
∇× r

r3

)
= −µ

[(
∇ 1

r3

)
× r+

1

r3
����∇× r

]
= µ

(
3
r

r5
× r
)
= 0. (2.107)

Furthermore, note that rA = 0, because r(µ × r) = 0, and remember that p ×A + A × p =
−iℏ (∇×A) and pA −Ap = −iℏ∇A, which means in this case pA = Ap because ∇A = 0.
Combining now everything together and putting q = −e, we get

H1 =
e

2mc

[
2KAp+Kℏσ(∇×A) + ℏ

dK

dr

1

r
σ(r×A)

]
. (2.108)

According to the special form of the vector potential, we may write

Ap =
1

r3
(µ× r)p =

1

r3
(r× p)µ =

1

r3
Lµ =

1

r3
µL. (2.109)

Also, since µ is constant16,

∇×
(µ
r

)
= ∇

(
1

r

)
× µ+

1

r
∇× µ = ∇

(
1

r

)
× µ = −µ×∇

(
1

r

)
=

µ× r

r3
= A, (2.110)

∇2
(µ
r

)
= µ∇2

(
1

r

)
= −4πµδ(r), (2.111)

∇
(µ
r

)
= µ∇

(
1

r

)
+

1

r
∇µ = µ∇

(
1

r

)
= −µr

r3
, (2.112)

∇
[
∇
(µ
r

)]
= −∇

(µr
r3

)
= −

[
(µr)∇

(
1

r3

)
+

1

r3
∇(µr)

]
= (µr)

3r

r5
− 1

r3
µ, (2.113)

where in the last step we have used ∇(µr) = ∇(µxx+µyy+µzz) = µ. We need also the vector
identity ∇× (∇× a) = ∇(∇a)−∇2a to write

∇×A = ∇×
[
∇×

(µ
r

)]
= ∇

[
∇
(µ
r

)]
−∇2

(µ
r

)
= (µr)

3r

r5
− 1

r3
µ+ 4πµδ(r). (2.114)

The last bit of vector handling we need for the moment is a× b× c = b(ac)− c(ab),

r×A =
1

r3
(r× µ× r) =

1

r3
[
µ(rr)− r(rµ)

]
=

µ

r
− r(rµ)

r3
. (2.115)

15See Eq. (B.313). In the SI system we would have A =
µ0

4π

µ× r

r3
(SI units).

16In the vector operations discussed here be careful to note that the gradient of a divergence, ∇(∇a), is not
the same as the Laplacian of a vector, ∇2a = (∇∇)a ̸= ∇(∇a).
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Now we insert everything back in the expression for H1 to get

H1 =
2µB

ℏ
K

[
µ(L− S)

r3
+

3(µr)(Sr)

r5
+ 4πδ(r)µS

]
+

2µB

ℏ
dK

dr

[
µS

r2
− (µr)(Sr)

r4

]
(2.116)

where

µB =
eℏ
2mc

, S =
ℏ
2
σ. (2.117)

We need to play close attention to K because when replacing ϕ by the Coulombic potential we
have a divergence at r = 0. Indeed, setting ϕ = Ze/r and q = −e we have

K =
2mc2

E′ + 2mc2 +
Ze2

r

. (2.118)

When computing the fine structure of Hydrogen we made a non–relativistic approximation to
the Dirac equation by assuming that (see (1.85))

E′ +
Ze2

r
≪ 2mc2. (2.119)

However, this approximation is not valid for an atom in an s state, since the wavefunction for an
ℓ = 0 state has a nonzero value at r = 0. In such a case we will follow an argument adapted from
the original derivation by Fermi and assume that the kinetic energy of the electron is negligible
compared to the electron rest mass energy, E′ = E −mc2 ≪ 2mc2, but that the terms Ze2/r
and 2mc2 may have a similar size. Therefore

K(r) ≈ 1

1 +
Ze2

2mc2r

≡ 1

1 +
r0
r

, r0 =
Ze2

2mc2
. (2.120)

For Z = 1, for example, the ratio r0/a0 is

r0
a0

=
e2

2mc2
me2

ℏ2
=

1

2

(
e2

ℏc

)2

=
1

2
α2 ≈ 1

2

(
1

137

)2

. (2.121)

Since a0 = 0.52× 10−10m, we get r0 = 1.4× 10−15m. This value is in the range of nuclear sizes,
much smaller than the Bohr radius. In the plot (2.6) we see that K(r) rises from zero at r = 0
to almost unity in a distance of several units of r0, so we may approximate it by a step function,

K(r) ≈

{
0, when r = 0

1 when r ̸= 0.
(2.122)

We can show that, under this approximation, the δ-function term in H1 can safely be ignored.
Indeed, since K(0) = 0, for any state (with any value of ℓ) we have

⟨ψ |Kδ(r) |ψ⟩ = K(0)|ψ(0)|2 = 0. (2.123)

We write then H1 without the δ-function,

H1 = Ha +Hb, (2.124)

Ha =
2µB

ℏ

[
µ(L− S)

r3
+

3(µr)(Sr)

r5

]
, Hb =

2µB

ℏ
dK

dr

[
µS

r2
− (µr)(Sr)

r4

]
. (2.125)

We have set K = 1 in Ha. This is a valid approximation because, as it will be shown later, there
is no contribution from Ha in s states, which are the only ones with non-vanishing amplitudes
at r = 0 (where K = 0).
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Figure 2.6: Variation of K and K ′ with r, in units of r0.

We turn our attention now to the term K ′ = dK/dr. We expect that, since K was approx-
imated by a step function, K might be approximated by a δ-function. Figure (2.6) shows that
the function

K ′ =
r0/r

2(
1 +

r0
r

)2 (2.126)

goes close to zero within just a few nuclear radii, so we could take K ′ = 0 for r ̸= 0. On the
other hand, assuming that K(r) is the step function given by (2.122), we have∫ ∞

0
K ′dr = K(∞)−K(0) = 1− 0 = 1. (2.127)

The behavior of K and K ′ at negative r has no physical meaning, so we may as well set
K = K ′ = 0 for all r < 0 and write ∫ +∞

−∞
K ′dr = 1. (2.128)

This last equation, together with the condition K ′ = 0 for r ̸= 0, are the properties of a
δ-function. Let us write K ′ = 4πr2δ(r), because then∫ +∞

−∞
K ′ dr =

∫ +∞

−∞
4πδ(r) r2dr =

∫ +∞

−∞
δ(r) dr = 1. (2.129)

Concerning the Hb term, let’s write it as

Hb = −µB, with B = −2µB

ℏ
dK

dr

[
S

r2
− r(Sr)

r4

]
, (2.130)

and apply the Landé formula (let A → B, J → S and j → s in equation (2.18)),〈
sm
∣∣B ∣∣ sm′〉 = ⟨sm |BS | sm⟩

s(s+ 1)ℏ2
〈
sm
∣∣S ∣∣ sm′〉 , (2.131)

with

⟨sm |BS | sm⟩ = −2µB

ℏ

〈
sm

∣∣∣∣ dKdr
[
S2

r2
− (Sr)2

r4

] ∣∣∣∣ sm〉 , (2.132)

and

(Sr)(Sr) =
ℏ2

4
(σr)(σr) =

ℏ2

4
r2, (2.133)
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to get (for s = 1/2)

⟨sm |BS | sm⟩ ≡ ⟨BS⟩ = −2µB

ℏ

〈
sm

∣∣∣∣ dKdr
[
S2

r2
− ℏ2

4r2

] ∣∣∣∣ sm〉
= −2µB

ℏ

〈
dK

dr

1

r2

〉[
s(s+ 1)ℏ2 − ℏ2

4

]
= −µBℏ

〈
dK

dr

1

r2

〉
, (2.134)

where ⟨(dK/dr)(1/r2)⟩ represents an integral taken over the radial part of the wave function.
But since K ′ = 4πr2δ(r), we have〈

dK

dr

1

r2

〉
= 4π ⟨δ(r)⟩ , thus ⟨BS⟩ = −4πµBℏ ⟨δ(r)⟩ . (2.135)

Inserting this back into the Landé formula (2.131) gives〈
sm
∣∣B ∣∣ sm′〉 = −16π

3

µB

ℏ
⟨δ(r)⟩

〈
sm
∣∣S ∣∣ sm′〉 . (2.136)

We may express this as an operator relationship

B = −16π

3

µB

ℏ
δ(r)S, (2.137)

so that Hb can be written as

Hb = −µB =
16π

3

µB

ℏ
δ(r)µS = aµS, with a =

16π

3

µB

ℏ
δ(r). (2.138)

The termB = −aS is sometimes regarded as an effective magnetic field. Inserting this expression
for Hb into equation (2.125), the magnetic hyperfine Hamiltonian can be written as

H1 ≡ Hh =
2µB

ℏ

[
µ(L− S)

r3
+

3(µr)(Sr)

r5
+

8π

3
δ(r)µS

]
(2.139)

We want to write now the nuclear magnetic moment operator µ in terms of the nuclear
spin operator I. It is possible to write an expression similar to the one used for the magnetic
moment of the electron,

µ =
1

ℏ
gNµNI, (2.140)

where

µN =
eℏ

2Mc
=
m

M
µB = 5.0505× 10−24 erg/G = 5.0505× 10−27 J/T (2.141)

is the nuclear Bohr magneton. Here M is the mass of the proton and gN is a factor whose
magnitude and sign depend on the nucleus under consideration. It is also common to write the
nuclear magnetic moment as

µ =
gNµN

ℏ
I = γI, (2.142)

where the relation γ = gNµN/ℏ is known as the nuclear gyromagnetic ratio. We define the
magnetic moment of the nucleus, µ, as the expected value of the µ operator in a nuclear state
which has the maximum value of its spin third component,

µ = ⟨I(mI = I)|µz|I(mI = I)⟩ = gNµN

ℏ
⟨I(mI = I)|Iz|I(mI = I)⟩ = gNµNI = γℏI. (2.143)

This allows us to write the magnetic moment operator as µ =
µ

Iℏ
I.

Using the nuclear spin operator, I, the magnetic hyperfine Hamiltonian can be written as

Hh =
2µBgNµN

ℏ2

[
I(L− S)

r3
+

3(Ir)(Sr)

r5
+

8π

3
δ(r) IS

]
(2.144)
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This is the most common expression used for the magnetic hyperfine interaction. The first
two terms in the brackets taken together are known as the dipole-dipole interaction, in analogy
with the corresponding classical expression. The last term is the Fermi contact interaction and
has no classic analog. In the absence of orbital angular momentum, the magnetic hyperfine
Hamiltonian can be written as

Hh = IAS, (2.145)

where

A =
2µBgNµN

ℏ2

[
− 1

r3
+

3(rr)

r5
+

8π

3
δ(r)

]
, (2.146)

is the magnetic hyperfine coupling tensor.

2.3.2 Magnetic hyperfine interaction in one-electron systems.

To simplify the dipole-dipole part of the magnetic hyperfine Hamiltonian we start by writing
the Hamiltonian (2.144) as

Hh = −gNµN

ℏ

[
−I

2µB

ℏ

(
L− S

r3
+

3r(Sr)

r5

)
− 2µB

ℏ
8π

3
δ(r) IS

]
. (2.147)

Denoting

B′ = −2µB

ℏ

[
L− S

r3
+

3r(Sr)

r5

]
, (2.148)

we have

Hh = −gNµN

ℏ

[
IB′ − 2µB

ℏ
8π

3
δ(r) IS

]
. (2.149)

We will show now that the operator B′ is in fact proportional to the total angular momentum
of the electron, J. We need to use the Landé formula,〈

jm
∣∣B′ ∣∣ jm′〉 = ⟨jm |B′J | jm⟩

j(j + 1)ℏ2
〈
jm
∣∣J ∣∣ jm′〉 , (2.150)

with 〈
jm
∣∣B′J

∣∣ jm〉 = −2µB

ℏ

〈
jm

∣∣∣∣ (L− S)J

r3
+

3(Sr)(rJ)

r5

∣∣∣∣ jm〉 . (2.151)

Now take into account that

(L− S)J = (L− S)(L+ S) = L2 − S2, (2.152)

and that |jm⟩ ≡ |ℓsjm⟩ is an eigenfunction of L2, S2, J2 and Jz, to write

⟨jm|(L− S)J|jm⟩ =
〈
jm
∣∣L2 − S2

∣∣ jm〉 = ℓ(ℓ+ 1)ℏ2 − s(s+ 1)ℏ2. (2.153)

Also,
rJ = r(L+ S) = r(r× p) + rS = rS = Sr, (2.154)

therefore

(Sr)(rJ) = (rS)(rS) =
ℏ2

4
(σr)(σr) =

ℏ2

4
r2. (2.155)

The integration over the radial part of the wave function gives then〈
jm
∣∣B′J

∣∣ jm〉 = −2µBℏ
[
ℓ(ℓ+ 1)− s(s+ 1) +

3

4

]〈
1

r3

〉
, (2.156)

and for s = 1/2, 〈
jm
∣∣B′J

∣∣ jm〉 = −2µBℏℓ(ℓ+ 1)

〈
1

r3

〉
, (s = 1/2). (2.157)
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Inserting this back into equation (2.150) we have

〈
jm
∣∣B′ ∣∣ jm′〉 = −2µB

ℏ
ℓ(ℓ+ 1)

j(j + 1)

〈
1

r3

〉〈
jm
∣∣J ∣∣ jm′〉 , (2.158)

which means that, as an operational relation, we may write

B′ = −2µB

ℏ
ℓ(ℓ+ 1)

j(j + 1)

〈
1

r3

〉
J, (s = 1/2). (2.159)

Now we replace (2.148) with (2.159) and put it back into (2.149) to get the following Hamiltonian
for the case s = 1/2.

Hh =
2µBgNµN

ℏ2

[
ℓ(ℓ+ 1)

j(j + 1)

〈
1

r3

〉
IJ+

8π

3
|ψ(0)|2IS

]
=

2µBgNµN

ℏ2
ℓ(ℓ+ 1)

j(j + 1)

〈
1

r3

〉
IJ+AF IS,

(2.160)
where

AF =
16π

3

µBgNµN

ℏ2
|ψ(0)|2, |ψ(0)|2 = ⟨δ(r)⟩ . (2.161)

The first (dipole) term in (2.160) is zero when ℓ = 0, while the second (contact) term is zero
when ℓ ̸= 0, which means the two parts of the magnetic hyperfine interaction do not overlap.
For s states we only need to consider the contact interaction. For non-s states, only the dipole
term contributes. Similarly to what happens in the spin-orbit coupling, the form of the Hh

Hamiltonian suggests that it will be convenient to couple the nuclear spin, I, and the electron
total angular momentum, J, to form a new angular momentum operator (the total angular
momentum of the atom),

F = I+ J. (2.162)

We can use the notation |ImI⟩, |jm⟩, |FmF ⟩, to designate the eigenfunctions corresponding to
I, J and F, respectively.

The Fermi contact term in Hydrogen.

Let’s consider now the hydrogen in an s state, where only the contact term contributes. We set
ℓ = 0 and replace J by S, so that now F = I+ S and F 2 = I2 + S2 + 2IS. Thus

IS =
1

2

(
F 2 − S2 − I2

)
. (2.163)

The spin of the proton is 1/2, therefore

I =
1

2
, s =

1

2
, F = 0, 1, (2.164)

and

⟨FmF | IS |FmF ⟩ ≡ ⟨IS⟩ =
〈
FmF

∣∣∣∣ 12 (F 2 − S2 − I2
) ∣∣∣∣FmF

〉
=

ℏ2

2

[
F (F + 1)− s(s+ 1)− I(I + 1)

]
=

ℏ2

2

[
F (F + 1)− 3

2

]
, (2.165)

which shows that only diagonal elements are nonzero. For the two possible values of F we have

⟨IS⟩ =


ℏ2

4
, F = 1,

−3ℏ2

4
, F = 0.

(2.166)
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Since for an s-state H(ℓ=0)
h = AF IS, the energies are

E =


ℏ2

4
AF =

4

3
πµBgNµN|ψ(0)|2, F = 1,

−3ℏ2

4
AF = −4πµBgNµN|ψ(0)|2, F = 0.

(2.167)

For Hydrogen we have Ip = Sp, so
17

µp =
1

ℏ
gNµNI =

1

ℏ
gpµNIp =

gpe

2mpc
Sp, gp = 2× 2.7928 = 5.5857 (2.168)

|ψ(0)|2 = 1

πa30
, γℏ = µNgN = 2.82× 10−23 erg/G, a0 = 0.529× 10−8 cm. (2.169)

Using the previous numerical values and µB = 0.927×10−20 erg/G, the energy difference between
the two levels of the s state hyperfine splitting is

∆E = ℏ2AF =
16π

3
µBgNµN|ψ(0)|2 =

16

3

µBgNµN

a30
= 9.42× 10−18 erg = 9.42× 10−25 J = 5.88× 10−6 eV −→ 0.04738 cm−1. (2.170)

To evaluate ∆E directly in the SI system we need to express the Bohr and nuclear magnetons in
SI units. Equation (B.30) in the appendix on Gaussian units tells us that each magneton gets a
factor of

√
µ0/4π, so we should mutiply the previous expression for ∆E by a factor of µ0/4π.

18

Thus

(∆E)SI =
(µ0
4π

) 16

3

µBgNµN

a30
=

4π × 10−7 Hm−1

4π

× 16

3

9.27× 10−24 JT−1 × 5.586× 5.05× 10−27 JT−1

(5.29× 10−11)3m3
= 9.42× 10−25 J. (2.171)

Using the fact that in the SI system ε0µ0 = 1/c2 and a0 = 4πε0ℏ2/(mee
2) = ℏ/(mcα), the

energy difference can also be written as

∆E =
4

3

gpℏ4

mpm2
ec

2a40
=

4

3
gp
me

mp
α4mec

2. (2.172)

This hyperfine splitting for Hydrogen is shown in figure (2.7). Since ∆E = hν for electromagnetic
radiation, this corresponds to a frequency of ν = 1420.4058 MHz, or to a wavelength of 21cm.
Radiation of this frequency can be detected by radio-frequency techniques, and its observation
can be used to map the concentration of cold atomic hydrogen in the interstellar regions of our
galaxy.19 It is found that the spiral arms of the galaxy contain the greatest concentrations of
hydrogen atoms and the different arms can be identified by making use of the Doppler shift,

17The proton magnetic moment is measured to an extraordinary accuracy,

µp = 2.7928473446± 0.0000000008µN [14]. If we write gp = 2µpc, then µp =
µpe

mpc
Sp, and the expectation value

of the third component of µp in a state with ms = 1/2 is precisely
〈
(µp)z

〉
= µp

eℏ
2mp

= µpµN, so µp is the proton

magnetic moment in units of µN.
18The permeability of free space (vacuum) in the SI system is µ0 = 4π×10−7 Hm−1. The energy and magnetic

flux density equivalences are 1 erg = 10−7 J and 1 gauss = 10−4 T.
19This radiation was theoretically predicted by the Dutch astronomer H.C. van de Hulstin in 1944 and was

experimentally detected by American physicists Harold Ewen and Edward Purcell at Harvard University in 1951.
The hyperfine transition responsible for this radiation is very rare, but there is so much atomic Hydrogen in our
galaxy that can be detected on Earth. Furthermore, radio-frequency radiation can easily go through clouds of
interstellar dust that block optical observations.
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Figure 2.7: Magnetic hyperfine splitting of the ground state of hydrogen. This splitting is due
only to the Fermi contact term.

since each arm possesses a different radial velocity with respect to the Earth. In contrast to
atomic hydrogen, molecular hydrogen does not emit 21cm radiation and this technique cannot
be applied to find regions with significant concentration of molecular hydrogen. Still, high-
density galaxy regions contain other types of molecules with a suitable wavelength emission
to be detected using radio-frequency techniques. In deuterium, with a nucleus consisting of a
proton and a neutron, this wavelength has been measured to be about 92 cm. This energy
splitting is much smaller than the separation energy between atomic states (∼ eV) and nuclear
states (∼ MeV), therefore it is safe to assume that only the ground states of the atom and the
nucleus play a role in the magnetic hyperfine interaction.

It is very instructive to evaluate the magnitude of the effective magnetic fields at the position
of the electron and the proton due to their spins. For the electron we have seen (equations (2.25)
and (2.31)) that the 2S1/2 level is split into two states when the atom is placed in an external
magnetic field. The two states are separated by an energy ∆E = 2µBB. The magnetic field due
to the proton spin produces also a splitting which we could write as ∆E = geµBB

e
eff . It is found

that Be
eff comes out to be about 508 G.

Be
eff =

∆E

geµB

=
9.42× 10−25 J

2× 9.27× 10−24 J/T
= 5.08× 10−2T = 508G (2.173)

Similarly, we can find the effective magnetic field at the proton location by writing ∆E =
gNµNB

p
eff = γℏBp

eff , where gNµN = γℏ is the magnetic moment of the proton, in analogy with
geµB, which is the magnetic moment of the electron.

Bp
eff =

∆E

gpµN

=
9.42× 10−25 J

5.586× 5.05× 10−27 J/T
= 33.4T = 3.34× 105G. (2.174)

This shows that very high magnetic fields exist at the position of the nucleus due to the large
magnetic moment of the electron. As a comparison, note that the magnitude of the earth’s
magnetic field at its surface ranges from 25 to 65 microteslas. Another interesting comparison
can be made with the superconducting magnets of the Large Hadron Collider at CERN, which
are able to deliver 8.3 Tesla, a bit less that the 33 Tesla that the electron creates at the center
of the atom. At CERN, the electromagnets use a current of 1.108× 104 amperes to produce the
field, and a superconducting coil working at 2 K (−271.3 C) allows the high currents to flow
without losing energy due to electrical resistance.20

The dipole term.

Consider now the dipole term in (2.160). For hydrogenic atoms we have〈
1

r3

〉
=
Z3

a30

1

n3(ℓ+ 1)(ℓ+ 1
2)ℓ

. (2.175)

20Much more powerful electromagnets working at room temperature have been built. However, it is very difficult
to design reusable magnets delivering more than 100 Tesla, since the enormous mechanical stress generated when
they are switched on and off can easily tear them apart.
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Figure 2.8: Hyperfine splitting in sodium (I = 3/2). Each multiplet of F states has a different
value of the splitting parameter A. Figure taken from Krane, Introductory Nuclear Physics,
John Wiley & Sons, 1988.

We need also the relations (remember that F = I+ J),

IJ =
1

2

(
F 2 − I2 − J2

)
, ⟨FmF | IJ |FmF ⟩ =

ℏ2

2

[
F (F + 1)− I(I + 1)− j(j + 1)

]
. (2.176)

Here again only diagonal matrix elements are nonzero, therefore the energies are given by

E =
Z3µBgNµN

a30n
3j(j + 1)(ℓ+ 1

2)

[
F (F + 1)− I(I + 1)− j(j + 1)

]
. (2.177)

For 2 2P1/2, Z = 1, j = 1/2, I = 1/2, n = 2 and ℓ = 1, we have

(E)F=1 =
µBgNµN

18a30
, (E)F=0 = −µBgNµN

6a30
, ∆E = −2µBgNµN

9a30
, (2.178)

which is a factor 24 smaller than the splitting due to the contact interaction. Similarly, for
2 2P3/2 the energies are

(E)F=2 =
µBgNµN

30a30
, (E)F=1 = −µBgNµN

18a30
, ∆E =

4µBgNµN

45a30
. (2.179)

In figure (2.8) we can see the hyperfine splitting in several levels of 23Na. The electronic
configuration of Na is that of Ne plus a single electron in a 3s orbital, therefore the Na ground
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state is 2S1/2. The two first excited Na states correspond to the spin–orbit doublet 2P1/2 and
2P3/2. These states are separated by about 2.1× 10−3 eV, an amount considerably larger than
the fine structure splitting in Hydrogen, but this is expected because the spin-orbit interaction
goes like Z4 and we are dealing here with Z = 11. The 23Na nucleus has a spin of I = 3/2,
therefore the coupling with J = 1/2 and J = 3/2 generates two doublets (F = 1, 2) and a
quartet (F = 0, 1, 2, 3), as indicated in the figure. The hyperfine structure can be measured
with high precision using laser beams.

Magnetic hyperfine interaction in the presence of an external magnetic field.

An important practical case is that of magnetic resonance experiments, where we need to consider
the magnetic hyperfine interaction in the presence of an external magnetic field. Let’s study
this situation for Hydrogen in an s state, where only the Fermi contact term contributes. We
need to use equation (2.7), namely Hm = 1

ℏµB B(L + 2S), with L = 0, add the contact term
and take into account the interaction of the nuclear spin, I, with the external magnetic field, B.
Therefore the Hamiltonian may be written as

H =
2µB

ℏ
BS+AF IS− γBI =

geµB

ℏ
BS+AF IS− gNµN

ℏ
BI. (2.180)

In any case, the nuclear magnetic moment is very small compared to the electronic magnetic
moment, so the contribution of the term γBI can be neglected for our purposes here. The
magnetic field felt by the s electron due to the nuclear magnetic moment is about 500 G. If
the external magnetic field is large compared to this value, the electronic and nuclear angular
momenta will be decoupled. The argument here is similar to the one used in the case of strong
versus weak fields to study the spin-orbit coupling. To find the eigenvalues of H = (2µB/ℏ)BS+
AF IS over a wide range of external magnetic field amplitudes, it will be more convenient to use
the uncoupled representation, |sImsmI⟩. Since both s and I are fixed to 1/2, the notation can
be shortened to |msmI⟩. Choosing the external magnetic field B along the z-axis, we can write
H in the following form,

H =
2µB

ℏ
BSz +AF

[
− I+1S−1 + I0S0 − I−1S+1

]
, (2.181)

where we have used the spherical components of I and S to write IS = −I+1S−1+I0S0−I−1S+1,
as we did before in equation (1.186) for LS when computing the spin–orbit coupling. We need
to fill up a Hamiltonian 4×4 matrix for ms and mI , each taking on the values ±1/2. The matrix
elements for the 2µBBSz/ℏ term are easy to get, they are all zero except those in the diagonal.
For the terms containing the spherical operators we need to use the well–known relations that
can be seen in appendix B.5. The results are collected in table (2.3), and the corresponding
secular equations deliver the following four eigenvalues,

E =
ℏ2

4
AF ± µBB, E = −ℏ2

4
AF ± ℏ2

2
AF

√
1 +

(
2µBB

ℏ2AF

)2

,

which can also be written as

E =
ℏ2

4
AF

[
1± 2

(
2µBB

ℏ2AF

)]
, E =

ℏ2

4
AF

−1± 2

√
1 +

(
2µBB

ℏ2AF

)2
 . (2.182)

These energy eigenvalues are shown in figure (2.9). We should examine several interesting
limiting cases:

• For B = 0, the first of equations (2.182) gives ℏ2
4 AF (twice), while the second gives

ℏ2
4 AF and −3ℏ2

4 AF . The eigenvalue ℏ2
4 AF is three-fold degenerate due to the degeneracy

associated with F = 1, and we recover exactly the results in equation (2.167).
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∣∣1
2
1
2

〉 ∣∣1
2 − 1

2

〉 ∣∣−1
2
1
2

〉 ∣∣−1
2 − 1

2

〉〈
1
2
1
2

∣∣ µBB + ℏ2
4 AF〈

1
2 − 1

2

∣∣ µBB − ℏ2
4 AF

ℏ2
2 AF〈

−1
2
1
2

∣∣ ℏ2
2 AF −µBB − ℏ2

4 AF〈
−1

2 − 1
2

∣∣ −µBB + ℏ2
4 AF

Table 2.3: Matrix elements of the magnetic hyperfine interaction in the hydrogen s state in the
presence of an external magnetic field.

Figure 2.9: First–order splitting of the hydrogen ground state in a magnetic field with hyperfine
interaction (adapted from Weissbluth, 1978).

Figure 2.10: Variation with an external magnetic field of the energy levels of the hydrogen
ground state in a magnetic field with hyperfine splitting (adapted from Weissbluth, 1978).
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• If µBB ≪ ℏ2AF we take the approximation
√
1 + x2 ≈ 1 + x2/2 for small x in the square

root of (2.182). Two of the energies get thereby a quadratic dependence on the field B.

E =
ℏ2

4
AF ± µBB, E =

ℏ2

4
AF +

µB
2B2

ℏ2AF
, E = −3ℏ2

4
AF − µB

2B2

ℏ2AF
.

• if µBB ≫ ℏ2AF we can do
√
1 + x2 ≈ x for large x in (2.182) and get the following list

of values, which appear also as the diagonal elements in the matrix shown in table (2.3).
Using that table we can associate each energy eigenvalue with its corresponding values of
ms and mI , as shown below

E ms mI

µBB + (ℏ2AF /4) 1/2 1/2
µBB − (ℏ2AF /4) 1/2 −1/2

−µBB − (ℏ2AF /4) −1/2 1/2
−µBB + (ℏ2AF /4) −1/2 −1/2

Note that, when µBB ≫ ℏ2AF , we can replace the Hamiltonian (2.181) by

H =
2µB

ℏ
BSz +AF IzSz, (2.183)

because this gives also the same energy eigenvalues shown in the previous table. The case
µBB ≫ ℏ2AF may be regarded as the Paschen–Back region for the magnetic hyperfine
interaction.

All this is somehow similar to what we have observed when treating simultaneously the spin-
orbit and external magnetic field interactions. When the magnetic field is weak (≪ 500 G in
hydrogen), the electronic angular momentum and the nuclear spin are coupled to form states
with F = 0, 1, and the levels spread linearly with the field. At larger field values the dependence
is quadratic. At still larger field values (≫ 500 G) the electronic angular momentum and the
nuclear spin become uncoupled and the dependence on the field becomes linear again. The good
quantum numbers at very low fields are s, I, F , mF . At very high fields the good quantum
numbers are s, I, ms, mI . At intermediate fields the levels are mixed and neither collection
of quantum numbers provides an adequate set of labels. Figure (2.11) shows the level scheme
for an s electron interacting with a nucleus with spin I = 1 through the magnetic hyperfine
interaction. This occurs, for example, in 14N, which has a nucleus with spin I = 1.

2.3.3 Electric quadrupole interaction.

In classical electrodynamics the electric potential created by any shape of charge distribution
can be described by a multipole expansion, and this is also the case in the quantum domain. The
electric potential generated by a spherical distribution of charge is just of the simple Coulombian
form, −Ze/r, which corresponds to the monopole term in the multipole expansion. But nuclei
are not necessarily spherical, specially the heavy ones. They can be classified as having either
a prolate ellipsoidal (football) shape exhibiting a positive electric quadrupole moment (to be
defined later), or an oblate shape creating a negative quadrupole moment. The dipole term
vanishes, as we will soon show.

In a coordinate system centered inside the nucleus the electrostatic interaction energy be-
tween a single electron and a nucleus containing Z protons is

W = −
Z∑
p=1

e2

|re − rp|
, (2.184)
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Figure 2.11: Magnetic hyperfine levels for a nucleus with spin I = 1 and positive coupling
constant as a function of the magnetic field (taken from Weissbluth, 1978, which is adapted
from Introduction to Electron Paramagnetic Resonance, by M. Bersohn and J. C. Baird, Addison-
Wesley / W. A. Benjamin Inc.).

where re is the electron position vector and rp is the position vector of the pth proton. The sum
is extended to all Z protons. It is found convenient to use the spherical harmonic expansion for
1/|re − rp|,

1

|re − rp|
= 4π

∞∑
ℓ=0

ℓ∑
m=−ℓ

1

2ℓ+ 1

rℓ<

rℓ+1
>

Y m∗
ℓ (θp, φp)Y

m
ℓ (θe, φe), (2.185)

where the notation r> means the greater of the two distances (re, rp), and r< means the smaller.
Later we will show that there is no quadrupole interaction for s states, therefore we can as-
sume that the electron does never venture inside the nucleus and take always re > rp, so the
electrostatic energy becomes

W = −4πe2
Z∑
p=1

∞∑
ℓ=0

ℓ∑
m=−ℓ

1

2ℓ+ 1

rℓp

rℓ+1
e

Y m∗
ℓ (θp, φp)Y

m
ℓ (θe, φe). (2.186)

It will be easier to compute the matrix elements if we write the Hamiltonian in terms of the scalar
product of irreducible tensor operators.21 The set of the 2ℓ + 1 spherical harmonic operators
Y(ℓ) = {Y −ℓ

ℓ , Y −ℓ+1
ℓ , . . . , Y ℓ−1

ℓ , Y ℓ
ℓ } is an example of irreducible tensor operator of rank ℓ. Under

a coordinate rotation, PRr = r′, the components of this tensor transform as a linear combination
of themselves,

PRY
m
ℓ P−1

R =

ℓ∑
k=−ℓ

DkmY
k
ℓ . (2.187)

The scalar product of two irreducible tensor operators of rank k is defined as

T(k) ·U(k) =
∑
q

(−1)q T (k)
q U

(k)
−q . (2.188)

21For a short review on this topic see appendix (B.6).
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Since Y −m
ℓ = (−1)mY m∗

ℓ , we can write

ℓ∑
m=−ℓ

Y m∗
ℓ Y m

ℓ =
ℓ∑

m=−ℓ
(−1)mY −m

ℓ Y m
ℓ = Y(ℓ)(Ωp)Y

(ℓ)(Ωe), (2.189)

Ωp ≡ (θp, φp), Ωe ≡ (θe, φe), (2.190)

Defining

Q(ℓ) ≡ e
Z∑
p=1

√
4π

2ℓ+ 1
rℓpY

(ℓ)(Ωp), U(ℓ) ≡ −e
√

4π

2ℓ+ 1

1

rℓ+1
e

Y(ℓ)(Ωe). (2.191)

We have,

W =
∞∑
ℓ=0

Q(ℓ)U(ℓ). (2.192)

Note that when ℓ = 0 we have (since Y 0
0 = 1/

√
4π),

Q(0) = e
Z∑
p=1

√
4πY(0)(Ωp) = Ze, U(0) = −e

√
4π

1

re
Y(0)(Ωe) = − e

re
, (2.193)

Q(0)U(0) = −Ze
2

re
. (2.194)

This is just the Coulomb interaction energy of the electron with a point-like nucleus of charge
Ze (Z being the sum over the protons), that is, the monopole contribution.

The contribution of the dipole term, Q(1)U(1), is zero because it corresponds to the inter-
action of a nuclear electric dipole moment with the electric field created by the electrons, but
nuclei states do not have electric dipole moments. This is true to the extent that they have a
well-defined parity (we neglect here any possible tiny contribution from weak interactions). In
other words, the electric dipole moment p is an odd operator (it changes sign under a spatial
inversion p → −p), therefore its expectation value in a nuclear state with a well-defined parity
vanishes,

⟨p⟩ =
∫
ψ∗ pψ dτ = 0. (2.195)

The next term we should then consider is the quadrupole interaction, with ℓ = 2,

HQ = Q(2)U(2). (2.196)

We take the electronic state to be characterized by the angular momentum quantum numbers j,
mj , and the nuclear state by I, mI . To compute the interaction energy associated with HQ we
will use the coupled representation, with the total angular momentum given by F = I+ J and
the states specified by the quantum numbers I, j, F , mF . The matrix element for the scalar
product of two tensor operators of rank k, taken between two states with angular momentum
quantum numbers |j1j2jm⟩ and |j′1j′2j′m′⟩ is given by〈

j1j2jm
∣∣∣T(k)U(k)

∣∣∣ j′1j′2j′m′
〉

= (−1)j+j2+j
′
1 δjj′δmm′

{
j′1 j′2 j
j2 j1 k

}〈
j1

∥∥∥T(k)
∥∥∥ j′1〉〈j2 ∥∥∥U(k)

∥∥∥ j′2〉 , (2.197)

where the quantity in curly brackets is a 6j symbol defined in (B.193). For our particular case
this equation transforms into〈

IjFmF

∣∣∣Q(2)U(2)
∣∣∣ IjF ′m′

F

〉
= (−1)F+j+I δFF ′δmFm

′
F

{
I j F
j I 2

}〈
I
∥∥∥Q(2)

∥∥∥ I〉〈j ∥∥∥U(2)
∥∥∥ j〉 . (2.198)
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Here the 6j symbol has the value{
I j F
j I 2

}
=

(−1)F+I+j 2
[
3X(X − 1)− 4I(I + 1)j(j + 1)

]√
(2I − 1)2I(2I + 1)(2I + 2)(2I + 3)(2j − 1)2j(2j + 1)(2j + 2)(2j + 3)

,

(2.199)
where

X = I(I + 1) + j(j + 1)− F (F + 1). (2.200)

To proceed, the reduced matrix elements must be computed. To evaluate
〈
I
∥∥Q(2)

∥∥ I〉 we are
going to relate it to the nuclear electric quadrupole moment, which is a second-order symmetric
tensor whose components Qij are defined in the following way (see equation (B.301) for the
classical definition of the quadrupole moment tensor). Let rp be the position vector of a proton
with respect to the center of mass of the nucleus, and let xp = (xp)1, yp = (xp)2, zp = (xp)3 be
its Cartesian components. Then

Qij =
∑
p

3(xp)i(xp)j − δijr
2
p, (2.201)

where the sum is taken over all the protons in the nucleus. Note that Qij is a traceless tensor,
Q11+Q22+Q33 = 0. It is customary to define themagnitudeQ of the nuclear electric quadrupole
moment as the average value of the component Qzz = Q33 in the state with the maximum value
of the projection quantum number, |I,mI = I⟩,

Q =

〈
I,mI = I

∣∣∣∣∣∑
p

(3z2p − r2p)

∣∣∣∣∣ I,mI = I

〉
. (2.202)

This quantity Q has dimensions of area and is often measured in barns.22 To quote a number,
the deuteron has an electric quadrupole moment of about Q = 0.0028 barns. For a charge
distribution with spherical symmetry one would have〈

r2p
〉
=
〈
x2p + y2p + z2p

〉
= 3

〈
z2p
〉
, (2.203)

which leads to Q = 0 for a sphere. If the charge distribution is elongated along the direction
of I, Q is positive. If the charge distribution is flattened (oblate form) Q is negative. The Qzz

component can be written using the Y 0
2 = 1

4

√
5
π (3 cos

2 θ − 1) spherical harmonic as

∑
p

(3z2p − r2p) = 2
∑
p

√
4π

5
r2p Y

0
2 (Ωp). (2.204)

On the other hand, from (2.191) we have, for ℓ = 2 and m = 0,

Q
(2)
0 = e

∑
p

√
4π

5
r2p Y

0
2 (Ωp). (2.205)

Comparing the last two expressions we see that

Q
(2)
0 =

1

2
e
∑
p

(3z2p − r2p). (2.206)

Therefore the matrix element of the 0–component of the tensor Q(2) is related to the electric
quadrupole moment in the following way.〈

I,mI = I
∣∣∣Q(2)

0

∣∣∣ I,mI = I
〉
=

1

2
e

〈
I,mI = I

∣∣∣∣∣∑
p

(3z2p − r2p)

∣∣∣∣∣ I,mI = I

〉
=

1

2
eQ. (2.207)

221 barn = 10−24 cm2 = 10−28 m2.
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This can be used to compute
〈
I
∥∥Q(2)

∥∥ I〉 by means of the Wigner-Eckart theorem. Indeed, we
have (see equation (B.229) in the appendix)〈

ImI

∣∣∣Q(2)
0

∣∣∣ ImI

〉
= (−1)I−mI

(
I 2 I

−mI 0 mI

)〈
I
∥∥∥Q(2)

∥∥∥ I〉 , (2.208)

with the 3j symbol(
j j 2
m −m 0

)
=

(
j 2 j

−m 0 m

)
= (−1)j−m

3m2 − j(j + 1)√
(2j + 3)(j + 1)(2j + 1)j(2j − 1)

. (2.209)

Setting mI = I,(
I 2 I
−I 0 I

)
= (−1)I−I

3I2 − I(I + 1)√
(2I + 3)(I + 1)(2I + 1)I(2I − 1)

=
I(2I − 1)√

(2I + 3)(I + 1)(2I + 1)I(2I − 1)
=

√
I(2I − 1)

(2I + 3)(I + 1)(2I + 1)
. (2.210)

Note that this coefficient is zero for I = 0, 12 , which means that nuclei with spins I = 0, 12 have
no quadrupole moment. Inserting this back into the Wigner-Eckart theorem,

〈
I,mI = I

∣∣∣Q(2)
0

∣∣∣ I,mI = I
〉
=

√
I(2I − 1)

(2I + 3)(I + 1)(2I + 1)

〈
I
∥∥∥Q(2)

∥∥∥ I〉 =
1

2
eQ, (2.211)

so 〈
I
∥∥∥Q(2)

∥∥∥ I〉 =
1

2

√
(2I + 3)(I + 1)(2I + 1)

I(2I − 1)
eQ (2.212)

To compute
〈
j
∥∥U(2)

∥∥ j〉 we follow a similar approach. We define a quantity eq such that

it is equal to twice the expectation value of U
(2)
0 in a state with the maximum value of the

projection quantum number, |j,mj = j⟩.〈
j,mj = j

∣∣∣U (2)
0

∣∣∣ j,mj = j
〉
=

1

2
eq. (2.213)

From (2.191) we have, for ℓ = 2 and m = 0,

U
(2)
0 = −e

√
4π

5

1

r3e
Y 0
2 (Ωe) = −e

√
4π

5

1

r3e

√
5

4π

(
3

2
cos2 θe −

1

2

)
= −e

2

3z2e − r2e
r5e

. (2.214)

This can be related to the zz component of an electric field gradient tensor. Remember that
the components of this (symmetric) tensor are given by

∂2

∂ri∂rj

(
−e
r

)
= −e

(
3rirj − r2δij

r5

)
= Vrirj ≡ Vij = Vji, (ri, rj = x, y, z). (2.215)

Therefore the expression
∂2

∂z2

(
−e
r

)
= −e3z

2 − r2

r5
= Vzz, (2.216)

is the zz component of the electric field gradient tensor produced by the electron at a point
whose coordinates with respect to that electron are (x, y, z). We see then that, since we are

working in a reference frame centered at the nucleus, the quantity 2U
(2)
0 is the zz component of

the electric field gradient tensor at the nucleus produced by an electron at re,

U
(2)
0 =

1

2

(
∂2V

∂z2

)
0

= −e
2

3z2 − r2

r5
=

1

2
Vzz, (2.217)
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where V = −e/r is the potential due to the electron, and the second derivative is evaluated at
the origin (nucleus). Therefore

eq = ⟨j,mj = j |Vzz | j,mj = j⟩ = ⟨jj |Vzz | jj⟩ = ⟨Vzz⟩ , (2.218)

which is the expectation value of Vzz over the electronic state |jj⟩. Now we apply again the
Wigner–Eckart theorem to get, similarly to equation (2.212),

〈
j
∥∥∥U(2)

∥∥∥ j〉 =
1

2

√
(2j + 3)(j + 1)(2j + 1)

j(2j − 1)
eq. (2.219)

The insertion of (2.219), (2.212) and (2.199) into (2.198), leads to〈
IjFmF

∣∣∣Q(2)U(2)
∣∣∣ IjF ′m′

F

〉
=

(−1)F+j+I δFF ′δmFm
′
F
(−1)F+I+j 2

[
3X(X − 1)− 4I(I + 1)j(j + 1)

]√
(2I − 1)2I(2I + 1)(2I + 2)(2I + 3)(2j − 1)2j(2j + 1)(2j + 2)(2j + 3)

× 1

4

√
(2I + 3)(I + 1)(2I + 1)

I(2I − 1)

√
(2j + 3)(j + 1)(2j + 1)

j(2j − 1)
e2qQ

=

[
3X(X − 1)− 4I(I + 1)j(j + 1)

]
2
√

(2I − 1)2I(2I + 2)(2j − 1)2j(2j + 2)

√
(I + 1)

I(2I − 1)

√
(j + 1)

j(2j − 1)
e2qQ

=
e2qQ

2I(2I − 1)j(2j − 1)

[
3

4
X(X − 1)− I(I + 1)j(j + 1)

]
, (2.220)

where e2qQ is known as the quadrupole coupling constant, which may be positive or negative.
The Hamiltonian HQ = Q(2)U(2) can be written in another useful form. Using the relations

F = I+ J, −2IJ = I2 + J2 − F 2, (2.221)

we have

⟨IjFmF | −2IJ | IjFmF ⟩ = ℏ2
[
I(I + 1) + j(j + 1)− F (F + 1)

]
= ℏ2X. (2.222)

⟨IJ⟩ = −ℏ2

2
X, 3

〈
(IJ)2

〉
=

3ℏ4

4
X2,

3ℏ2

2
⟨IJ⟩ = −3ℏ4

4
X. (2.223)

Therefore,

1

ℏ4

〈
IjFmF

∣∣∣∣ 3(IJ)2 + 3ℏ2

2
(IJ)− I2J2

∣∣∣∣ IjFmF

〉
=

3

4
X(X − 1)− I(I + 1)j(j + 1), (2.224)

which allows us to write

HQ = Q(2)U(2) =
e2qQ

ℏ42I(2I − 1)j(2j − 1)

[
3(IJ)2 +

3ℏ2

2
(IJ)− I2J2

]
. (2.225)

The first–order energy shift due to this electric quadrupole interaction is then

⟨IjFmF |HQ | IjFmF ⟩ =
e2qQ

2I(2I − 1)j(2j − 1)

[
3

4
X(X − 1)− I(I + 1)j(j + 1)

]
. (2.226)

Since Vzz = −e(3z2 − r2)/r5, the expectation value ⟨Vzz⟩ vanishes when the electron charge
distribution is spherically symmetric, therefore there is no quadrupole energy shift for s states.
We recall that nuclei having no spin (I = 0) or a spin I = 1/2 have no electric quadrupole
moment, so the energy shift vanishes also in those cases.
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We have seen that the magnetic dipole correction (2.177) is

E =
Z3µBgNµN

a30n
3j(j + 1)(ℓ+ 1

2)

[
F (F + 1)− I(I + 1)− j(j + 1)

]
= − Z3µBgNµNX

a30n
3j(j + 1)(ℓ+ 1

2)
, (2.227)

therefore the total (magnetic dipole plus electric quadrupole) hyperfine structure energy correc-
tion is given by

∆E =
e2qQ

2I(2I − 1)j(2j − 1)

[
3

4
X(X − 1)− I(I + 1)j(j + 1)

]
− Z3µBgNµNX

a30n
3j(j + 1)(ℓ+ 1

2)
. (2.228)

The hyperfine energy levels obtained after this correction are still independent of the quantum
number mF , and therefore are (2F + 1)–fold degenerate. This degeneracy can be removed by
applying an external magnetic field.

The electric quadrupole interaction HQ can also be written using only nuclear spin operators.
This is particularly interesting if the matrix elements of the quadrupolar hyperfine hamiltonian
are to be computed in the uncoupled basis. This can be of use in cases when, for instance, an
interaction with an external field is to be simultaneously treated with the quadrupolar hyperfine
interaction. We quote the result here without derivation

HQ =
e2qQ

ℏ24I(2I − 1)

[
(3I20 − I2) + η(I2+1 + I2−1)

]
, (2.229)

where the parameter 0 ≤ η ≤ 1 is defined through the relation

⟨Vxx − Vyy⟩ = η ⟨Vzz⟩ = ηeq, 0 ≤ η ≤ 1, (2.230)

and Vxx, Vyy, Vzz, are the diagonal elements of the electric field gradient tensor23 produced by
the electron at a point whose coordinates with respect to that electron are (x, y, z). For s
electrons the charge distributions has spherical symmetry and Vxx = Vyy = Vzz. But since V
must satisfy the Laplace equation24, ∇2V = 0, the principal components are all zero and in
particular eq = ⟨Vzz⟩ = 0. From this, it follows that there is no quadrupole interaction with s
electrons (as stated before).

Let’s examine a few other particular cases. Assuming axial symmetry, Vxx = Vyy, we have
η = 0, so

HQ =
e2qQ

ℏ24I(2I − 1)

[
(3I20 − I2)

]
, (2.231)

EQ = ⟨ImI |HQ | ImI⟩ =
e2qQ

4I(2I − 1)

[
3m2

I − I(I + 1)
]
. (2.232)

In this situation there are only diagonal elements with twofold degeneracies in mI , which means
that states with ±mI values have the same energy. For I = 0, 12 the quadrupole energy vanishes.
For I = 1 the energies are,

EQ =
1

4
e2qQ(3m2

I − 2) =

{
e2qQ/4, mI = ±1,

−e2qQ/2, mI = 0.
(2.233)

For I = 3/2,

EQ =
1

12
e2qQ

(
3m2

I −
15

4

)
=

{
e2qQ/4, mI = ±3/2,

−e2qQ/4, mI = ±1/2.
(2.234)

23This is a symmetric tensor, therefore diagonalizable.
24In the most general case the Poisson equation is the one that holds (∇2V = −ρ/ϵ0 in SI units and

∇2V = −4πρ in Gaussian units), but if we are interested in finding the potential in a region where there is no
charge (the charge in this case is elsewhere, is in the electron position) we need to use the Laplace equation,
∇2V = 0.
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2.3.4 Isotope shifts.

The so-called isotope shifts in atomic energy levels are caused by two effects: the mass effect due
to the fact that the nuclear mass is finite, and the volume effect arising from the distribution of
the electric charge of the nucleus within a finite volume. For one-electron atoms the mass effect
can be taken into account by introducing the reduced mass,

µ =
mM

m+M
, (2.235)

together with a new unit of length and atomic energy,

aµ =
m

µ
a0, Eµ =

µ

m
E∞, (2.236)

where E∞ stands for the energy in the case of a nucleus of infinite mass, and a0 = ℏ/(mcα) is
the Bohr radius (sometimes denoted also as a∞). It can be seen that the reduced-mass effect
modifies all the energy levels of the atom in the same manner, leading to all the frequencies of
the spectral lines being reduced by a factor µ/m ≈ 1−m/M . If we call ∆E the reduced-mass
correction to be applied to the energy levels E∞, we obtain

∆E = Eµ − E∞ = E∞

( µ
m

− 1
)
≈ −m

M
E∞. (2.237)

Notice that ∆E is positive. For atoms with more than one electron the mass effect causes an
additional energy shift called the mass polarization correction, which we skip for the moment.

To make an estimation of the volume effect let us assume a simple model of the nucleus where
the electric charge is distributed in a uniform way within a sphere of radius R = r0A

1/3. Here A
stands for the nuclear mass number and r0 is a constant that can be taken to be approximately
r0 ≈ 1.2× 10−15m. The electrostatic potential created by such a uniform sphere can be shown
to be

ϕ(r) =
Ze

2R

(
3− r2

R2

)
for r ≤ R, ϕ(r) =

Ze

r
for r > R. (2.238)

For simplicity, we shall assume that the unperturbed Hamiltonian is just the hydrogenic Hamil-
tonian,

H0 =
p2

2µ
− Ze2

r
, (2.239)

and that the perturbation H′ is the difference between the interaction induced by (2.238) and
the Coulomb interaction −Ze2/r (we ignore here all other effects such as relativistic corrections
etc.). The Hamiltonian of the perturbation is then

H′(r) = −Ze
2

2R

(
3− r2

R2

)
+
Ze2

r
=
Ze2

2R

(
r2

R2
+

2R

r
− 3

)
for r ≤ R.

H′(r) = 0 for r > R.

Using now ψnℓm = Rnℓ(r)Y
m
ℓ (θ, φ) and the fact that the spherical harmonics are normalized,

we can write the first-order energy shift due to this perturbation as

∆E =
〈
ψnℓm

∣∣H′ ∣∣ψnℓm〉 = Ze2

2R

∫ R

0

(
r2

R2
+

2R

r
− 3

)
|Rnℓ(r)|2 r2 dr. (2.240)

The region r ≤ R is very small compared to atomic dimensions, so we take Rnℓ(r) to be the
constant Rnℓ(0) and pull it out of the integral. Furthermore, Rnℓ(0) vanishes unless ℓ = 0,
therefore we are left with

∆E =
Ze2

2R
|Rn0(0)|2

∫ R

0

(
r2

R2
+

2R

r
− 3

)
r2 dr =

Ze2R2

10
|Rn0(0)|2. (2.241)
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We have ψn00(0) = Rn0(0)Y
0
0 (θ, φ) = Rn0(0)/

√
4π, and also the relations

|ψn00(0)|2 =
1

4π
|Rn0(0)|2 =

Z3

πa3µn
3
, |Rn0(0)|2 =

4Z3

a3µn
3
, (2.242)

which allows to write finally, for ℓ = 0 (we have ∆E ≈ 0 for ℓ ̸= 0)

∆E ≈ 2e2Z4R2

5a3µn
3
. (2.243)

In the SI system we have

∆E =

(
1

4πϵ0

)
2e2Z4R2

5a3µn
3

=

(
e2

4πϵ0ℏc

)
2ℏcZ4R2

5a3µ
=

2αℏcZ4R2

5a3µ
. (2.244)

What is measured in the laboratory is the difference, δE, of energy shifts between two
isotopes whose charge distributions have radii R and R+ δR, respectively. To first order in δR
we have then

δE = ∆E(R+ δR)−∆E(R) =
2e2Z4

5a3µn
3

[
(R+ δR)2 −R2

]
≈ 4e2Z4

5a3µn
3
RδR. (2.245)

Note that the isotope with the larger radius has the higher energy value (less tightly bound).
This is confirmed by experiment. Another feature to observe is that δE increases rapidly with
Z and decreases with n, so that the most important volume effects occur for low–lying s states
of hydrogenic atoms with large Z, in particular for the ground state.
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2.4 Problems.

1. Compute the matrix elements which appear in table (2.1). Compute the energy
eigenvalues using the secular equations (2.37) to (2.40) and find the approximations
for the strong-field and weak-field cases.

2. Work out the weak Zeeman effect assuming that it is possible to compute the expec-
tation value of L+2S = J+ S by noting that L and S precess about the constant J
vector, so that the time-average value of S is just its projection along J.

3. Consider the eight n = 2 Hydrogen states, |2ℓjmj⟩ and find the energy for each of
them under the weak-field Zeeman splitting assumption. Make a diagram with the
energy in the vertical axis and the intensity of the external magnetic field applied in
the horizontal axis. Draw in the diagram the corresponding eight straight lines in
the weak-field regime specifying the eight slopes.

4. For each of the eight n = 2 Hydrogen states, |2ℓmℓms⟩, find its energy under the
strong-field Zeeman splitting. Express each answer as the sum of three terms: the
Bohr (zero order) energy, the fine–structure (proportional to α2), and the Zeeman
contribution (proportional to µBBext). If you ignore the fine structure altogether,
how many distinct levels are there and what are their degeneracies?

5. • Determine the total number of possible states with principal quantum number
n = 4 for the electron in the hydrogen atom. Give the values of the orbital
angular momentum ℓ and the total angular momentum j for each of the states.
In other words, write them in the basis |ℓjmj⟩. Write them also in the basis
|ℓmℓms⟩.

• All these states are degenerate if the fine structure is not taken into account.
Compute the energy shift induced by the fine structure for all the states. Write
the result in Rydberg units and give also the ratio of the energy shift to the

unperturbed energy E
(0)
4 .

• If the hydrogen atom is surrounded by a weak magnetic field B pointing along
the z axis, a further energy shift due to the Zeeman effect takes place. Compute
this energy shift and draw a diagram (not to scale) showing this splitting on
top of the fine structure splitting for the energy levels with n = 4.

• Make a rough estimation of how large the external magnetic field B would have
to be to produce an energy shift comparable to that of the fine structure. Give
your result in Tesla and Gauss.

6. An electron in a hydrogen atom is under the influence of the perturbation

V = α(x2 + y2) + βz2,

with 0 < α < −β ≪ e2/a30. Determine the energy correction to the five hy-
drogen eigenstates with n < 3 and ℓ < 2, without taking into account the spin
of the electron. Calculate the Zeeman effect for B parallel to the z axis and B
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parallel to the x axis, in the regime of strong magnetic field assuming that µBB ≪ V .

Hint: you may find useful the following relations:

⟨r2⟩ =
∫
R2
nℓ(r)r

4dr =
n2

2
(5n2 + 1− 3ℓ(ℓ+ 1))a20

(cos2 θ)Y mℓ (θ, ϕ) =
1

2ℓ+ 3

[
((ℓ+ 1)2 −m2)((ℓ+ 2)2 −m2)

(2ℓ+ 1)(2ℓ+ 5)

]1/2
Y mℓ+2(θ, ϕ)

+

[
(ℓ+ 1)2 −m2

(2ℓ+ 1)(2ℓ+ 3)
+
ℓ2 −m2

4ℓ2 − 1

]
Y mℓ (θ, ϕ)

+
1

2ℓ+ 1

[
((ℓ+ 1)2 −m2)(ℓ2 −m2)

(2ℓ− 1)(2ℓ− 3)

]1/2
Y mℓ−2(θ, ϕ).

7. For the linear Stark effect in Hydrogen, compute the matrix elements given in equa-
tions (2.75) and (2.76). Show that the eigenstates corresponding to the eigenvalues
±3eEa0/Z are 1√

2
(ψ200 ∓ ψ210).

8. Consider the linear Stark effect in the n = 3 levels of the Hydrogen atom.

a) Show that the energy splitting is symmetric around the unperturbed energy.

b) Specify the degeneration of each level after the perturbation is considered.

c) Show that the levels are equally spaced in energy.

9. A Hydrogen atom in its ground state is exposed to a uniform electric field E in the
x-axis direction. The Hamiltonian of the system can be taken to be H = H0 + eEx,
where H0 = p2/(2m)−e2/r is the unperturbed Hydrogen Hamiltonian. To study the
ground level of the perturbed system use the trial function ψ = N(1+βx)ϕ, where β
is a real variational parameter and ϕ = e−r/a0/

√
πa30 is the Hydrogen ground state

wave function.

(a) Taking into account that
〈
ϕ
∣∣ r2 ∣∣ϕ〉 = 3a20 prove that the normalization con-

stant is given by |N |2 = 1/(1 + β2a20). Prove also the following relations

[H, x] = − iℏ
m
px,

∂ϕ

∂x
=
x

r

dϕ

dr
.

(b) Using the above relations and the fact that ⟨ϕ | r |ϕ⟩ = 3a0/2, you should be
able to find the following expression for the energy of the perturbed system as
a function of the variational parameter

E(β) =
1

1 + β2a20

[
E0 + β2

(
E0a

2
0 +

ℏ2

2m

)
+ 2βeEa20

]
.

(c) If the electric field is not very strong we could expand E(β) up to second-order
in the small parameter β. In this approximation, prove that the correction to
the ground-state energy is

(∆E)(va) = E − E0 =
(eEa0)2

E0
.
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You may find useful the relation 1/(1 + x2) ≈ 1− x2 for small x.

(d) The energy correction computed with the variational method, (∆E)(va), is
quadratic in the electric field. Explain why this was to be expected and
compare this result with the value which is obtained using second-order time-
independent perturbation theory. Make the ratio of both values and give a
numerical result.

10. In this exercise we will compute the energy splitting produced by a weak external
electric field V (r) = eEz (weak Stark effect) that is much smaller than the fine struc-
ture in the Hydrogen atom. In such a case we need to use the coupled basis |n, j,m⟩.
Remember that the first-order Stark effect arises only in degenerate states, there-
fore states with the same n and j quantum numbers. In this scenario, and since
[Jz, z] = 0, only matrix elements between states with the same m are different from
zero.

a) To compute the matrix elements we will need to express the states of the
coupled base as a linear combination of the states of the uncoupled base,
|n, ℓ,mℓ,ms⟩,

|n, j,m⟩ =
∑
mℓ,ms

⟨n, ℓ,mℓ,ms|n, j,m⟩ |n, ℓ,mℓ,ms⟩ .

For systems such as the Hydrogen atom, with s = 1/2, states couple in doublets
(except for ℓ = 0) and it is possible to derive the following general expressions
that relate the |n, j,m⟩ basis to states with arbitrary ℓ and m in the uncoupled
representation:

|ψ1⟩ =
∣∣∣∣n, j = ℓ+

1

2
,mj

〉
=

√
ℓ+m+ 1

2√
2ℓ+ 1

∣∣∣∣n, ℓ,mℓ = mj −
1

2
,ms =

1

2

〉

+

√
ℓ−m+ 1

2√
2ℓ+ 1

∣∣∣∣n, ℓ,mℓ = mj +
1

2
,ms = −1

2

〉
,

|ψ2⟩ =
∣∣∣∣n, j = ℓ− 1

2
,mj

〉
=

√
ℓ−m+ 1

2√
2ℓ+ 1

∣∣∣∣n, ℓ,mℓ = mj −
1

2
,ms =

1

2

〉

−

√
ℓ+m+ 1

2√
2ℓ+ 1

∣∣∣∣n, ℓ,mℓ = mj +
1

2
,ms = −1

2

〉
.

Show that J2 |ψi⟩ = ℏ2ji(ji + 1) |ψi⟩, which demonstrates that |ψ1⟩ and |ψ2⟩
are indeed J2 eigenstates.

In the space-spin representation these states can be written as (for ℓ ̸= 0)

|ψ1⟩ =
Rn,ℓ(r)√
2ℓ+ 1

 √
ℓ+m+ 1

2 Y
m− 1

2
ℓ√

ℓ−m+ 1
2 Y

m+ 1
2

ℓ

 ,

|ψ2⟩ =
Rn,ℓ(r)√
2ℓ+ 1

 √
ℓ−m+ 1

2 Y
m− 1

2
ℓ

−
√
ℓ+m+ 1

2 Y
m+ 1

2
ℓ

 .



88

Hydrogen levels with the same values of n and j are degenerate (have the same
energy), therefore we need to identify, using the previous expression, states with the
same values of n and j, but different values of ℓ. These are the doublets corresponding
to ℓ = j ± 1

2

|ϕ1⟩ =
Rn,j−1/2(r)√

2j

 √
j +m Y

m− 1
2

j− 1
2√

j −m Y
m+ 1

2

j− 1
2

 , ℓ = j − 1

2
, ℓ ̸= 0,

|ϕ2⟩ =
Rn,j+1/2(r)√

2(j + 1)

 √
j −m+ 1 Y

m− 1
2

j+ 1
2

−
√
j +m+ 1 Y

m+ 1
2

j+ 1
2

 , ℓ = j +
1

2
, ℓ ̸= 0.

b) Use the previous expressions for |ϕ1⟩ and |ϕ2⟩ to show that the energy shifts
produced by V (r) are

∆E = ±3

4
eEa0

mn
√
n2 − (j + 1/2)2

j(j + 1)
.

You might need the two following relations:∫ ∞

0

r3Rn,j−1/2(r)Rn,j+1/2(r) dr = −3

2
n
√
n2 − (j + 1/2)2 a0,

cos θ Y mℓ =

√
(ℓ+m+ 1)(ℓ−m+ 1)

(2ℓ+ 1)(2ℓ+ 3)
Y mℓ+1 +

√
(ℓ+m)(ℓ−m)

(2ℓ− 1)(2ℓ+ 1)
Y mℓ−1.

c) What is the magnitude of the electric field (E) that would produce a Stark
effect shift of 10% the fine-structure shift in a state with n = 2, j = 1/2 and
m = −1/2?

11. We saw in the previous problem that the degenerate hydrogen levels with the same
values of n and j (but different values of ℓ) are the doublets:

|ϕ1⟩ =
Rn,j−1/2(r)√

2j

( √
j +m Y

m−1/2
j−1/2√

j −m Y
m+1/2
j−1/2

)
, ℓ = j − 1

2
, ℓ ̸= 0,

|ϕ2⟩ =
Rn,j+1/2(r)√

2(j + 1)

( √
j −m+ 1 Y

m−1/2
j+1/2

−
√
j +m+ 1 Y

m+1/2
j+1/2

)
, ℓ = j +

1

2
, ℓ ̸= 0.

Consider now a perturbation that is smaller than the fine structure of hydrogen and
is given by V = λz2. Demonstrate that the energy shift of the hydrogen spectrum
due to this perturbation is:

∆Enℓjm = λ
a20
Z2

n2

4

[
5n2 + 1− 3ℓ(ℓ+ 1)

](
1− m2

(j + 1)j

)
.

Hint 1: It is useful to write z2 as

z2 = r2 cos2 θ =
2
√
π

3
r2
(

2√
5
Y 0
2 + Y 0

0

)
.

Hint 2: Use a conservation law to justify that ⟨ϕ2|V |ϕ1⟩ = 0.
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Hint 3: Consider

⟨Y m
′

ℓ′ |Y 0
2 |Y mℓ ⟩ = (−1)m

√
5

4π

√
(2ℓ′ + 1)(2ℓ+ 1)

(
ℓ′ 2 ℓ

−m′ 0 m

)(
ℓ′ 2 ℓ
0 0 0

)
.

Hint 4: Also consider(
ℓ 2 ℓ

−m 0 m

)
= (−1)ℓ−m

2[3m2 − ℓ(ℓ+ 1)]√
(2ℓ+ 3)(2ℓ+ 2)(2ℓ+ 1)(2ℓ)(2ℓ− 1)

.

12. a) Given a 2× 2 hermitian operator

H =

(
H11 H12

H∗
12 H22

)
,

prove that the solutions of the secular equation are

λ± =
1

2

[
H11 +H22 ±

√
(H11 −H22)2 + 4|H12|2

]
.

In LS coupling, the degenerate levels of a spin 1/2 system can be described using the
basis |α,L, S,ML =MJ − 1

2 ,MS = 1
2⟩ and |α,L, S,ML =MJ + 1

2 ,MS = −1
2⟩, where

α stands for other quantum numbers that might be needed to completely specify
the states. Consider an atom under the influence of an external electric field that
produces a perturbation (quadratic Stark effect) comparable in magnitude to the
spin-orbit interaction. Ignoring constant terms that do not contribute to the energy
splitting, the combined perturbation can be described using the Hamiltonian

H =
a

ℏ2
L · S− b

ℏ2
L2
z,

where a and b are constant parameters (in fact b is proportional to the modulus
squared of the electric field).

b) Prove that, if |MJ | < L + 1
2 (which is equivalent to require |MJ | ≤ L − 1

2), the
energy of the levels is shifted by the amount

∆E = −(b+ a)

4
− bM2

J ±

√
a2

4

(
L+

1

2

)2

+ b(b+ a)M2
J .

Hint: compute the H matrix elements and use the result of part a).

c) For MJ = L+ 1
2 the state |α,L, S,MJ + 1

2 ,−
1
2⟩ does not exist, because ML is not

allowed to have the value ML = MJ + 1
2 = L + 1. Similarly, for MJ = −(L + 1

2)
the state |α,L, S,MJ − 1

2 ,
1
2⟩ does not exist. In any of these two cases we have a

single level, not a doublet. Prove that, for MJ = ±(L+ 1
2), the energy shift is

∆E =
a

2
L− bL2.

13. Deuterium is a hydrogen isotope with a nucleus of spin 1 consisting of a proton and a
neutron. The interaction between the nucleus and electron spins leads to a hyperfine
splitting of the deuterium ground state. Transitions between these hyperfine levels
lead to emission electromagnetic radiation which can be detected on earth to map
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the concentration of atomic deuterium in our galaxy. Determine the wavelength
of that radiation. (Data: dipole magnetic moment of the deuterium nucleus µd =
gdµN = 0.857µN; Planck constant h = 6.626 × 10−34 J · s; permeability of free space
µ0 = 4π × 10−7 Hm−1; nuclear magneton µN = 5.05× 10−27 JT−1; Bohr magneton
µB = 9.27× 10−24 JT−1).

14. The second-order correction to the energy in time-independent perturbation theory
is

E(2)
n =

∑
m̸=n

|⟨n |V |m⟩|2

E
(0)
n − E

(0)
m

=
∑
m̸=n

|Vnm|2

E
(0)
n − E

(0)
m

. (2.246)

Show that this can also be written as

E(2)
n =

(V 2)nn

E
(0)
n

− (Vnn)
2

E
(0)
n

+
∑
m̸=n

E
(0)
m |Vnm|2

E
(0)
n

(
E

(0)
n − E

(0)
m

) . (2.247)

By neglecting the sum of the right-hand side of the previous expression obtain an
approximation for the quadratic Stark effect on the Hydrogen ground state.

15. For an electric field strength of E = 107 Vm−1, compute the linear and quadratic
Stark effect in Hydrogen. Give the answers in eV and cm−1.

16. When an atom is placed in a constant magnetic field, B, the Hamiltonian must be
modified by adding a perturbation given by

Hm =
1

ℏ
µB B(L+ 2S) +

e2

2mc2
A2,

where A = 1
2B× r.

a) Assuming a very strong magnetic field (but less than de 50 Tesla), study the
effect of the quadratic term (diamagnetic perturbation) on the 2p states of the
Hydrogen atom. Compare the result (make a ratio) with the largest perturba-
tion due to the linear term (Paschen-Back effect).

b) Compute the corresponding energy shifts for a 50 Tesla magnetic field.

c) Determine the intensity of the magnetic field needed for the diamagnetic pertur-
bation to be 10% of the Paschen-Back effect. Is perturbation theory applicable
to such an intense magnetic field?

d) Suppose now that the only perturbation to the Coulomb interaction in the
Hydrogen atom was given by the Hamiltonian

H1 =
(eA)2

2mc2
(1 + 2 cos(2φ)),

where φ is the azimuthal angle in spherical coordinates. Neglecting the spin
degree of freedom, study the effect of this perturbation on the states |211̄⟩,
|210⟩, |211⟩ (the notation |nℓmℓ⟩ = |211̄⟩ means n = 2, ℓ = 1, mℓ = −1).
Hint: you may use the integrals over r and θ computed in part a).
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17. Compute the matrix elements of the magnetic hyperfine interaction in the hydrogen
s state in the presence of an external magnetic field and check that you obtain the
results shown in table (2.3). Compute the corresponding eigenvalues.

18. Assuming axial symmetry for the diagonal elements of the electric field gradient
tensor, Vxx = Vyy ̸= Vzz, compute the quadrupole splitting induced by a nucleus of
spin I = 2.

19. The most abundant Aluminium isotope, 27Al, has a nuclear spin of I = 5/2, a
quadrupole electric moment of Q = 0.147 barns, and a nuclear quadrupole coupling
constant of e2qQ = 2×10−7 eV. Assuming axial symmetry for the diagonal elements
of the electric field gradient tensor, Vxx = Vyy ̸= Vzz, compute the quadrupole
splitting induced by the nuclear spin on the electronic energy levels, giving the results
in eV and cm−1. Compute also the value of the quantity q in the 27Al nuclear
quadrupole coupling constant, giving the result in units of fm−3.

20. For an atom of Xenon, 13254Xe, compute the energy of the 1s state using the hydrogenic
atom wavefunction for a point–like nucleus. Next, assume that the nuclear electric
charge is uniformly distributed within a sphere of radius R = r0A

1/3, where r0 =
1.2 × 10−15 m, and compute the energy shift due to the finite size of the nucleus.
What fraction of the point–like hydrogenic energy does this shift represent? Repeat
the calculations for the case of a muon in the 1s state of the Xenon atom and comment
on the results (mµ = 105.66MeV/c2). For such a heavy nucleus you can ignore the
effect of the reduced mass.

21. If the proton could be treated as a uniformly charged spherical shell of radius b, the
potential energy would be the constant −e2/b inside the shell (for r ≤ b) and −e2/r
outside the shell (for r > b).

(a) Use this very simple model and first-order perturbation theory to prove that
the correction to the ground state of the hydrogen atom due to the finite size
of the proton is ∆E = 2e2b2/(3a3µ). (Hint: take R(r) ≈ R(0) to simplify the
integrals, where R(r) is the radial part of the ground state).

(b) Evaluate ∆E assuming that the proton has a radius of about b = 0.88 fm.
Express the result both in eV and as a ratio with respect to the unperturbed
energy. Is the size of the correction comparable to the fine structure?

(c) Repeat the calculation for the muonic hydrogen (a muon bound to a proton)
and answer the same question as before.

Data: me = 0.511 MeV; mp = 938.27 MeV; mµ = 105.66 MeV; hydrogen ground

state wave function: ψ =

(
1

aµ

)3/2 1√
π
e−r/aµ ; Bohr radius a0 = 0.529× 10−10 m.

22. A particle of mass m and charge q = −e is placed in a 3-dimensional box of sides
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(a, a, b), where b≪ a. A weak electric field

E = E (y/a, x/a, 0), E > 0,

is applied to this particle. Find the energy of the ground state and first excited states
to order E (first order in perturbation theory).



Chapter 3

Atoms with several electrons and
molecules.

3.1 The helium atom and the hydrogen molecule ion.

Before going to more complicated systems let us have a look to the simplest multi-electron atom.
Even in this case no exact solution of the Schrödinger equation has been found. Ignoring spin-
orbit coupling, the Hamiltonian for helium (Z = 2) consists of just two hydrogenic Hamiltonians
and an additional term describing the repulsion between the two electrons,

H =

(
p21
2m

− 2e2

r1

)
+

(
p22
2m

− 2e2

r2

)
+
e2

r12
. (3.1)

If we could ignore the e2/r12 term, the solution to the Schrödinger equation would be the product
of two hydrogen-like wave functions,

ψ(r1, r2) = ψnℓm(r1)ψn′ℓ′m′(r2). (3.2)

Since Z = 2, the Bohr radius for helium would have to be divided by two with respect to
hydrogen,

(a0)H =
ℏ2

me2
−→ (a0)He =

ℏ2

2me2
, (3.3)

and the energy of each electron multiplied by 4,

En = −1

2
α2mc2

Z2

n2
= −1

2
α2mc2

4

n2
= 4(En)H (3.4)

Since we have two electrons, the total energy would be

En,n′ = −4

[
1

2
α2mc2

(
1

n2
+

1

(n′)2

)]
. (3.5)

In particular, the ground state energy for this simplified helium atom would be

E0 = −8× 13.6 eV = −109 eV, (3.6)

and its wavefunction

ψ0(r1, r2) = ψ100(r1)ψ100(r2)

=

(
Z

a0

)3/2 1√
π
e−Zr1/a0

(
Z

a0

)3/2 1√
π
e−Zr2/a0 =

8

πa30
e−2(r1+r2)/a0 . (3.7)

93
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Since this is a symmetric function under the interchange of the two electrons, the corresponding
spin state has to be antisymmetric to make a total overall antisymmetric state, as required for
a system of two identical fermions,

Parahelium |0, 0⟩ = 1√
2
(|↑↓⟩ − |↓↑⟩). (3.8)

The actual ground state of helium is indeed a spin singlet (parahelium), but its measured energy
value is −78.975 eV, quite a bit apart from the estimation we got by ignoring the electronic
repulsion. The excited states of helium consist of one electron in the hydrogenic ground state
and the other in an excited state, ψnℓmψ100. Both electrons in excited states is a very unstable
configuration: one electron would decay immediately to the ground state releasing enough energy
to knock out the other, leading to ionized helium.

Although the ground state is necessarily parahelium due to Pauli’s exclusion principle,1 the
excited helium states may be found with the electrons in the singlet configuration or in the
triplet (symmetric) configuration. This latter is called orthohelium.

Orthoelium |1, 1⟩ = |↑↑⟩ , |1, 0⟩ = 1√
2
(|↑↓⟩+ |↓↑⟩), |1,−1⟩ = |↓↓⟩ . (3.9)

Since the symmetric spatial state brings the electrons closer together, we expect a higher
interaction energy in parahelium, leading to higher energy levels (atom less tightly bound) than
their orthoehelium counterparts. This can be seen in figure (3.1). The values of the energy
levels shown in that figure are relative to the ground state of ionized helium (with just one
electron, so the binding energy is −4× 13.6 eV = −54.4 eV). To get the total energy we have to
subtract 54.4 eV; for example, from the figure we see that the energy of the ground state would
be −24.5− 54.4 = −78.9 eV.

In chapter 4 it will be shown that radiative transitions between singlet and triplet spin
states (known as intercombination lines), are not allowed in the electric dipole approximation
provided the spin-orbit interactions can be neglected. Therefore, for low Z (Z < 40) where
spin–orbit effects are negligible, the energy spectrum of two–electron atoms (or ions) consists of
two nearly independent systems of levels, one for the para (singlet) states and the other for the
ortho (triplet) states. This is precisely what happens in the helium spectrum. The presence of
two independent types of spectra for helium led to the first spectroscopists to talk about two
different species of helium, parahelium and orthohelium. This terminology is still used now,
even if there is only one helium and the origin of the two spectra is understood.

3.1.1 The ground state of helium through the variational principle.

As stated before, the ground state energy of helium has been measured to be Egs = −78.975
eV. We don’t quote any uncertainty here because in this section we are going to make only
an estimation of this energy applying the variational principle,2 not a detailed calculation to
be compared with experiment. We have seen already that if we ignore the electronic repulsion
term in the Hamiltonian we get an approximate solution for the ground state which is given as
a product of two hydrogenic wave functions, ψ0 = (8/πa3)e−2(r1+r2)/a, with an energy of about
8E1 = −109 eV (we write here a instead of a0 for the Hydrogen Bohr radius, for brevity). Recall
that En = −13.6/n2 eV for Hydrogen and that for a nucleus with atomic number Z we should
do the transformation En → Z2En.

Before going to the variational principle method let us compute the effect of the electronic
repulsion using the ψ0 wave function of the previous section. Ignoring fine structure and smaller

1The spatial wave function for orthohelium states must be antisymmetric but, for the ground state, an anti-
symmetric spatial wave function is identically zero (see equation 3.67).

2There is no known exact solution to this problem.
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Figure 3.1: Energy level diagram for helium. The parahelium energies are uniformly higher than
their orthohelium counterparts. The numerical values on the vertical scale are shifted by 54.4
eV (to get the true total energy subtract 54.4 eV from each level). Taken from Griffiths, 2018.

corrections the Helium Hamiltonian is

H = − ℏ2

2m
(∇2

1 +∇2
2)− e2

(
2

r1
+

2

r2
− 1

|r1 − r2|

)
. (3.10)

Calling Vee = e2/|r1 − r2|, we may write

H =

[
− ℏ2

2m
(∇2

1 +∇2
2)− e2

(
2

r1
+

2

r2

)]
+ Vee, (3.11)

therefore
Hψ0 = 8E1ψ0 + Veeψ0, ⟨H⟩ = 8E1 + ⟨Vee⟩ , (3.12)

where, using atomic units (see problem (1)),

⟨Vee⟩ = ⟨ψ0 |Vee |ψ0⟩ =
(

8

πa3

)2

e2
∫
e−4(r1+r2)/a

|r1 − r2|
d3r1d

3r2 =
5e2

4a
= −5

2
E1 = 34 eV. (3.13)

Here we have used the relation a = −e2/2E1, which is easily seen to be consistent with the more
familiar expression E1 = −α2mc2/2,

E1 = −1

2
e2

1

a
= −1

2
e2
αmc

ℏ
= −1

2

e2

ℏc
αmc2 = −1

2
α2mc2. (3.14)

So we get
⟨H⟩ = −109 eV + 34 eV = −75 eV, (3.15)

a value much closer to the measured one.
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We employ now the variational method to find a better approximation to the ground state
by assuming that the effect of one of the helium electrons over the other is to partially screen
the nuclear charge. In other words, each electron represents a cloud of negative charge which
partially shields the nucleus, so that the other electron actually sees an effective nuclear charge
ζ that is a bit less than Z = 2. Let’s try then the following functional form,

ψ1(r1, r2) =
ζ3

πa3
e−ζ(r1+r2)/a, (3.16)

where ζ is a variational parameter. We must find the value of ζ that minimizes ⟨H⟩, where H
is the full Hamiltonian (3.10) without any approximation.3 We rewrite this Hamiltonian in the
following manner,

H = − ℏ2

2m
(∇2

1 +∇2
2)− e2

(
ζ

r1
+
ζ

r2

)
︸ ︷︷ ︸

ψ1 is an eigenfunction of this part

+e2
(
(ζ − 2)

r1
+

(ζ − 2)

r2
+

1

|r1 − r2|

)
. (3.17)

Note that ψ1 is the ground state eigenfunction of the partial Hamiltonian indicated by the
under-brace symbol in the previous equation. The expectation value of that partial Hamiltonian
computed for ψ1 is then 2ζ2E1 (compare with 2Z2E1). And the expectation value of the full H
is

⟨H⟩ = 2ζ2E1 + 2(ζ − 2)e2
〈
1

r

〉
+ ⟨Vee⟩ , (3.18)

where ⟨1/r⟩ is the expectation value of 1/r in the one-particle hydrogenic ground state ψ100

with nuclear charge ζ. This can be found by taking equation (1.133) and replacing Z/a0 by
ζ/a0 = ζ/a, 〈

1

r

〉
=
Z

a
−→

〈
1

r

〉
=
ζ

a
= −2ζ

e2
E1. (3.19)

For ⟨Vee⟩ we may take the result we got before for ζ = 2 (equation (3.13), 5e2/4a) and multiply
the parameter a by 2/ζ to make the equation valid for any value of ζ,

⟨Vee⟩ =
5e2

42
ζ a

=
5ζe2

8a
= −5ζ

4
E1. (3.20)

Putting everything together we find

⟨H⟩ =
[
2ζ2 − 4ζ(ζ − 2)− 5ζ

4

]
E1 =

[
−2ζ2 +

27

4
ζ

]
E1. (3.21)

According to the variational principle, the value of this expression exceeds the actual ground–
state energy of helium, Egs, for any value of ζ. To find the lowest bound we minimize ⟨H⟩ with
respect to ζ,

d ⟨H⟩
dζ

=

[
−4ζ +

27

4

]
E1 = 0 =⇒ ζ =

27

16
=

1

2

(
3

2

)3

= 1.69. (3.22)

The value of ζ is slightly less than 2, in agreement with the screening hypothesis. Inserting this
value of ζ in (3.21) we find

⟨H⟩ = 1

2

(
3

2

)6

E1 = −77.5 eV. (3.23)

Indeed, we are a little closer to the measured value of −78.975 eV. The Helium calculation was
first done in 1927, and historically was considered to have provided one of the earliest signs that
Schrödinger’s wave mechanics was on the right track. Using more complicated trial functions
with more adjustable parameters it is possible to calculate the helium ground state energy with
good precision.

3Remember that in the variational method the Hamiltonian is not modified. For a brief review you may read
appendix B.4.
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3.1.2 The hydrogen molecule ion, H+
2 .

As another application of the variational principle we discuss now the hydrogen molecule ion,
H+

2 , consisting of a single electron in the Coulomb field of two protons. Let us first assume the
protons are fixed at a distance R apart from each other. The Hamiltonian is then

H = − ℏ2

2m
∇2 − e2

(
1

r1
+

1

r2

)
, (3.24)

where r1 and r2 are the distances of the electron from the respective protons. In fact, the
Schrödinger equation for this simple Hamiltonian (with R taken constant) can be solved analyt-
ically using spheroidal coordinates. However, this approach is not applicable to more complicated
cases and we go directly to apply the variational method. For a trial ground state function, we
take a linear combination of the two hydrogenic states which would be associated to the electron
being bound to one proton or the other.4

ψ = A[ψ0(r1) + ψ0(r2)], ψ0(r) =
1√
πa3

e−r/a. (3.25)

We now normalize this trial function (the ψ0(ri) wavefunctions are already normalized),

1 =

∫
|ψ|2 d3r = |A|2

[∫
|ψ0(r1)|2 d3r+

∫
|ψ0(r2)|2 d3r+ 2

∫
ψ0(r1)ψ0(r2) d

3r

]
= 2|A|2

[
1 +

∫
ψ0(r1)ψ0(r2) d

3r

]
= 2|A|2

(
1 + I

)
, (3.26)

where (see problem 4)

I ≡ ⟨ψ0(r1)|ψ0(r2)⟩ =
1

πa3

∫
e−(r1+r2)/a d3r = e−R/a

[
1 +

(
R

a

)
+

1

3

(
R

a

)2
]
. (3.27)

The parameter I, called the overlap integral, measures the amount by which ψ0(r1) overlaps
ψ0(r2). Note that I goes to zero as R→ ∞, and goes to 1 as R→ 0. The normalization constant
in terms of I is

|A|2 = 1

2(I + 1)
. (3.28)

Now we should compute the expectation value of H in the trial state ψ = A[ψ0(r1) + ψ0(r2)].
Since ψ0(r1) and ψ0(r2) are hydrogen ground eigenstates corresponding to the electron being
bound to proton 1 or proton 2, respectively, we have(

− ℏ2

2m
∇2 − e2

r1

)
ψ0(r1) = E1ψ0(r1),

(
− ℏ2

2m
∇2 − e2

r2

)
ψ0(r2) = E1ψ0(r2), (3.29)

where E1 = −13.6 eV. Therefore we can write

Hψ = A

[
− ℏ2

2m
∇2 − e2

(
1

r1
+

1

r2

)] [
ψ0(r1) + ψ0(r2)

]
= A

(
− ℏ2

2m
∇2 − e2

r1

)
ψ0(r1) +A

(
− ℏ2

2m
∇2 − e2

r2

)
ψ0(r2)−Ae2

[
1

r2
ψ0(r1) +

1

r1
ψ0(r2)

]
= E1ψ −Ae2

[
1

r2
ψ0(r1) +

1

r1
ψ0(r2)

]
. (3.30)

4This strategy of taking a linear combination of atomic orbitals (LCAO) is a standard procedure that we will
study later in this chapter from a more general point of view.
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Before computing ⟨ψ|H|ψ⟩ note that, due to the symmetry of the problem, we have〈
Aψ0(r1) +Aψ0(r2)

∣∣∣∣ Ae2r2 ψ0(r1) +
Ae2

r1
ψ0(r2)

〉
=

|A|2e2
〈
ψ0(r1)

∣∣∣∣ 1r2
∣∣∣∣ψ0(r1)

〉
+ |A|2e2

〈
ψ0(r2)

∣∣∣∣ 1r1
∣∣∣∣ψ0(r2)

〉
+ |A|2e2

〈
ψ0(r1)

∣∣∣∣ 1r1
∣∣∣∣ψ0(r2)

〉
+ |A|2e2

〈
ψ0(r2)

∣∣∣∣ 1r2
∣∣∣∣ψ0(r1)

〉
=

2|A|2e2
〈
ψ0(r1)

∣∣∣∣ 1r2
∣∣∣∣ψ0(r1)

〉
+ 2|A|2e2

〈
ψ0(r1)

∣∣∣∣ 1r1
∣∣∣∣ψ0(r2)

〉
. (3.31)

Therefore

⟨H⟩ = E1 − 2e2|A|2
[〈
ψ0(r1)

∣∣∣∣ 1r2
∣∣∣∣ψ0(r1)

〉
+

〈
ψ0(r1)

∣∣∣∣ 1r1
∣∣∣∣ψ0(r2)

〉]
. (3.32)

The so-called direct integral is given by (problem (5))

D ≡ a

〈
ψ0(r1)

∣∣∣∣ 1r2
∣∣∣∣ψ0(r1)

〉
=
a

R
−
(
1 +

a

R

)
e−2R/a, (3.33)

and the exchange integral,

X ≡ a

〈
ψ0(r1)

∣∣∣∣ 1r1
∣∣∣∣ψ0(r2)

〉
=

(
1 +

R

a

)
e−R/a. (3.34)

Note that both D and X go to zero when R → ∞. When performing the direct and exchange
integrals it might help you to use a more explicit (but cumbersome) notation, to make clear that
there is only one r to integrate over. If we write the electron wavefunction bound to proton 1

as ψ
(p1)
0 (r) instead of ψ0(r1) and, similarly, ψ

(p2)
0 (r) instead of ψ0(r2), the exchange integral can

be written as

X = a

〈
ψ0(r1)

∣∣∣∣ 1r1
∣∣∣∣ψ0(r2)

〉
= a

〈
ψ
(p1)
0 (r)

∣∣∣∣ 1r
∣∣∣∣ψ(p2)

0 (r)

〉
.

To proceed, we could take a reference frame such that proton 1 is at the origin and proton 2 is

on the z–axis at the point z = R. In this frame, the wavefunction ψ
(p2)
0 can be written as

ψ
(p2)
0 (r) =

1√
πa3

e−
1
a

√
r2+R2−2rR cos θ,

where r = (r, θ, φ) is the electron position vector referred to proton 1 (the origin).
Collecting everything we have (since 1/a = −2E1/e

2)5

⟨H⟩ = E1 − 2e2|A|2
(
D

a
+
X

a

)
= E1 + 4E1|A|2(D +X) =

[
1 + 2

(
D +X

1 + I

)]
E1. (3.35)

According to the variational principle, the actual ground state energy has to be less than the
value for ⟨H⟩ that we have just calculated. Furthermore, we should not forget that there is also
potential energy associated with the proton-proton repulsion, which is given by (remember that
E1 < 0)

Vpp =
e2

R
= −2a

R
E1. (3.36)

5We are using E1 = −
(

e2

4πϵ0

)
1

2a
= −13.6 eV, or, since in our expressions we are taking

1

4πϵ0
= 1, we use

E1 = − e2

2a
.
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Therefore the total energy of the system would be

Etot = −2a

R
E1 +

[
1 + 2

(
D +X

1 + I

)]
E1. (3.37)

For R→ ∞ we recover Etot → E1, which is just the ground-state hydrogen binding energy. This
is expected because in that situation we have two infinitely separated protons with an electron
bound to one of them. In units of −E1 the total energy is

Etot

−E1
=

2a

R
−
[
1 + 2

(
D +X

1 + I

)]
. (3.38)

Defining a new variable, x = R/a, we have

D =
1

x
−
(
1 +

1

x

)
e−2x, X = (1 + x) e−x, I =

(
1 + x+

1

3
x2
)
e−x. (3.39)

Therefore the total energy (in units of −E1) can be written as

Etot

−E1
= F (x) =

2

x
− 1− 2

(
D +X

1 + I

)
= −1 +

(
2

x

) (1− 2

3
x2
)
e−x + (1 + x)e−2x

1 +

(
1 + x+

1

3
x2
)
e−x

. (3.40)

It is very instructive to plot this function and see that there is a region where the graph goes
below −1, with a minimum around 2.4 Bohr radii for the proton–proton separation, as shown
in figure (3.2). This means that the binding energy of the system is less than that of a neutral
hydrogen atom plus a free proton (−13.6 eV) and the bonding of the H+

2 molecule ion is possible
in that region. It is the prototype of a covalent bond, with the electron shared equally by the
two protons. The equilibrium separation of the two protons is about 2.4 Bohr radii, or 1.3 Å
(the experimental value is 1.06 Å). The variational principle only gives an upper bound for the
ground state energy (overestimates the energy), which means that underestimates the strength
of the bond. More accurate estimates of the energy and proton separation can be obtained using
more ellaborate trial functions. The experimental value for the energy required to completely
dissociate the molecule according to H+

2 → H+ +H+ + e− is Eeq = −16.39 eV.

3.2 N-electron atoms.

To study atoms with an arbitrary number of electrons we need to extend the one–particle
Schrödinger equation by summing over N electrons and adding all the relevant electron–electron
interactions. We will assume that it is not necessary to include operators involving more than
two electrons. The most important terms in the Hamiltonian of a N -electron atom in the absence
of external fields are then

H =

N∑
i=1

(
p2i
2m

− Ze2

ri

)
︸ ︷︷ ︸

H0

+
∑
i<j

e2

rij︸ ︷︷ ︸
H1

+

N∑
i=1

ξ(ri) ℓisi︸ ︷︷ ︸
H2

= H0 +H1 +H2, (3.41)

where ri is the distance from the nucleus of charge Ze to the ith electron with mass m, charge
−e and momentum pi. The distance between the ith and the jth electron is rij = |ri− rj |. The
term H0 contains the kinetic and potential energy of every electron in the field of the nucleus.
The term H1 is a sum over all electron pairs and contains the Coulomb repulsion between every
pair of electrons. The term H2 contains the spin–orbit interaction. Other effects such as those
due to hyperfine interactions or relativistic corrections will be treated as perturbations.
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Figure 3.2: Plot of the function F (x) given by equation (3.40). This shows the existence of a
bound state at an equilibrium x value of about 2.4. The variable x is the distance between the
protons in units of the Bohr radius. Figure taken from Griffiths [7].

The relative importance of the H1 and H2 terms depends on the atomic number Z. For
low Z, H1 is the dominant term and H2 can be treated as a perturbation. For high Z it is the
other way around, since the spin–orbit interaction goes with Z4 (equation 1.177). The basic
Hamiltonians for these two limiting cases are then

HI = H0 +H1 =
N∑
i=1

(
p2i
2m

− Ze2

ri

)
+
∑
i<j

e2

rij
(for low Z), (3.42)

HII = H0 +H2 =
N∑
i=1

(
p2i
2m

− Ze2

ri

)
+

N∑
i=1

ξ(ri) ℓisi (for high Z). (3.43)

The properties of most atoms can be described on the basis of one of these Hamiltonians,
especially HI, which is often regarded as the fundamental Hamiltonian in atomic physics.

3.2.1 Symmetries of the Hamiltonian. LS coupling and jj coupling.

For a system of N identical particles, the Hamiltonian must be invariant under an interchange
in the coordinates (spatial and spin) of any two particles. This forces the eigenstates of the
Hamiltonian to be symmetric or antisymmetric with respect to an interchange of two particles.
Fermions obey the Fermi-Dirac statistics, therefore the total wavefunction for a system of N
electrons must be antisymmetric with respect to an interchange of any two of them. The
Hamiltonian given by equation (3.41) is also invariant under a parity transformation (spatial
reflection with respect to the origin, r → −r). This implies that the eigenstates have a definite
parity, either positive or negative. In other words, parity is a good quantum number of atomic
states.

Due to the inter-electronic repulsion, the Hamiltonian HI

HI =
N∑
i=1

(
p2i
2m

− Ze2

ri

)
+
∑
i<j

e2

rij
= H0 + H1, (3.44)

does not commute with the orbital angular momentum of the individual electrons, ℓi, but we
can prove (problem 7) that it does commute with the total orbital angular momentum of the
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entire electronic system,6

L =
N∑
i=1

ℓi, [HI,L] = 0. (3.45)

The absence of spin operators in HI seems to suggest that [HI,S] = 0, where S =
∑

i si and si
is the spin operator for the ith electron. This is correct, but the rigorous proof (which we do
not provide here) cannot rely on such a simple argument because the antisymmetry requirement
on the wave function prevents the spin and orbital angular momentum from being completely
independent. The Hamiltonian HI commutes with both L and S, it must then commute also
with J = L+ S,

[HI,L] = 0, [HI,S] = 0, [HI,J] = 0, L =
∑
i

ℓi, S =
∑
i

si, J = L+ S. (3.46)

Now we inspect HII,

HII =
N∑
i=1

(
p2i
2m

− Ze2

ri

)
+

N∑
i=1

ξ(ri) ℓisi = H0 + H2. (3.47)

When studying the spin-orbit coupling we learned that ℓs does not commute with ℓ nor s, but
it does commute with j = ℓ+ s. Therefore

[HII,L] ̸= 0, [HII,S] ̸= 0, [HII,J] = 0, J =
∑
i

ji, ji = ℓi + si. (3.48)

We have then two coupling schemes. That of equation (3.46) is called LS coupling or Russell–
Saunders coupling, and it is used when the Hamiltonian HI is the appropriate one. That is,
for atoms where the inter–electron Coulomb repulsion energy is far greater than the spin-orbit
interaction. In this situation, the orbital and spin angular momentum are conserved separately.
The coupling described in equation (3.48) is named jj coupling, to be used with the Hamiltonian
HII when the spin-orbit interaction exceeds the electron repulsion energy.

In the LS–coupling we can take the HI eigenstates to be also eigenstates of L2, Lz, S
2,

Sz, and denote them as |LSMLMS⟩, or |αLSMLMS⟩ where α is an index to represent any
additional information that might be needed to completely specify the state (the radial part,
parity etc.). We can also use eigenstates of L2, S2, J2, Jz, denoted as |LSJM⟩ or |αLSJM⟩.
Whether we write the eigenfunctions of HI as |LSMLMS⟩, in the uncoupled representation, or
as |LSJM⟩, in the coupled representation, is just a matter of choice and convenience. The fact
that HI commutes with L, S and J means that HI is invariant under a rotation of spatial and
spin coordinates. A further property of HI is that the energy eigenvalues are independent of
ML and MS . This can be seen qualitatively as a consequence of the fact that the energy of a
system described by HI is independent of external coordinates and the relative orientations of
orbital and spin angular momenta.

3.2.2 Central field approximation.

We’ll focus here on the Hamiltonian HI, which has a wider applicability than HII. It turns
out that, although the inter-electron repulsion is too large to be treated as a perturbation,
it contains a large spherically–symmetric component that can be used to enormously simplify
the problem. Indeed, in the so-called central field approximation a spherically–symmetric one-
electron operator U(ri) is built to approximate the potential energy of the ith electron in the

6We will adopt the convention of using lowercase letters do designate one–electron quantities and uppercase
letters for those belonging to the entire electronic system.
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field of the nucleus and the remaining N − 1 electrons. Let’s write the Hamiltonian as

HI =
N∑
i=1

(
p2i
2m

− Ze2

ri

)
+
∑
i<j

e2

rij
=

N∑
i=1

(
p2i
2m

− Ze2

ri

)
+

〈
N∑
i<j

e2

rij

〉
︸ ︷︷ ︸

H′
0

+

N∑
i<j

e2

rij
−

〈
N∑
i<j

e2

rij

〉
︸ ︷︷ ︸

H′
1

, (3.49)

where
〈∑N

i<j e
2/rij

〉
is the average over a sphere of the electron repulsion and is therefore

independent of the angular coordinates. The term H′
0 can also be written as

H′
0 =

N∑
i=1

(
p2i
2m

+ U(ri)

)
, with

N∑
i=1

U(ri) = −
N∑
i=1

Ze2

ri
+

〈
N∑
i<j

e2

rij

〉
. (3.50)

The H′
1 term contains the non–spherical part of the electronic repulsion, while H′

0 contains the
kinetic energy, potential energy in the field of the nucleus, and the spherical–average electron
repulsion energy. The main features of the electronic motion are described by the Hamilto-
nian H′

0, since it contains most of the inter–electron repulsion. The remaining H′
1 part is small

enough to be treated as a perturbation. In the central field approximation the atom is replaced
by a system which, in the first approximation, consists of independent electrons moving in a
spherically symmetric field produced by the nucleus and all the other electrons. Higher approx-
imations take into account the departure from spherical symmetry in the effective field seen by
the electrons.

We have then for H′
0 the following Schrödinger equation for the N–electron spatial wave

function, which we denote as Φ,

H′
0Φ =

[
N∑
i=1

(
p2i
2m

+ U(ri)

)]
Φ = EΦ. (3.51)

Note that, since U(ri) is a one-electron operator, this equation is separable into N equations of
the form (

p2

2m
+ U(r)

)
ϕ(r) = εϕ(r). (3.52)

From the study of the hydrogen atom we know that this equation can be further separated into
two more, one depending on r and the other on the spherical angles θ and φ. The potential
U(r) is for the moment unknown,7 but the solutions of the angular part can be written in terms
of the spherical harmonics. The general solution to (3.52) can then be written as

ϕnℓmℓ
(r, θ, φ) = Rnℓ(r)Y

mℓ
ℓ (θ, φ) =

1

r
unℓ(r)Y

mℓ
ℓ (θ, φ). (3.53)

These ϕnℓmℓ
functions are called central field orbitals. Of course, the radial functions Rnℓ(r) and

unℓ(r) are not to be confused with the hydrogen-like functions that we have already studied.
They are in general complicated functions that may not be expressible in an analytical form.

The complete wave function follows from multiplying the previous expression by a spin
function χ(ms), exactly as we did with the hydrogen atom. The one-electron central-field spin
orbital is then

ψnℓmℓms(r,ms) = ϕnℓmℓ
(r)χ(ms) =

1

r
unℓ(r)Y

mℓ
ℓ (θ, φ)χ(ms). (3.54)

7Apart from the obvious physical requirement that U(r) must go to zero as r → ∞.
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The four quantum numbers needed to characterize such an orbital take on the usual values,

n = 1, 2, . . . ℓ = 0, 1, 2, . . . n− 1, mℓ = −ℓ, . . . ,+ℓ, ms = ±1/2. (3.55)

When reading bibliography on atomic physics, note that a general spin-orbital does not need to
have the form (3.54). Any one-electron function that depends on the space and spin coordinates
is a spin-orbital, but the central field spin-orbital (3.54) is the most commonly used. To satisfy
the Pauli exclusion principle or, in other words, the Fermi-Dirac statistics, the spin orbitals
must be organized into an antisymmetric N–electron wave function. The antisymmetric wave
function of two electrons is

Ψ(λ1, λ2) =
1√
2

[
ψ1(λ1)ψ2(λ2)− ψ2(λ1)ψ1(λ2)

]
, (3.56)

where each ψi(λj) is a spin orbital. The subscript i identifies a particular choice of the four
quantum numbers n, ℓ,mℓ,ms, and λj stands for the space and spin coordinates of the jth
electron. For a three–electron antisymmetric wave function one could write

Ψ(λ1, λ2, λ3) =
1√
3!

[
ψ1(λ1)ψ2(λ2)ψ3(λ3) + ψ3(λ1)ψ1(λ2)ψ2(λ3) + ψ2(λ1)ψ3(λ2)ψ1(λ3)

− ψ2(λ1)ψ1(λ2)ψ3(λ3)− ψ1(λ1)ψ3(λ2)ψ2(λ3)− ψ3(λ1)ψ2(λ2)ψ1(λ3)
]
. (3.57)

And for N electrons,

Ψ(λ1, λ2, . . . , λN ) =
1√
N !

∑
P

(−1)πPψp1(λ1)ψp2(λ2) . . . ψpN (λN ), (3.58)

where the sum runs over the set of all permutations P of N elements and πP is the parity of
the permutation. This can also be written using a so-called Slater determinant,

Ψ(λ1, λ2, . . . , λN ) =
1√
N !

∣∣∣∣∣∣∣∣
ψ1(λ1) ψ2(λ1) . . . ψN (λ1)
ψ1(λ2) ψ2(λ2) . . . ψN (λ2)
. . . . . . . . . . . .

ψ1(λN ) ψ2(λN ) . . . ψN (λN )

∣∣∣∣∣∣∣∣ . (3.59)

The normalization factor 1/
√
N ! arises from the fact that there are N ! permutations of the

electron coordinates. The parity of a spin orbital ψnℓmℓms is given by the parity of the spher-
ical harmonic Y mℓ

ℓ , which is (−1)ℓ, therefore the parity of such a product of functions is
(−1)ℓ1(−1)ℓ2 . . . (−1)ℓN . Each Slater determinant has then a definite parity. Note that, since
we are using the spin orbitals in the uncoupled representation, ψnℓmℓms , a Slater determinant
is an eigenfunction of the operators Lz and Sz, but not necessarily of L2 and S2. To obtain
an eigenfunction of L2, S2, Lz and Sz we need in general to use linear combinations of Slater
determinants.

The Slater determinant incorporates in a natural way the Pauli exclusion principle, because
it vanishes if we have two rows or two columns equal, which is to say if two electrons have
the same values of the four quantum numbers n, ℓ,mℓ,ms. This, of course, imposes a lot of
restrictions on the distribution of electrons in atomic orbitals. In the ground state of an atom
the electrons occupy those orbitals allowed by the Pauli principle which result in the lowest
energy. The distribution of electrons with respect to n and ℓ is known as a configuration.
Electrons with the same value of n and ℓ are said to be equivalent. The maximum number of
equivalent electrons for a particular value of ℓ is 2(2ℓ + 1), given by the product of the orbital
and spin degeneracies. Such an assembly of equivalent electrons is known as a closed shell.
Electrons outside a closed shell in insufficient numbers to form another closed shell are known
as valence electrons. The chemical properties of an atom are almost entirely determined by
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its valence electrons. The most important factors are the number of occupied and unoccupied
electron states in the last shell, and the energy interval between this and the next higher (empty)
shell. For example, an atom tends to be chemically inert if its highest shell is full and there is
an appreciable energy gap to the next higher shell, because in this case the electrons are not
easily shared with other atoms to form a molecule. In x-ray spectroscopy it is also common to
refer to electrons with principal quantum numbers n = 1, 2, 3, . . . as residing in the K, L, M, . . .
shells, respectively, employing a different definition of shell than the one stated before (which,
in that context, would be called subshell).

The horizontal rows of the periodic table can be qualitatively understood as corresponding
to the fillings of each shell according to the Pauli principle. The first shell is completed with
helium. Next we have lithium (Z = 3), its third electron occupying one of the orbitals with n = 2
and ℓ = 0. If we ignore electronic repulsion all possible values of ℓ would have the same energy,
however this is not what happens in the real system. Higher values of angular momentum are
associated with larger average distances of the electron to the nucleus. The nucleus charge is
screened by the inner electrons in such a way that the outer electron sees a lower effective nucleus
charge, causing it to be less tightly bound. The larger the distance to the nucleus the larger
the screening effect is, therefore lower values of ℓ are first filled in atoms. The third electron of
Lithium goes then to the orbital (2, 0, 0). Beryllium (Z = 4) makes use of this same state (but
with opposite spin). Boron (Z = 5) needs to use already the value ℓ = 1.

We could try to proceed with the filling of electrons in the atom this way, however at a given
point the screening effect is going to be so strong that the filling pattern has to be modified.
Following argon (Z = 18), whose last couple of electrons occupy the state with n = 3, ℓ = 1,
the next two atoms (potassium with Z = 19 and calcium with Z = 20) have their last electron
in the state n = 4, ℓ = 0 instead of n = 3, ℓ = 2. In the spectroscopic notation the different
values of ℓ are denoted by the letters s, p, d, f, g, h, i, k, l, . . . (the letter j is not used). The state
of a particular electron is represented by the pair nℓ, with n (a number) giving the principal
quantum number and ℓ (a letter) given the angular orbital momentum. The magnetic/projection
quantum number m is not specified, but an exponent is used to indicate the number of electrons
that occupy the state in question. For example, the ground-state electronic configuration for
carbon (Z = 6) is

[C] = (1s)2(2s)2(2p)2, (3.60)

which means two electrons in the orbital (1, 0, 0), two in the orbital (2, 0, 0), and two in some
combination of the orbitals (2, 1, 1), (2, 1, 0) and (2, 1,−1). In this case we have two electrons
out of the last closed shell, with a total angular momentum value which could be L = 0, 1, 2.
This is specified using the notation8

2S+1LJ (3.61)

where S and J (numbers) give the total spin and total angular momentum of the electrons out
of the last closed shell.9 The capitalized letter L specifies the total orbital angular momentum
of those electrons. The correspondence between the numerical value of L and the alphabetic
letter to denote the term is the following

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
S P D F G H I K L M N O Q R T U V W X Y Z

In this notation, the ground state of carbon is 3P0.

The ground-state configurations of many of the elements can be written down simply from
a knowledge of the order in which the energies of the shells increase. This order can be inferred

8Remember that we use lowercase letters to designate quantities for a single electron (operators, quantum
numbers etc.), and uppercase letters to refer to those quantities for the entire electronic system.

9The angular momentum (spin plus orbital) of the electrons belonging to closed shells are combined to produce
a zero total angular momentum, therefore the total angular momentum of the electronic system in an atom is
completely determined by the electrons in the non-closed shells.
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from spectroscopic evidence and is the following one

1s, 2s, 2p, 3s, 3p, [4s, 3d], 4p, [5s, 4d], 5p, [6s, 4f, 5d], 6p, [7s, 5f, 6d]. (3.62)

It is easy to remember this list by crossing the orbitals of the following table along inverted
diagonals (↙),

1s
2s 2p
3s 3p 3d
4s 4p 4d 4f
5s 5p 5d 5f 5g
6s 6p 6d 6f 6g 6h
7s . . .

The brackets in (3.62) indicate shells with energies so close that they are not always filled in
that order. Shells with different values of n may have similar energies because the increase in
n and the decrease in ℓ tend to compensate each other. For example the 4s state, which has a
higher energy than the 3d state in hydrogen, is depressed in N–electron atoms due to the low
screening effect arising from the penetration caused by its low angular momentum.10 To be more
precise, without higher corrections the energy of a hydrogen-like orbital depends only on the
principal quantum number n, and En+1 > En always. However, when the Coulomb potential is
replaced by the more general central field, U(r), the energy of the orbital ϕnℓmℓ

depends both
on n and ℓ. In general, the energy increases with the sum n+ ℓ. This means that in the central
field approximation, characterized by the Hamiltonian H′

0, the energy of an atom is completely
determined by the electronic configuration.

When we include the term H′
1,

H′
1 =

N∑
i<j

e2

rij
−

〈
N∑
i<j

e2

rij

〉
= H1 −

〈
N∑
i<j

e2

rij

〉
, (3.63)

it is possible for electrons in a given configuration to have various energies depending on the
mutual orientations of the orbital and spin angular momentum of the individual electrons. We
say that the interaction H′

1 produces a splitting in the energy of a configuration. All the splitting
is contained in the term H1 =

∑
e2/rij , therefore we only need to calculate the matrix elements

of that operator alone. The energy of a configuration is then split into terms, with which
specific values of L and S are associated. Terms are denoted as 2S+1L. The number 2S + 1 is
called the multiplicity of the term. We have a singlet for S = 0, a triplet for S = 1, a quartet for
S = 2, and so on.

If, subsequently, the spin–orbit interaction H2 =
∑
ξ(ri) ℓisi is applied, there is a further

splitting into levels according to the allowed values of J . Levels are denoted as 2S+1LJ. The
level splitting is also known as the fine structure and the complete set of levels belonging to a
given electronic configuration is a multiplet. The spin-orbit interaction energy increases rapidly
with atomic number (goes like Z4 in the one-electron case) while the inter-electron energy varies
much more slowly as a function of Z. Therefore, as we move up the periodic table, the H2 term
eventually becomes the dominant perturbation relative to H1.

3.2.3 Multiplet wave functions and terms.

The wave functions associated to terms are eigenstates of the operators L2, S2, Lz, Sz, and
can be written as |LSMLMS⟩. The notation |2S+1LMLMS⟩ is also used, where 2S + 1 is called

10In other words, a 3d electron is on average farther away from the nucleus than a 4s electron, which sees
therefore a smaller nuclear screening. It can be shown that, for all atoms, the radial wave functions of the
electronic orbitals behave near the origin like rℓ, so that electrons with large ℓ spend little time near the nucleus.
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Figure 3.3: Schematic arrangement of the energies of atomic states in LS coupling and their
degeneracies, D. The non-spherical part of the Coulomb repulsion splits a configuration into
terms. The spin-orbit coupling splits terms into levels. The magnetic hyperfine interaction splits
levels into hyperfine structure (HFS). Adapted from Weissbluth, 1978.

the multiplicity of the term. The determination of all possible terms corresponding to a given
configuration amounts to find all the possible values of L and S for the electronic system. To
do this, all single–electron orbital angular momenta operators ℓi need to be combined to get
the total L, and likewise for S. When pairing up L and S to get the terms, care must be taken
to ensure that the overall electronic wave function (space plus spin) is antisymmetric under the
interchange of all the coordinates of any two electrons. In other words, the terms must be built
in compliance with the Pauli exclusion principle. A particularly simple situation occurs when
the last shell is full and therefore contains 2(2ℓ+1) equivalent electrons. In this case L = S = 0
and the only possible term is 1S. For incomplete shells things are more complicated, especially
when dealing with equivalent electrons.

The multiplet wave function is built using the one–electron central–field spin orbitals in-
troduced before, and take the form of linear combinations of Slater determinants. The general
procedure to construct them can be split in three steps:

1. Find eigenfunctions of S2 and Sz.

2. Find eigenfunctions of L2 and Lz.

3. Construct an antisymmetric wave function from the results of the two previous steps.

To illustrate the method let’s find the multiplet wave functions for three simple configurations
of two electrons.

• Configuration (1s)2. We have n1 = n2 = 1, ℓ1 = ℓ2 = 0 and s1 = s2 = 1/2. The total spin
of the two–electron system can be S = 0, 1, and the spin wave functions are organized in
a triplet and a singlet as follows

3ξ1 ≡ |11⟩ = α(1)α(2),

3ξ0 ≡ |10⟩ = 1√
2

[
α(1)β(2) + β(1)α(2)

]
,

3ξ−1 ≡ |1,−1⟩ ≡ |11̄⟩ = β(1)β(2),

1ξ0 ≡ |00⟩ = 1√
2

[
α(1)β(2)− β(1)α(2)

]
,

(3.64)
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where the one–electron spin states have been written in a compact notation as |1/2, 1/2⟩ ≡
α and |1/2,−1/2⟩ ≡ |1/2, 1/2⟩ ≡ β. The only possible value for L is 0, and the spatial
wave function can be written as

|LML⟩ = |00⟩ = 1s(1) 1s(2). (3.65)

Since this is a symmetric wave function, it must be combined with the antisymmetric 1ξ
spin function, so

|LSMLMS⟩ = |0000⟩ = |1S00⟩ = |1SMLMS⟩

=
1√
2
1s(1) 1s(2)

[
α(1)β(2)− β(1)α(2)

]
=

1√
2

∣∣∣∣ 1s(1)α(1) 1s(1)β(1)
1s(2)α(2) 1s(2)β(2)

∣∣∣∣
=

1√
2

∣∣∣∣ ψ1(λ1) ψ2(λ1)
ψ1(λ2) ψ2(λ2)

∣∣∣∣ ≡ |1s+ 1s−⟩ . (3.66)

The third line of this equation shows the Slater determinant using the same notation as
in (3.59), for easy comparison. The superscript + in 1s+ refers to α (ms = 1/2) and 1s−

stands for 1sβ (ms = −1/2). For the closed shell configuration (1s)2 the overall wave
function is written using only one Slater determinant and the only possible term is 1S.11

The Pauli exclusion principle is satisfied because the two electrons have opposite values
of ms, as the notation |1s+ 1s−⟩ makes explicitly clear. Note that a triplet state 3S is
impossible because the antisymmetric space function is identically zero,

1√
2

[
1s(1) 1s(2) − 1s(1) 1s(2)

]
= 0. (3.67)

Incidentally, this is the reason why the ground state of helium is a spin singlet (parahelium).

• Configuration (1s)(2s). We will see that in this case one single Slater determinant is not
sufficient to express the wave function. Here n1 = 1, n2 = 2 and ℓ1 = ℓ2 = 0. The only
possible value for L is 0, so |LML⟩ = 1s(1) 2s(2), but now we can construct both symmetric
and antisymmetric combinations for the space wave function,

|LML⟩S = |00⟩S = ψS =
1√
2

[
1s(1) 2s(2) + 2s(1) 1s(2)

]
,

|LML⟩A = |00⟩A = ψA =
1√
2

[
1s(1) 2s(2) − 2s(1) 1s(2)

]
.

(3.68)

The spin wave functions are the same that were found in the configuration (1s)2. The
possible multiplet wave functions for the configuration (1s)(2s) are then

|1S00⟩ = ψS
1ξ0 =

1√
2

[
1s(1) 2s(2) + 2s(1) 1s(2)

] 1√
2

[
α(1)β(2)− β(1)α(2)

]
=

1√
2

(
1√
2

∣∣∣∣ 1s(1)α(1) 2s(1)β(1)
1s(2)α(2) 2s(2)β(2)

∣∣∣∣+ 1√
2

∣∣∣∣ 2s(1)α(1) 1s(1)β(1)
2s(2)α(2) 1s(2)β(2)

∣∣∣∣)
=

1√
2

(
1√
2

∣∣∣∣ 1s(1)α(1) 2s(1)β(1)
1s(2)α(2) 2s(2)β(2)

∣∣∣∣− 1√
2

∣∣∣∣ 1s(1)β(1) 2s(1)α(1)
1s(2)β(2) 2s(2)α(2)

∣∣∣∣) .
11This conclusion holds for any closed shell configuration.
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In a more compact notation,

|1S00⟩ = ψS
1ξ0 =

1√
2

(
|1s+ 2s−⟩ − |1s− 2s+⟩

)
, (3.69)

|3S01⟩ = ψA
3ξ1 =

1√
2

∣∣∣∣ 1s(1)α(1) 2s(1)α(1)
1s(2)α(2) 2s(2)α(2)

∣∣∣∣ = |1s+ 2s+⟩ , (3.70)

|3S00⟩ = ψA
3ξ0 =

1√
2

(
|1s+ 2s−⟩+ |1s− 2s+⟩

)
, (3.71)

|3S01̄⟩ = ψA
3ξ−1 = |1s− 2s−⟩ . (3.72)

The (1s)(2s) configuration leads then to 1S and 3S terms, and we see that a single Slater
determinant is generally not sufficient to represent a state.

• Configuration (1s)(2p). We have n1 = 1, n2 = 2, ℓ1 = 0 and ℓ2 = 1. In this case L = 1
and the possible terms are 1P, 3P. The space wave functions are

|LML⟩ = |11⟩ = 1s(1) 2p+1(2), |LML⟩SA = |11⟩SA =
1√
2

[
1s(1) 2p+1(2) ± 2p+1(1) 1s(2)

]
,

|LML⟩ = |10⟩ = 1s(1) 2p0(2), |LML⟩SA = |10⟩SA =
1√
2

[
1s(1) 2p0(2) ± 2p0(1) 1s(2)

]
,

|LML⟩ = |11̄⟩ = 1s(1) 2p−1(2), |LML⟩SA = |11̄⟩SA =
1√
2

[
1s(1) 2p−1(2) ± 2p−1(1) 1s(2)

]
.

The spin states are still the same as before. It is easy to show that the total states for the
(1s)(2p) configuration are

|1P10⟩ = 1√
2

(
|1s+ 2p−+1⟩ − |1s− 2p++1⟩

)
, |3P01⟩ = |1s+ 2p+0 ⟩ ,

|1P00⟩ = 1√
2

(
|1s+ 2p−0 ⟩ − |1s− 2p+0 ⟩

)
, |3P00⟩ = 1√

2

(
|1s+ 2p−0 ⟩+ |1s− 2p+0 ⟩

)
,

|1P1̄0⟩ = 1√
2

(
|1s+ 2p−−1⟩ − |1s− 2p+−1⟩

)
, |3P01̄⟩ = |1s− 2p−0 ⟩ ,

|3P11⟩ = |1s+ 2p++1⟩ , |3P1̄1⟩ = |1s+ 2p+−1⟩ ,

|3P10⟩ = 1√
2

(
|1s+ 2p−+1⟩+ |1s− 2p++1⟩

)
, |3P1̄0⟩ = 1√

2

(
|1s+ 2p−−1⟩+ |1s− 2p+−1⟩

)
,

|3P11̄⟩ = |1s− 2p−+1⟩ , |3P1̄1̄⟩ = |1s− 2p−−1⟩ .

We deal next with the general problem of finding all possible terms for a given configuration,
starting first with inequivalent electrons.

Terms for configurations with only inequivalent electrons.

It is easy to find the Russell–Saunder LS terms for a configuration corresponding to two in-
equivalent electrons, say (np)(n′p). Since in this case ℓ1 = ℓ2 = 1 and s1 = s2 = 1/2, the list of
values for the orbital and spin angular momentum of the two-electron system is L = 0, 1, 2 and
S = 0, 1, respectively. The electron orbitals differ in the principal quantum number, therefore
we can freely combine the three values of L with the two values of S without violating the Pauli
exclusion principle. The six terms that arise are

(np)(n′p) : 1S, 1P, 1D, 3S, 3P, 3D. (3.73)

As another example consider the configuration (np)(n′d), where ℓ1 = 1 and ℓ2 = 2. Now we
have L = 1, 2, 3 and S = 0, 1. The possible terms are

(np)(n′d) : 1P, 1D, 1F, 3P, 3D, 3F. (3.74)
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If there are more than two electrons, we first combine the angular momenta of two and then
add the remaining ones in successive steps. Let’s consider the configuration (np)(n′p)(n′′d).
From the pair (np)(n′p) we get the terms displayed in equation (3.73). Next, we add the third
(n′′d) electron, which has ℓ = 2, to each one of those terms. When adding it to the 1S term, we
obtain a new term with L = 2 and S = 1/2, which is 2D. Adding the (n′′d) electron to all the
terms in (3.73) produces the following list.

• The 1S term gives rise to: 2D.

• The 1P term gives rise to: 2P, 2D, 2F.

• The 1D term gives rise to: 2S, 2P, 2D, 2F, 2G.

• The 3S term gives rise to: 2D, 4D.

• The 3P term gives rise to: 2P, 2D, 2F, 4P, 4D, 4F.

• The 3D term gives rise to: 2S, 2P, 2D, 2F, 2G, 4S, 4P, 4D, 4F, 4G.

This can be written in a compact way such as

(np)(n′p)(n′′d) : 2(S
2
P
4
D
6
F
4
G
2
) 4(S P

2
D
3
F
2
G) (3.75)

where the number under each symbol indicates the number of identical terms.

Terms for configurations with equivalent electrons.

For equivalent electrons a considerable complication arises: not all combinations of L and S
are compatible with the Pauli principle, so we cannot pair all of them up. Let’s examine the
configuration np2, for which the possible values of L and S are L = 0, 1, 2 and S = 0, 1. For
S = 0 we have an antisymmetric spin wave function, the singlet state, while for S = 1 (triplet)
the three states are symmetric under the interchange of the two particles. To have an overall
antisymmetric wave function we must then combine L = 0, 2 (symmetric space wave function)
with S = 0 only, and L = 1 (antisymmetric) with S = 1 only. The possible LS terms are

(np2) : 1S, 1D, 3P. (3.76)

Note that for these three terms, the value of L+S is an even integer. It can be shown that this
is a general rule for the terms arising from configurations of two equivalent electrons, namely
L+S must be even. However, for more than two electrons there is no comparable rule. Another
important point to mention is that the parity of a term is not (−1)L. Since the |LSMLMS⟩
states are constructed from products of central field orbitals, each of which contains a spherical
harmonic, the parity of an N–electron state is given by (−1)ℓ1(−1)ℓ2 . . . (−1)ℓN . For a two-
electron state, for example, the parity is odd or even depending on whether ℓ1 + ℓ2 is odd or
even. In fact, for two equivalent electrons the parity is always even because the sum of any pair
of equal integers is even. We must be careful not to associate the parity with the value of L.

In the np3 configuration, for example, we can build antisymmetric wave functions with
respect to the permutation of only two out of the three electrons. Consequently, we expect in
this case wave functions with mixed symmetry: symmetric under the permutation of one pair of
electrons and antisymmetric under the permutation of the other pair (we can make two pairs out
of three particles). It is of course possible to classify the n–electron wave functions according to
their symmetry properties, and find the LS terms, following essentially a bookkeeping method,
but the complexity of the problem rapidly escalates as n increases.
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Classification of atomic terms using Young tableaux.

The general problem of classifying atomic terms according to the symmetry properties of the
spin and space wave functions can be handled by group theoretical methods. There is no time
to go into that procedure in this course in detail, so we will just summarize here the main results
in a very simplified way.

The LS Russell–Saunders terms compatible with the Pauli exclusion principle in a configu-
ration of k equivalent electrons can be found by going through the following four steps.

1. Build all the possible Young diagrams for the spin wave functions of k electrons. These
spin diagrams have k boxes organized in a maximum of 2 rows. The number of boxes in
the second row must be equal or less than that of the first row. As an example, the two
possible spin Young diagrams for k = 3 electrons are

[3] = and [21] = (3.77)

The notation [3] means 3 boxes in the (only) first row, while [21] means 2 boxes in the
first row and 1 box in the second row. A single column of k boxes will be denoted also as
[1k], so that the notations [111] and [13] refer to the same diagram (this would be a space
diagram, however, because a spin diagram cannot have more than two rows).

2. Each box can represent one of the two possible spin third–projections of the electrons,
which we may denote by 1 and 2 instead of +1/2 and −1/2. Fill the boxes with the
symbols 1 and 2 following the rule that the numbers must increase when going down a
column and must not decrease when going from left to right along a row. A diagram filled
with a permissible sequence of symbols is called a Young tableau. The number of different
Young tableaux associated with a Young diagram is equal to the number of spin states
in the corresponding multiplet. For example, the diagram [3] represents a quartet (spin
S = 3/2) because we can build only 4 = 2S + 1 different Young tableaux:

[3] = S =
3

2
1 1 1 1 1 2 1 2 2 2 2 2 (3.78)

The diagram [21] represents a doublet (spin S = 1/2) because we can build only 2 = 2S+1
different Young tableaux:

[21] = S =
1

2
1 1
2

1 2
2

(3.79)

A more convenient way to find the number of spin Young tableaux associated with a Young
diagram is to use the so-called factors over hooks rule, which we explain now. Put a factor
of 2 in the upper-left box. Then put factors in all boxes by adding 1 as you move to the
right and subtracting 1 as you move down. The product of all these factors is F . A hook
is a line passing vertically up through the bottom of a column, making a right-hand turn
in a given box, and going out through the row of boxes. The number of boxes that crosses
the hook is h. Draw one hook for each box in the Young diagram. Multiply all h-values
and call the result H. The number of Young tableaux associated with the Young diagram
is given by the ratio F/H. Example:

h = 3 h = 1 h = 1

1

2 3 F

H
=

2× 3× 1

3× 1× 1
= 2.
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3. Two Young diagrams, Y1 and Y2, are said to be adjoint to each other if the number of
rows in Y1 is equal to the number of columns in Y2. Furthermore, the number of boxes in
the first row of Y1 must be equal to the number of boxes in the first column of Y2, etc. In
other words, you go from Y1 to Y2 changing rows by columns. To each spin Young diagram
we must associate an adjoint space Young diagram. Thus the space Young diagrams can
have a maximum of two columns. For our example of k = 3 electrons we would have the
following correspondence

Spin Space

(3.80)

4. It remains now to find the possible values of the orbital angular momentum, L, which
correspond to each space Young diagram. This is a bit more complicated and we merely
list the main results in table (3.1). Assuming we are dealing with 3 electrons in a p orbital,
which is a (np)3 configuration, we finally arrive at the following list

Spin S Space L Terms

3
2 0 4S

1
2 1, 2 2P, 2D

(3.81)

Repeat this procedure for the (nd)5 configuration and check that you obtain

Spin S Space Terms

[5] 5
2 [15] 6S

[41] 3
2 [213] 4P, 4D, 4F, 4G

[32] 1
2 [221] 2S, 2P, 2D, 2D, 2D, 2F, 2F, 2G, 2G, 2H, 2I

In a slightly shorter notation, the terms for this configuration can be written as

(nd)5 : 2(S P D
3
F
2
G
2
H I)

4(P D FG) 6
S (3.82)

It can be seen that the configurations (nℓ)k and (nℓ)2(2ℓ+1)−k lead to the same set of terms.
In other words, the possible terms corresponding to a configuration in which there are k electrons
in a (sub)shell are the same as those in which k electrons are missing (that is, there are k holes)
in this (sub)shell. Pairs of configurations that give rise to the same terms are, for example,
(nd)4 and (nd)6, (nd)3 and (nd)7, (nd)2 and (nd)8, etc. It should be clear also that the only
possible term for a closed shell is 1S. If a configuration contains a group of equivalent electrons
together with a number of non–equivalent electrons, the possible terms of the group of equivalent
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ℓ k Young L

1 1 [1] 1

2 [2] 0, 2
[12] 1

3 [21] 1, 2
[13] 0

2 1 [1] 2

2 [2] 0
2, 4

[12] 1, 3

3 [21] 2
1, 2, 3, 4, 5

[13] 1, 3

4 [22] 0
2, 4
0, 2, 3, 4, 6

[211] 1, 3
1, 2, 3, 4, 5

[14] 2

5 [221] 2
1, 2, 3, 4, 5
0, 2, 3, 4, 6

[213] 1, 3
2, 4

[15] 0

Table 3.1: Orbital angular momentum assignments to several Young diagrams for p (ℓ = 1)
and d (ℓ = 2) orbitals and k electrons. We only need to go up to half-filled shells because the
configurations (nℓ)k and (nℓ)2(2ℓ+1)−k lead to the same set of terms. Note that a given value of
L may appear multiple times in the same diagram.

electrons must first be determined. The overall possible terms are then obtained by using the
ordinary rules of addition of angular momenta to add the non–equivalent electrons. Similarly, if
a configuration contains two or more groups of equivalent electrons, the possible terms of each
group must first be obtained, and the overall possible terms are then determined by using the
usual rules for the addition of angular momenta.

Classification of atomic terms in jj coupling.

For atoms with Z < 30 the LS coupling scheme provides a good description of atomic terms.
For larger Z, however, the spin-orbit interaction is gradually increasing and eventually becomes
dominant over the electron repulsion interaction. For Z > 50 the most convenient coupling
scheme is certainly the jj-coupling, where the orbital and spin angular momentum are combined
first for each electron separately, and then the resulting total momenta are combined for all
electrons. Namely

ji = ℓi + si, J =
∑
i

ji. (3.83)

In the jj-scheme, one–electron states are denoted by ℓj . For example,

s1/2, p1/2, p3/2, d3/2, d1/2, . . . (3.84)
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Each of these states has a degeneracy of 2j +1. A two-electron state is denoted by (j1j2)J . For
inequivalent electrons, the possible values of J are obtained following the usual rule of addition
of angular momenta, J = j1 + j2, j1 + j2 − 1, . . . , |j1 − j2|. A three-electron state is denoted by
(j1j2j3)J , etc. For the pd configuration, for example, the possible jj coupling states are(

1

2

3

2

)
1,2

,

(
1

2

5

2

)
2,3

,

(
3

2

3

2

)
0,1,2,3

,

(
3

2

5

2

)
1,2,3,4

. (3.85)

When writing the spectral terms it is standard practice to specify the individual quantum num-
bers (ni, ℓi, ji) of each electron and the total electronic angular momentum quantum number, J .
For example, one of the energy levels of the ground state configuration (6p)2 of Pb, corresponding
to the values j1 = 1/2, j2 = 3/2 and J = 2, is written as

6p2
(
1

2

3

2

)
2

.

Like in LS-coupling, for equivalent electrons not all states which come out of the angular
momentum coupling rules are possible. We give two simple rules to find the states of two
equivalent electrons.

1. When j1 ̸= j2, the value of J in (j1j2)J is just given by the ordinary rules of angular
momentum coupling, namely J = j1 + j2, . . . , |j1 − j2|. Since the electrons are equivalent,
the states (j1j2)J are identical to the states (j2j1)J , so we only need to retain, for example,
those states for which j1 < j2.

2. When j1 = j2 = j, the allowed values of J in (j1j2)J are given by J = 2j−1, 2j−3, 2j−5, . . .
The values J = 2j, 2j − 2, 2j − 4, . . . are forbidden. This result can be derived from the
following symmetry property of the Clebsch-Gordan coefficients,

⟨jjm1m2 | jjJMJ⟩ = (−1)2j−J ⟨jjm2m1 | jjJMJ⟩ . (3.86)

Indeed, since 2j is an odd number, we need J to be an even number to get (−1)2j−J = −1
and make sure the wave function is anti-symmetric under the interchange of the two
equivalent electrons.

As an example, the possible states in jj-coupling for the (np)2 configuration are(
1

2

1

2

)
0

,

(
1

2

3

2

)
1,2

,

(
3

2

3

2

)
0,2

. (3.87)

In the LS–coupling scheme, this same configuration gives the following terms (see equation
(3.76))

1S0,
3P0,1,2,

1D2. (3.88)

For more than two equivalent electrons is not possible to give such a simple rule to compute
the total angular momentum J and one has to perform a (somewhat tedious) analysis using
group theoretical methods. In the table (3.2) we list the values of the total angular momenta for
the most common (j)k configurations. Note that configurations with k electrons give the same
values of J than configurations with (2j + 1)− k electrons.

Since equivalent electrons are in the same orbital, the Coulomb repulsion is large and LS–
coupling is expected to be more appropriate. It is for inequivalent electrons that the jj–coupling
is more interesting, because in this case the spin-orbit interaction may be larger that the Coulomb
repulsion. Nevertheless, there are many situations for which neither LS nor jj coupling are valid
approximations. In such cases, it is necessary to diagonalize the Coulomb repulsion and the spin-
orbit interaction for each value of J . The coupling is then said to be intermediate.

The number of states obtained in LS and jj coupling is of course the same. Figure (3.4)
shows, for a ps configuration, the transition (not to scale) from LS to jj coupling and how the
four LS terms are related to the four jj terms. The energy dependence of the terms is different
for each coupling scheme.
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J g

j = 1/2 k = 1 1/2 2
2 0 1

j = 3/2 k = 1, 3 3/2 4
2 2, 0 6

j = 5/2 k = 1, 5 5/2 6
2, 4 4, 2, 0 15
3 9/2, 5/2, 3/2 20

j = 7/2 k = 1, 7 7/2 8
2, 6 6, 4, 2, 0 28
3, 5 15/2, 11/2, 9/2, 7/2, 5/2, 3/2 56
4 8, 6, 5, (4)2, (2)2, 0 70

Table 3.2: Total angular momenta and degeneracies in the configuration (j)k.

Figure 3.4: Comparison between LS and jj levels for the same configuration in a series of atoms
with increasing values of Z (figure adapted from Sáchez del Rı́o, F́ısica Cuántica, eds. Pirámide,
1997).

Hund’s rules.

The ground state of an atom is determined by minimizing the energy of its valence electrons
with the residual electrostatic and spin-orbit interactions included. This is a very complicated
calculation. There are, however, a set of so-called Hund’s rules (established empirically) to
determine which level is the ground state for atoms that have LS coupling.

1. The term with the highest total spin, S, has the lowest energy.

2. For a given spin, S, the term with largest L has the lowest energy.

3. The level with J = |L − S| or J = L + S has the lowest energy depending, respectively,
on whether the (sub)shell is less than, or more than, half-full.

A slightly different wording of the rules to find the ground state is

1. Maximize the spin and set S =
∑
ms.

2. Maximize the orbital angular momentum, subject to the rule 1, and set L =
∑
mℓ.
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3. Set J = |L− S| if the shell is less than half–full; otherwise set J = L+ S.

Note that rules 1 and 2 must be applied taking into account Pauli’s exclusion principle to
guarantee that no pair of equivalent electrons have the same values of ms and mℓ. Consider, for
example, the (nd)2 configuration. The maximum value of the total spin is S = 1, corresponding
to a value of ms = 1/2 for both electrons. Then, for a state with S = 1, the two electrons must
have different values of mℓ, giving a maximum possible value of the third component of the total
orbital angular momentum equal to ML = 2+1 = 3. Therefore, L = 4 is not possible for a term
with S = 1 in the (nd)2 configuration.

Although these rules are empirical and there are exceptions to them, it is convenient to
understand their physical origin. First, note that maximizing S makes the spin wave function
as symmetric as possible. This tends to make the spatial wave function antisymmetric, and
hence reduces the Coulomb repulsion. Second, maximizing L also tends to keep the electrons
apart. This is less obvious, although a simple classical picture of electrons rotating round the
nucleus in the same or different senses makes it at least plausible. Finally, the separation of
energies for states of different J arises from treating as a perturbation the spin-orbit interaction
(fine structure). In section 3.2.4 it will be shown that the matrix element of the spin-orbit
Hamiltonian satisfies the relation

⟨LSJMJ |Hso |LSJMJ⟩ =
ℏ2ζ(L, S)

2

[
J(J + 1)− L(L+ 1)− S(S + 1)

]
, (3.89)

where ζ(L, S) depends on the total L and S values, but not on J . Since it can also be shown
that the sign of ζ(L, S) changes according to whether the subshell is more of less than half-filled,
the third Hund’s rule is established.

3.2.4 Spin-orbit interaction.

The study of the spin-orbit interaction for an N -electron system is just an extension of what we
have already done for a single electron. The Hamiltonian to consider is

Hso =
N∑
i=1

ξ(ri)ℓisi. (3.90)

We will assume LS coupling, which implies that the electronic repulsion energy is much greater
than the spin-orbit energy. The wave function terms |LSMLMS⟩ have energies that differ from
one another as a consequence of the Coulomb repulsion among electrons. As in the one-electron
case, it is convenient to work in the representation |LSJMJ⟩. To obtain the energies associated
with the spin-orbit interaction we need to evaluate the matrix elements of the operator products
ℓisi. This can be done using the Wigner-Eckart theorem.12 The result is〈

LSJMJ

∣∣ ℓisi ∣∣L′S′J ′M ′
J

〉
= (−1)J+S+L

′
δ(J, J ′)δ(MJ ,M

′
J)

{
L′ S′ J
S L 1

}〈
L
∥∥ ℓi ∥∥L′〉 〈S ∥∥ si ∥∥S′〉 . (3.91)

The 6j symbol vanishes unless the triangle conditions △(L′L1) and △(S′S1) are satisfied (see
appendix B.5.3). Hence, the matrix element of ℓisi vanishes unless

∆S = 0,±1, S′ + S ≥ 1,

∆L = 0,±1, L′ + L ≥ 1,

∆J = 0, ∆MJ = 0.

(3.92)

12For more details see section 21.4 of [16]
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It is important to note that the spin-orbit interaction has non-vanishing matrix elements between
states that differ in spin by one unit. This implies that the spin-orbit interaction can produce
an admixture of singlet and triplet states. Nevertheless, the diagonal elements are of special
importance because they represent the spin-orbit interaction within a particular term, which
in most cases is well separated from other terms. Setting L′ = L and S′ = S, the 6j symbol
becomes {

L S J
S L 1

}
= (−1)L+S+J

J(J + 1)− L(L+ 1)− S(S + 1)√
L(2L+ 1)(2L+ 2)S(2S + 1)(2S + 2)

. (3.93)

So we may write

⟨αLSJMJ |Hso |αLSJMJ⟩ =

〈
αLSJMJ

∣∣∣∣∣
N∑
i=1

ξ(ri)ℓisi

∣∣∣∣∣αLSJMJ

〉

=
ℏ2

2
ζ(α,L, S)

[
J(J + 1)− L(L+ 1)− S(S + 1)

]
= E(J), (3.94)

where α represents the dependence of the wave function on the radial coordinates and ζ(α,L, S)
is a proportionality factor which depends on α, L and S, but not on J . The reduced matrix
elements, phase factors and the dependence on ξ(ri), are all contained in ζ(α,L, S). We have
written the spin-orbit matrix element in such a way because LS = (J2 − L2 − S2)/2, and

⟨αLSJMJ |LS |αLSJMJ⟩ =
1

2

〈
αLSJMJ

∣∣ (J2 − L2 − S2)
∣∣αLSJMJ

〉
=

ℏ2

2

[
J(J + 1)− L(L+ 1)− S(S + 1)

]
, (3.95)

which then permits the identification

⟨αLSJMJ |Hso |αLSJMJ⟩ = ζ(α,L, S) ⟨αLSJMJ |LS |αLSJMJ⟩ . (3.96)

This shows that, within a multiplet of states comprising a given LS term, the matrix elements
of Hso are proportional to the matrix elements of LS. Therefore, for this subspace of states
having the same L and S quantum numbers, we can write

Hso = ζ LS, (for a given LS term). (3.97)

Equation (3.94) contains the so-called Landé interval rule, which states that the energy
differences between adjacent levels of a multiplet are proportional to J ,

∆E(J) = E(J)− E(J − 1) = ℏ2ζ(α,L, S) J. (3.98)

For a configuration of equivalent electrons it is easy to give a more explicit interpretation of
the constant ζ(α,L, S). For this purpose we work in the |LSMLMS⟩ basis and note that

⟨LSMLMS |LS |LSMLMS⟩ = ⟨LSMLMS | −L+1S−1 + L0S0 − L−1S+1 |LSMLMS⟩
= ⟨LSMLMS |L0S0 |LSMLMS⟩ = ℏ2MLMS . (3.99)

Since

ML =

N∑
i=1

mi
ℓ, and SL =

N∑
i=1

siℓ, (3.100)
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the matrix element of Hso becomes

⟨αLSJMJ |Hso |αLSJMJ⟩ =

〈
αLSJMJ

∣∣∣∣∣
N∑
i=1

ξ(r)ℓisi

∣∣∣∣∣αLSJMJ

〉

=
N∑
i=1

〈
LSmi

ℓm
i
s

∣∣ ℓisi ∣∣LSmi
ℓm

i
s

〉
⟨ξ(r)⟩nℓ

=
N∑
i=1

〈
LSmi

ℓm
i
s

∣∣−ℓi+1s
i
−1 + ℓi0s

i
0 − ℓi−1s

i
+1

∣∣LSmi
ℓm

i
s

〉
⟨ξ(r)⟩nℓ

=

N∑
i=1

〈
LSmi

ℓm
i
s

∣∣ ℓi0si0 ∣∣LSmi
ℓm

i
s

〉
⟨ξ(r)⟩nℓ = ℏ2 ⟨ξ(r)⟩nℓ

N∑
i=1

mi
ℓm

i
s. (3.101)

Here ⟨ξ(r)⟩nℓ is the expectation value of ξ(r) over the radial part of the wave function which,
for equivalent electrons, is the same for all electrons. Now, the result in (3.96) must hold also
in the ⟨LSMLMS⟩ basis, therefore we have

ℏ2 ⟨ξ(r)⟩nℓ
N∑
i=1

mi
ℓm

i
s = ζ(α,L, S) ⟨αLSJMJ |LS |αLSJMJ⟩ = ℏ2ζ(α,L, S)MLMS .

This leads to

ζ(α,L, S) =
⟨ξ(r)⟩nℓ
MLMS

N∑
i=1

mi
ℓm

i
s. (3.102)

Since ζ(α,L, S) is independent of ML and MS , these may be chosen arbitrarily, the most con-
venient choice being the maximum values of ML and MS . In this way we find, for example,
that

ζ(p2, 3P) =
1

2
⟨ξ(r)⟩p , ζ(d2, 3F) =

1

2
⟨ξ(r)⟩d . (3.103)

Note that for a close shell there is no spin-orbit splitting.
It is possible to evaluate the reduced matrix elements in (3.91) for k equivalent electrons

in a shell ℓ, thereby obtaining an explicit expression for ζ(ℓk, α, L, S). Here we just quote the
following properties

Multiplet ζ(ℓk, α, L, S) Shell

Regular > 0 less than half-full, k < 2ℓ+ 1
Inverted < 0 more than half-full, k > 2ℓ+ 1
No splitting 0 half-full, k = 2ℓ+ 1

For a configuration ℓk, the constant ζ(ℓk, α, L, S) is positive for k < 2ℓ+1, negative for k > 2ℓ+1,
and zero for k = 2ℓ + 1. Note that, according to the Landé interval rule (3.98), the sign of ζ
determines whether the energy of the levels in a multiplet increases or decreases with the value
of J . It is customary to define a regular multiplet as one in which the energy increases with
increasing values of J , and an inverted multiplet as one in which the energy increases with
decreasing values of J . The absence of any multiplet splitting in a shell that is half-full is
correct to first order in the spin-orbit interaction, that is, within an LS term. In higher order,
when spin-orbit interaction between terms is taken into account, a half-filled shell will generally
exhibit some multiplet splitting.

3.2.5 The Thomas-Fermi model.

For the determination of the potential energy U(r) of the central field approximation we will
explore two methods. In this section we discuss the first one, due to Thomas and Fermi, and
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the second, due mainly to Hartree, is taken up in the next section. The Thomas–Fermi model
is statistical in nature, it assumes that the variation of U(r) is so slow that many electrons can
be localized within a volume where the potential is nearly constant. The electrons can then be
treated with the methods of statistical mechanics, obeying the Fermi–Dirac statistics.

Consider a cubic box of side L and impose boundary conditions for the electronic wave
functions at each face of the cube. Since the potential is assumed to be nearly constant in the
volume of our box, the wave functions of the electrons can be taken to be approximately plane
waves (only in the box). The periodic boundary conditions we should impose are then

eikxx = eikx(x+L), eikyy = eiky(y+L), eikzz = eikz(z+L), (3.104)

therefore

kx =
2πNx

L
, ky =

2πNy

L
, kz =

2πNz

L
, Nx, Ny, Nz = 0,±1,±2, . . . (3.105)

These are the components of the vector k = p/ℏ. The periodic conditions give rise to an infinite
(discrete) set of sates in the cavity, each one characterized by the set of integers (Nx, Ny, Nz).
The number of states contained in an interval specified by ∆Nx, ∆Ny and ∆Nz is just given by

∆N = ∆Nx∆Ny∆Nz =

(
L

2π

)3

∆kx∆ky∆kz. (3.106)

For a box with dimensions large compared to the electron wavelength we may assume the states
to form a continuous distribution. We can then write the number of states contained in an
interval dk and in the direction defined by the element of solid angle dΩ as

dN =

(
L

2π

)3

dkx dky dkz =

(
L

2π

)3

k2 sin θ dk dθ dφ. (3.107)

This should be multiplied by 2 to take into account the two possible spin states of each electron.
The number of states with momentum p = ℏk less than p0 is then just

2

(
L

2π

)3 ∫ p0/ℏ

0

∫ π

0

∫ 2π

0
k2 sin θ dk dθ dφ = 2

(
L

2π

)3

4π

∫ p0/ℏ

0
k2 dk =

p30L
3

3π2ℏ3
. (3.108)

If all these states are occupied, the number of electrons per unit volume whose kinetic energy

does not exceed
p20
2m

is

ρ(r) =
p30

3π2ℏ3
. (3.109)

But the maximum kinetic energy at a distance r from the nucleus must be −U(r), since otherwise
the electron would escape from the atom. We can then take p0 =

√
−2mU(r) and write the

relation between the volume density of electrons, ρ(r), and the potential energy as

ρ(r) =

[
− 2mU(r)

]3/2
3π2ℏ3

. (3.110)

The electrostatic potential, −U(r)/e, can also be determined using the Poisson’s equation13

in terms of the charge density, −eρ(r),

−1

e
∇2U = − 1

er2
d

dr

(
r2

dU

dr

)
= 4πeρ(r). (3.111)

13Remember that the Poisson equation in Gaussian units is∇2V = −4πρ, while in the SI system is∇2V = −ρ/ε,
where ρ is the electric charge density (in the text above we are denoting the electric charge density as −eρ, and
the electrostatic potential as −U/e).
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Equations (3.110) and (3.111) are two simultaneous equations for ρ and U . Appropriate bound-
ary conditions should be provided to solve them. For a neutral atom of atomic number Z, the
potential should approach the form −Ze2/r as r → 0, since the dominant contribution at short
distances should be the potential created by the nucleus. As r → ∞ it is clear that no net charge
remains in the sphere of radius r, so U(r) must fall off more rapidly than 1/r and we should
have rU(r) → 0.

The elimination of ρ(r) in equations (3.110) and (3.111) leads to the following equation for
−U(r),

1

r2
d

dr

(
r2

d(−U)

dr

)
=

4e2
[
− 2mU(r)

]3/2
3πℏ3

. (3.112)

This equation, and the boundary conditions stated before, can be conveniently expressed in a
dimensionless form in which Z, E, m and ℏ appear only in scale factors. Let us write

U(r) = −Ze
2

r
χ, r = bx, b =

1

2

(
3π

4

)2/3 ℏ2

me2Z1/3
=

0.885a0

Z1/3
, (3.113)

where a0 = ℏ2/me2 is the Bohr radius. After some algebraic manipulation (see problem 14) we
find that, with these substitutions, equation (3.112) takes the form

x1/2
d2χ

dx2
= χ3/2, χ ≥ 0. (3.114)

From our previous discussion it is clear that, for neutral atoms, the appropriate boundary
conditions to find acceptable solutions are

χ→ 1 as x→ 0, and χ→ 0 as x→ ∞. (3.115)

The Thomas-Fermi equation (3.114) is a universal equation that does not depend on any physical
constants, because they have been absorbed in the change of variables performed. It is a second-
order non-linear differential equation that is solved by numerical methods. This provides a
universal function, χ(x), for all neutral atoms. χ(x) is monotonically decreasing and it can be
shown that its asymptotic form at large x is given by the function 144x−3. At x = 0 the slope
is χ′(0) = −1.588, so in the neighborhood of the origin it can be written as

χ(x) ≈ 1− 1.588x. (3.116)

The potential at low values of r can be computed using this χ(x),

U(r) = −Ze
2

r
χ ≈ −Ze

2

r
(1− 1.588x) = e2

(
−Z
r
+

1.588Z

b

)
= e2

(
−Z
r
+ 1.794

Z4/3

a0

)
.

(3.117)
The first term of this equation is just the pure nuclear attraction while the second one, which is
repulsive, is due to the contribution of the electrons.

We can compute also the electronic density, ρ(r), which is given by (see problem 14)

ρ(x) =
Z

4πb3

(χ
x

)3/2
. (3.118)

Since χ(x) → 1 as x → 0 and χ(x) → x−3 as x → ∞, the electron density diverges as r−3/2

when r → 0 and goes like r−6 when r → ∞. The correct electron density, however, should
remain finite at r = 0 and decrease exponentially at large r. Obviously, a real atom does not
fulfill the assumptions of the Thomas-Fermi model for all values of r, and that’s why we obtain
such conclusions. This model is inaccurate at both small r and large r, where the assumptions
in which it rests are not valid. It is only applicable for intermediate distances, where in any
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case most of the electrons of complex atoms are found. The Thomas–Fermi approximation
improves with increasing Z, and might be useful to compute quantities that depend on average
electron properties, such as the total energy of the atom, but cannot give accurate predictions
for quantities that rely on properties of the outer electrons, such as the ionization potential, for
example.

Although in this model the electronic density falls off so slowly at large r that it is not
possible to really define a boundary for the neutral atom, we can still talk about an atomic
radius, R = r(α), as the radius of a sphere centered at the origin and enclosing a given fraction,
(1− α), of the Z electrons. This means that

4π

∫ R

0
ρ(r) r2 dr = (1− α)Z. (3.119)

Applying here the change of variable (3.113), r = bx, r(α) = bx(α), and using the Thomas–
Fermi equation x1/2χ′′ = χ3/2, together with the boundary condition χ(0) = 1, we can derive
the following equation for xα ≡ x(α) (see problem 15)

χ(xα)− xαχ
′(xα) = α. (3.120)

This equation has to be solved using numerical methods. If we adopt the same value of α for
all atoms, this becomes a universal equation and the value of xα is the same for all atoms. It
can be seen that the atomic radius R = r(α) is proportional to Z−1/3.

3.2.6 Hartree–Fock equations.

We consider now the second procedure which will lead us to a determination of the central
potentials U(ri). Let’s start by trying to find an approximate solution to the Schrödinger
equation with the Hamiltonian HI

HI =
N∑
i=1

H0(i) +
N∑
i<j

e2

rij
, where H0(i) =

p2i
2m

− Ze2

ri
. (3.121)

For the ground state we take as a first approximation a single Slater determinant, written in a
shortened notation as

Ψ(λ1, λ2, . . . , λN ) =
1√
N !

det
[
ψ1(λ1)ψ2(λ2) . . . ψN (λN )

]
, (3.122)

with the spin orbitals14 satisfying the orthonormality condition

⟨ψi(λj) |ψk(λj)⟩ = δik, (3.123)

and chosen to satisfy the variational principle

δ ⟨Ψ |H |Ψ⟩ = 0. (3.124)

In other words, we wish to find the wave functions ψi that make the functional ⟨Ψ |H |Ψ⟩
stationary, under the constraints (3.123). This will be done using the Lagrange multipliers
method. We are assuming that the N–electron wave function Ψ, represented by a single Slater
determinant and satisfying conditions (3.123) and (3.124), is an approximate solution to the
N–electron Schrödinger equation. This is known as the Hartree–Fock method. Note that an
arbitrary, normalizable, antisymmetric N–electron wave function can only be represented by
an infinite sum of Slater determinants, each constructed from a complete orthonormal set of
one–electron functions and each multiplied by an appropriate coefficient. Even recognizing

14At this point the spin orbitals are not necessarily of the central field type, they could be more general.
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this limitation, the Hartree–Fock method turns out to be a very good first step towards the
construction of atomic wave functions.

To illustrate the mechanics of the method it is convenient to examine first a two-electron
atom. The Hamiltonian is

H = H0(1) +H0(2) +
e2

r12
, (3.125)

where

H0(1) =
p21
2m

− Ze2

r1
, H0(2) =

p22
2m

− Ze2

r2
. (3.126)

Let us write the Slater determinant for the ground state as

Ψ =
1√
2

∣∣∣∣ a(λ1) b(λ1)
a(λ2) b(λ2)

∣∣∣∣ =
1√
2

[
a(λ1)b(λ2)− b(λ1)a(λ2)

]
, (3.127)

where a(λ) and b(λ) are spin orbitals, while λ1 and λ2 stand for the coordinates (space and spin)
of electrons 1 and 2, respectively. We will often abbreviate the notation a(λ1) to a(1) etc., so
the previous expression is converted into

Ψ =
1√
2

[
a(1)b(2)− b(1)a(2)

]
. (3.128)

If we are referring to an arbitrary electron, the spin orbitals may be written just as a and b,
without arguments. The orthonormality condition (3.123) can then be expressed as

⟨a(λj) | b(λj)⟩ ≡ ⟨a(j) | b(j)⟩ = ⟨a | b⟩ = δab, (3.129)

which is equivalent to the following three independent conditions

⟨a | a⟩ = 1, ⟨b | b⟩ = 1, ⟨a | b⟩ = ⟨b | a⟩ = 0. (3.130)

Our next job is to compute the expectation value of the Hamiltonian in the Ψ state. First,
we have

⟨Ψ |H0(1) |Ψ⟩ = 1

2
⟨a(1)b(2)− b(1)a(2) |H0(1) | a(1)b(2)− b(1)a(2)⟩

=
1

2
⟨a(1) |H0(1) | a(1)⟩ ⟨b(2) | b(2)⟩︸ ︷︷ ︸

1

+
1

2
⟨b(1) |H0(1) | b(1)⟩ ⟨a(2) | a(2)⟩︸ ︷︷ ︸

1

− 1

2
⟨b(1) |H0(1) | a(1)⟩ ⟨a(2) | b(2)⟩︸ ︷︷ ︸

0

−1

2
⟨a(1) |H0(1) | b(1)⟩ ⟨b(2) | a(2)⟩︸ ︷︷ ︸

0

=
1

2
⟨a(1) |H0(1) | a(1)⟩+

1

2
⟨b(1) |H0(1) | b(1)⟩ . (3.131)

Similarly

⟨Ψ |H0(2) |Ψ⟩ = 1

2
⟨a(2) |H0(2) | a(2)⟩+

1

2
⟨b(2) |H0(2) | b(2)⟩ . (3.132)

But of course ⟨a(1) |H0(1) | a(1)⟩ = ⟨a(2) |H0(2) | a(2)⟩, etc. So〈
Ψ
∣∣∣ (H0(1) +H0(2)

) ∣∣∣Ψ〉 = ⟨Ψ |H0 |Ψ⟩ = ⟨a |H0 | a⟩+ ⟨b |H0 | b⟩ (3.133)

Now let’s go for the expectation value of the V ≡ e2/r12 term. To shorten even more the
notation, we can afford to omit the arguments in the orbitals since they appear always in the
same order (first 1 to the left, and then 2 to the right, as in equation (3.128)). Therefore

⟨Ψ | V |Ψ⟩ = 1

2
⟨ab− ba | V | ab− ba⟩

=
1

2
⟨ab | V | ab⟩+ 1

2
⟨ba | V | ba⟩ − 1

2
⟨ab | V | ba⟩ − 1

2
⟨ba | V | ab⟩ . (3.134)
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But from the symmetry of our problem it is clear that ⟨ab | V | ab⟩ = ⟨ba | V | ba⟩, because it
doesn’t really matter if we choose the electron 1 to be in the orbital a and the electron 2 in
orbital b, or the other way around. Also, ⟨ab | V | ba⟩ = ⟨ba | V | ab⟩ for the same reason. Therefore

⟨Ψ | V |Ψ⟩ = ⟨ab | V | ab⟩ − ⟨ab | V | ba⟩ . (3.135)

Collecting everything together,

⟨Ψ |H |Ψ⟩ = ⟨a |H0 | a⟩+ ⟨b |H0 | b⟩

+

〈
a(1)b(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ a(1)b(2)〉−
〈
a(1)b(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ b(1)a(2)〉 . (3.136)

The implementation of the variational equation δ ⟨Ψ |H |Ψ⟩ = 0, with the orthonormality con-
ditions (3.130), can be done using the Lagrange multipliers technique (also called variational
parameters). In principle, four such variational parameters would be needed, λaa, λbb, λab, λba,
with λ∗ab = λba. However, we will assume that our starting point is already a set of orthogonal
spin orbitals,15 such that ⟨a|b⟩ = 0 and λab = λba = 0, therefore the variational equation to be
solved is

δ ⟨Ψ |H |Ψ⟩ = δ

[
⟨a |H0 | a⟩+ ⟨b |H0 | b⟩

+

〈
a(1)b(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ a(1)b(2)〉−
〈
a(1)b(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ b(1)a(2)〉
− λaa ⟨a(1) | a(1)⟩ − λbb ⟨b(1) | b(1)⟩

]
= 0. (3.137)

Let’s consider first an arbitrary variation, δa, on a. Using our extra–compact notation, the
condition to be satisfied can be written as

⟨δa |H0 | a⟩+ ⟨a |H0 | δa⟩+ ⟨(δa)b | V | ab⟩+ ⟨ab | V | (δa)b⟩
− ⟨(δa)b | V | ba⟩ − ⟨ab | V | bδa⟩ = λaa ⟨δa | a⟩+ λaa ⟨a | δa⟩ . (3.138)

Although the variations |δa⟩ and ⟨δa| are not independent, it can be shown (see appendix B.4)
that it is sufficient to impose the condition

⟨δa |H0 | a⟩+ ⟨(δa)b | V | ab⟩ − ⟨(δa)b | V | ba⟩ = λaa ⟨δa | a⟩ . (3.139)

Expanding now the notation,

⟨δa(1) |H0 | a(1)⟩+
〈
δa(1)b(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ a(1)b(2)〉
−
〈
δa(1)b(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ b(1)a(2)〉 = λaa ⟨δa(1) | a(1)⟩ . (3.140)

This equation is verified for every possible δa only if the following one holds

H0(1)a(1) +

[∫
b∗(2)

(
e2

r12

)
b(2) dτ2

]
a(1)

−
[∫

b∗(2)

(
e2

r12

)
a(2) dτ2

]
b(1) = λaaa(1). (3.141)

15There may be special situations where it is not possible to start with an orthogonal set of spin orbitals, but
even in such cases the off-diagonal terms are small and can often be neglected.
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A similar equation follows for b(1) when performing an arbitrary variation δb. These expressions
can be generalized to an N -electron system, giving the following equation for a single spin orbital

H0(1)ψi(1) +

∑
j ̸=i

∫
ψ∗
j (2)

(
e2

r12

)
ψj(2) dτ2

ψi(1)
−
∑
j ̸=i

[∫
ψ∗
j (2)

(
e2

r12

)
ψi(2) dτ2

]
ψj(1) = εiψi(1), (3.142)

where the summation over j extends to theN occupied spin orbitals and the Lagrange multipliers
have been written as εi.

Before proceeding, let us make a short digression and write the previous equation without
the second sum, and only for the spatial part of the orbitals, ϕ, forgetting about the spin. We
get − ℏ2

2m
∇2
i −

Ze2

ri
+
∑
j ̸=i

∫
|ϕj(rj)|2

(
e2

rij

)
d3rj

ϕi(ri) = εiϕi(ri). (3.143)

This is the original equation of the Hartree method, before Fock’s generalization introducing
the Slater determinant to take into account the antisymmetrization of the wavefunctions. There
are Z such equations, one for every electron of the atom. As stated before, this equation is the
result of assuming that each electron moves in a central field that can be calculated from the
nuclear potential and the wave functions of all the other electrons, by taking the charge density
associated with an electron to be −e times its position probability density. We have a system
of Z simultaneous nonlinear integrodifferential equations for the Z functions ϕi(ri), which is of
course impossible to solve directly, so a method of successive approximations is followed. One
takes an approximate potential energy to begin with, solves the system for the wavefunctions,
new potentials for each electron are computed with these new functions and they are plugged
into the system of equations to get new functions and new potentials. This procedure is repeated
until the potentials are self-consistent to the desired level of accuracy. This is, in a nutshell, how
the so-called self-consistent method works.

We stop the digression here and go back to equation (3.142). Note that the restriction to
j ̸= i can be dropped because if we set j = i in the first sum on the left we have[∫

ψ∗
j (2)

(
e2

r12

)
ψj(2) dτ2

]
ψj(1), (3.144)

but exactly the same term will appear in the second sum, with a negative sign. This cancellation
leads to say that a particle in a spin orbital ψi does not react with itself, or that the self energy
of such a particle is zero. We can then write the Hartree-Fock equations as

H0(1)ψi(1) +

 N∑
j=1

∫
ψ∗
j (2)

(
e2

r12

)
ψj(2) dτ2

ψi(1)
−

N∑
j=1

[∫
ψ∗
j (2)

(
e2

r12

)
ψi(2) dτ2

]
ψj(1) = εiψi(1). (3.145)

The so-called Coulomb and exchange operators, Jj(1) and Kj(1), are usually defined so that we
can write the Hartree-Fock equations in this wayH0(1) +

∑
j

[
Jj(1)−Kj(1)

]ψi(1) = εiψi(1), (3.146)
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Jj(1)ψi(1) =

[∫
ψ∗
j (2)

(
e2

r12

)
ψj(2) dτ2

]
ψi(1), (3.147)

Kj(1)ψi(1) =

[∫
ψ∗
j (2)

(
e2

r12

)
ψi(2) dτ2

]
ψj(1). (3.148)

If we now define the Fock operator F (1) doing

F (1) = H0(1) + V (1), with V (1) =
∑
j

[
Jj(1)−Kj(1)

]
, (3.149)

then the Hartree-Fock equation takes the form of an eigenvalue equation,

F (1)ψi(1) = εiψi(1). (3.150)

Note that the Lagrange multiplier εi has, through the Hartree-Fock equations, acquired the
meaning of a one-electron energy eigenvalue.

In the Hartree-Fock equations the spin orbitals depend both on space coordinates and spin
coordinates,

ψnℓmℓms(r,ms) = ϕnℓmℓ
(r)χ(ms), a(λi) = ϕa(ri)χ

a
i (ms), (3.151)

χ(ms = 1/2) =

∣∣∣∣12 ,+1

2

〉
=

(
1
0

)
, χ(ms = −1/2) =

∣∣∣∣12 ,−1

2

〉
=

(
0
1

)
, (3.152)

However, for computational purposes the spin and space parts need to be separated. For a
one-electron operator f which acts only on space coordinates we would have

⟨a | f | b⟩ =
〈
ϕaχ

a
∣∣∣ f ∣∣∣ϕbχb〉 = ⟨ϕa | f |ϕb⟩

〈
χa
∣∣∣χb〉 = ⟨ϕa | f |ϕb⟩ δ(ma

s ,m
b
s), (3.153)

where, of course, δ(ma
s ,m

b
s) = 1 if ma

s = mb
s and δ(ma

s ,m
b
s) = 0 otherwise. For a two–electron

operator like g12 = e2/r12,

⟨a(1)b(2) | g12 | c(1)d(2)⟩

=
(
⟨ϕa(1)ϕb(2) | g12 |ϕc(1)ϕd(2)⟩

)(
⟨χa1(ma

s) |χc1(mc
s)⟩
)(〈

χb2(m
b
s)
∣∣∣χd2(md

s)
〉)

=
(
⟨ϕa(1)ϕb(2) | g12 |ϕc(1)ϕd(2)⟩

)
δ(ma

s ,m
c
s) δ(m

b
s,m

d
s). (3.154)

If a = c and b = d this expression reduces to

⟨a(1)b(2) | g12 | a(1)b(2)⟩ = ⟨ϕa(1)ϕb(2) | g12 |ϕa(1)ϕb(2)⟩ δ(ma
s ,m

a
s) δ(m

b
s,m

b
s)

= ⟨ϕa(1)ϕb(2) | g12 |ϕa(1)ϕb(2)⟩ . (3.155)

Whereas if a = d and b = c,

⟨a(1)b(2) | g12 | b(1)a(2)⟩ = ⟨ϕa(1)ϕb(2) | g12 |ϕb(1)ϕa(2)⟩ δ(ma
s ,m

b
s) δ(m

b
s,m

a
s)

= ⟨ϕa(1)ϕb(2) | g12 |ϕb(1)ϕa(2)⟩ δ(ma
s ,m

b
s). (3.156)

Therefore the Hartree-Fock equation for a single spatial orbital becomes

H0(1)ϕi(1) +

 N∑
j=1

∫
ϕ∗j (2)

(
e2

r12

)
ϕj(2) dr2

ϕi(1)
−

N∑
j=1

[
δ(mi

s,m
j
s)

∫
ϕ∗j (2)

(
e2

r12

)
ϕi(2) dr2

]
ϕj(1) = εiϕi(1), (3.157)
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where the ϕ are functions of the space coordinates only. The Coulomb term

N∑
j=1

Jj(1) =
N∑
j=1

∫
ϕ∗j (2)

(
e2

r12

)
ϕj(2) dr2 (3.158)

admits now an easy interpretation. The quantity eϕ∗j (2)ϕj(2) is the charge density of electron 2
smeared out over the orbital ϕj . The integral is then the electrostatic repulsion potential due to
electron 2 when the position of the latter is averaged over the orbital ϕj . When this is summed
over all electrons we get the total electrostatic repulsion. The exchange term

−
N∑
j=1

[
δ(mi

s,m
j
s)

∫
ϕ∗j (2)

(
e2

r12

)
ϕi(2) dr2

]
ϕj(1), (3.159)

has no classical analog and is more difficult to interpret. Formally it arises from the antisymmetry
requirement on the total wave function Ψ, and demands the spin projections of electrons i and
j to be parallel. If Ψ had been written as a simple product of one–electron orbitals (also known
as a Hartree product) rather than as a Slater determinant, the exchange term would be absent.
Further analysis of this term can show that the total exchange charge density corresponds to the
charge of a single electron (a unit charge). Because of the negative sign in front of the exchange
term, it is then often said that an exchange hole (or Fermi hole) is surrounding any electron in
an atom. This may be visualized as a spherical region surrounding a given electron, from which
electronic charge of the same spin as that of the given electron has been removed. The total
charge that has been removed is equivalent to the charge of one electron. This is a manifestation
of the Pauli exclusion principle.

In summary, by applying the variational method based on a single Slater determinant, con-
structed from a set of orthonormal one–electron spin orbitals, we have obtained the Hartree-Fock
equations (3.145). These are coupled nonlinear integro-differential equations for the one-electron
spin orbitals and consist entirely of one-electron operators. We can regard a Hartree-Fock equa-
tion as the wave equation for a single electron moving in the field produced by the nucleus and
the average field of the remaining electrons. This is exactly the goal of the central field approx-
imation. The average field of the N − 1 electrons is represented by the Coulomb and exchange
operators, which replace the operator e2/rij in the exact Hamiltonian. This central field is made
up by the field produced by electrons of opposite spin, and the field produced by electrons of
the same spin but outside the Fermi hole. In addition, it should be noted that the Hartree-Fock
method only provides an upper bound to the energy of a state of a given symmetry because it
is based on a variational principle.

Properties of the Hartree-Fock solutions.

It is not difficult to prove that the spin orbitals that satisfy the Hartree-Fock equations are
orthogonal,

⟨ψk|ψi⟩ = 0, εi ̸= εk (3.160)

where ψi and ψk are two solutions of the Hartree-Fock equations,

H0(1)ψi(1) +

 N∑
j=1

∫
ψ∗
j (2)

(
e2

r12

)
ψj(2) dτ2

ψi(1)
−

N∑
j=1

[∫
ψ∗
j (2)

(
e2

r12

)
ψi(2) dτ2

]
ψj(1) = εiψi(1), (3.161)
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and

H0(1)ψk(1) +

 N∑
j=1

∫
ψ∗
j (2)

(
e2

r12

)
ψj(2) dτ2

ψk(1)
−

N∑
j=1

[∫
ψ∗
j (2)

(
e2

r12

)
ψk(2) dτ2

]
ψj(1) = εkψk(1). (3.162)

The total energy of the N -electron system is

E = ⟨Ψ|H|Ψ⟩ , (3.163)

which can be written as (we leave the algebraic details out),

E =
∑
i

Ii +
∑
i<j

[
J(i, j)−K(i, j)

]
=
∑
i

Ii +
1

2

∑
i,j

[
J(i, j)−K(i, j)

]
, (3.164)

where
Ii = ⟨ψi|H0|ψi⟩ = ⟨ϕi|H0|ϕi⟩ , (3.165)

J(i, j) =

〈
ψi(1)ψj(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ψi(1)ψj(2)〉 =

〈
ϕi(1)ϕj(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ϕi(1)ϕj(2)〉 , (3.166)

K(i, j) =

〈
ψi(1)ψj(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ψj(1)ψi2)〉
= δ(mi

s,m
j
s)

〈
ϕi(1)ϕj(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ϕj(1)ϕi(2)〉 . (3.167)

Also, when equation (3.161) is multiplied by ψ∗
i and integrated we obtain the following explicit

expression for εi,

εi = Ii +
∑
j

[
J(i, j)−K(i, j)

]
. (3.168)

It is possible to sum this over all electrons to get∑
i

εi =
∑
i

Ii +
∑
i,j

[
J(i, j)−K(i, j)

]
=
∑
i

Ii + 2
∑
i<j

[
J(i, j)−K(i, j)

]
. (3.169)

Inserting this result into the expression for the total energy we get

E =
∑
i

εi −
∑
i<j

[
J(i, j)−K(i, j)

]
. (3.170)

This clearly tells us that the total energy is not the sum of all electron energies εi. It can
be shown that the energy εi is to be interpreted as the energy required to remove an electron
from the ith orbital (Koopman’s theorem). Indeed, let’s consider the energy difference between
a system of N + 1 electrons and a system of N electrons. Assuming we have a set of orbitals
labeled j = 1, 2, 3, . . . , N, i, the energy of the N+1 system is (applying directly equation (3.164))

EN+1 =

N∑
j=1

Ij +

N∑
j<k

[
J(j, k)−K(j, k)

]
+ Ii +

N∑
k=1

[
J(i, k)−K(i, k)

]
, (3.171)

and

EN+1 − EN = Ii +

N∑
k=1

[
J(i, k)−K(i, k)

]
= εi. (3.172)
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However, this interpretation is not completely rigorous because we have ignored that the orbitals
of the ion cannot be the same as those of the neutral atom. After the removal of an electron, it
takes place a readjustment of the electron orbitals (the charge of the nucleus remains the same
but the total electronic charge decreases by one unit).

For a closed shell determined by the quantum numbers n and ℓ we have a system of 2(2ℓ+1)
electrons. In this case it can be proved that the Hartree-Fock one-electron orbitals are, rigorously,
solutions of a central field problem. In other words, each electron in a closed shell moves in a
spherically symmetric potential. Without going into the details of the proof, let’s say that this
result follows from the fact that in a closed shell all magnetic substates are occupied, enabling
to carry out summations over all these substates and getting at the end a spherically symmetric
field.

Since the Hartree–Fock equations constitute a system of coupled, nonlinear, integro-differential
equations, there is no direct method to solve them and we must use iterative numerical com-
putational methods. In fact, each Hartree–Fock equation requires prior knowledge of all other
orbitals. We need therefore to select an initial set of spin orbitals as a first step of a so-called
self–consistent method. These initial orbitals are used to calculate the Coulomb and exchange
operators Jj andKj and hence the Fock operator F . With this approximate Fock operator a new
improved set of orbitals are calculated by solving the eigenvalue equations F (1)ψi(1) = εiψi(1).
The process is continued until the difference between two sets of orbitals in successive iterations
of computation is sufficiently small to achieve the desired accuracy. This is the general method
to solve the equations, and is known as the Hartree-Fock-Self-Consistent Field method.

It has to be noted that the Hartree-Fock method does not take completely into account
the correlation between the electrons. This is known as the correlation error. In a real atom
the Coulomb repulsion between electrons, whose spins may be either parallel or anti-parallel,
prevents any two electrons from approaching arbitrarily close to one another. This means
that the positions of all electrons, regardless of their spin, are correlated, and the N -electron
wave function cannot really be written as a product of single-electron wave functions (or linear
combinations of them). To give a simple specific case, the relation Ψ(λ1, λ2) ≈ ψ1(λ1)ψ2(λ2)
holds only approximately. Using another terminology, one says that all electrons are surrounded
by a Coulomb hole. An exact N–electron wave function would automatically give a correct
description of the Coulomb hole, but the Hartree-Fock wave function is not exact and the
correlation is not completely accounted for. It has to be admitted, however, that the correlation
error for electrons with parallel spin is not the same as for electrons with opposite spin. This
is due to the antisymmetry property of the Hartree-Fock wave function, which correlates the
positions of electrons with parallel spins and prevents them from occupying the same spatial
orbital, but has no effect on electrons with opposite spin. This feature was described by the
Fermi hole, which is almost equivalent to the Coulomb hole for electrons with parallel spin. The
largest source of error in the Hartree-Fock method arises from the absence of correlation among
electrons with opposite spin. Estimates of correlation errors give −1.1 eV for He, −11 eV for Ne
and −21.5 eV for Ar, for example.

To expand an N–electron antisymmetric wave function one needs a complete set of Slater
determinants. This set consists of all possible determinants containing N spin orbitals selected
from a complete set of spin orbitals. Each Slater determinant constructed in this way corre-
sponds to a single electronic configuration, therefore such an expansion of an antisymmetric
wave function is also known as a superposition of configurations. If a single configuration is
employed, which means the infinite series of Slater determinants is truncated after the first
term, and the spin orbitals are optimized with respect to the total energy, we have the ordinary
Hartree–Fock approximation. Improved results can be achieved by increasing the number of
configurations in order to get closer to the exact N–electron antisymmetric wave function. This
method for obtaining improved eigenfunctions and eigenvalues for the N–electron problem is
known as configuration interaction. In this method, N–electron wave functions are obtained by
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taking linear combinations of Slater determinants,

Ψ(1, 2, . . . , N) =
∑
i

ciψi, (3.173)

where the ci are coefficients and the ψi are Slater determinants which differ in the choice of spin
orbitals that the electrons are assumed to occupy, and hence correspond to different electronic
configurations. The coefficients are obtained by minimizing the energy. This leads to a system
of linear equations and a secular determinant,∑

j

(Hij − Eδij)cj = 0, Hij =

∫
ψ∗
iHψj dτ, |Hij − Eδij | = 0, (3.174)

from which the required coefficients are obtained.

3.3 Molecules.

Molecules are considerably more difficult to study from first principles than atoms and a new set
of approximations are needed. A key point to note is that electrons have a much smaller mass
than nuclei, while the forces to which both electrons and nuclei are submitted are of comparable
magnitude. As a result, the motion of the nuclei is much slower than that of the electrons and, to
a first good approximation, the nuclei can be considered to occupy nearly fixed positions within
the molecule. This is confirmed by observing the diffraction pattern in neutron scattering by
molecules. In this type of experiments neutrons do not interact with the atomic electrons, but
they do interact strongly with the nuclei within the molecule. In the simplest neutral diatomic
molecule, H2, the equilibrium spacing of the two protons is 0.74 Å. In the O2 molecule the
internuclear spacing is 1.21 Å.

From X-ray diffraction observations and molecular spectra we know that, when atoms as-
sociate to form molecules, the tightly bound inner shells of electrons are nearly undisturbed
and remain localized about each nucleus. The outer electrons are distributed throughout the
molecule and it is the charge distribution of these valence electrons that provides the binding
force.

3.3.1 Born–Oppenheimer approximation.

For a system of electrons and nuclei we can build the Hamiltonian

H =
∑
α

P 2
α

2Mα
+
∑
i

p2i
2m

+ V (Qα, qi), (3.175)

where P 2
α/2Mα is the kinetic energy operator for a nucleus of mass Mα, P

2
i /2m is the kinetic

energy operator for the ith electron of mass m, Qα is a set of nuclear coordinates, qi is a set of
electronic coordinates, and

V (Qα, qi) =
∑
i<j

e2

rij
+
∑
α<β

(Zαe)(Zβe)

rαβ
−
∑
i,α

(Zαe)e

riα
(3.176)

is the potential energy of the entire system of electrons and nuclei. The first term is the sum of
the Coulomb interactions between all pairs of electrons, the second is the same for all pairs of
nuclei, and the third term is the sum of the Coulomb interactions between nuclei and electrons.
The Born–Oppenheimer procedure to find an approximate solution to

HΨ(Qα, qi) = EΨ(Qα, qi), (3.177)

can be summarized in five steps:
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1. Assume the nuclei occupy fixed positions described by the coordinates Q′
α. The nuclei

kinetic energy in the Hamiltonian (3.175) can then be neglected.

2. Under that assumption, solve the following Schrödinger equation,[∑
i

p2i
2m

+ V (Q′
α, qi)

]
ψ(Q′

α, qi) = E′(Q′
α)ψ(Q

′
α, qi), (3.178)

where ψ(Q′
α, qi) is an electronic wave function and E′(Q′

α) is the corresponding electronic
energy eigenvalue when the nuclei are fixed at coordinates Qα = Q′

α. If the nuclear posi-
tions are assigned a different set of values, Q′′

α, the potential energy is altered to V (Q′′
α, qi)

and a new set of electronic energy eigenvalues and eigenfunctions can be obtained. It is
possible, at least in principle, to repeat the computation for a sufficiently large series of
fixed nuclear positions to describe the dependence of the wave functions and the energies
on both Qα and qi.

3. Assume that the total wavefunction can be written as a product of the electronic wavefunc-
tion and a so-called vibrational function which depends only on the nuclear coordinates,

Ψ(Qα, qi) = ψ(Qα, qi) v(Qα). (3.179)

At this point v(Qα) is unknown.

4. Insert this assumption in HΨ(Qα, qi) = EΨ(Qα, qi) to get

Hψ(Qα, qi) v(Qα) = E ψ(Qα, qi) v(Qα), (3.180)[∑
α

P 2
α

2Mα
+
∑
i

p2i
2m

+ V (Qα, qi)

]
ψ(Qα, qi) v(Qα) = E ψ(Qα, qi) v(Qα) (3.181)

5. Finally, assume that the electronic wave function, ψ(Qα, qi), is at first order insensitive to
changes in the nuclear positions and momenta, being able to adjust quasi–statically to the
nuclear motion (this is also known as adiabatic approximation). This means we can write

P 2
α

2Mα
ψ(Qα, qi) v(Qα) = ψ(Qα, qi)

P 2
α

2Mα
v(Qα). (3.182)

To see this in more detail, note that if ψ(Qα, qi) does not change with respect to vari-
ations of nuclear positions and momenta, then ∇αψ(Qα, qi) ≈ 0 and ∇2

αψ(Qα, qi) ≈ 0.
Therefore16

P 2
α

2Mα
ψ(Qα, qi) v(Qα) = − ℏ2

2Mα
∇2
α

(
ψ(Qα, qi) v(Qα)

)
= − ℏ2

2Mα

[
ψ(Qα, qi)∇2

αv(Qα) + 2
(
∇αψ(Qα, qi)

)
·
(
∇αv(Qα)

)
+ v(Qα)∇2

αψ(Qα, qi)

]

≈ − ℏ2

2Mα
ψ(Qα, qi)∇2

αv(Qα) = ψ(Qα, qi)
P 2
α

2Mα
v(Qα). (3.183)

The approximation in step 5 is the central assumption of the Born–Oppenheimer approach,
and relies on the fact that m/Mα ≪ 1. From a classical point of view, we would say that nuclear

16Use the vector derivative rule ∇2(fg) = (∇2f) g + 2 (∇f) · (∇g) + f (∇2g).
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velocities are small in comparison with electronic velocities. Using (3.182), equation (3.181) is
then transformed into

ψ(Qα, qi)
∑
α

P 2
α

2Mα
v(Qα) +

[∑
i

p2i
2m

+ V (Qα, qi)

]
ψ(Qα, qi)︸ ︷︷ ︸

E′ψ(Qα,qi)

v(Qα) = E ψ(Qα, qi) v(Qα),

ψ(Qα, qi)
∑
α

P 2
α

2Mα
v(Qα) + E′ψ(Qα, qi) v(Qα) = E ψ(Qα, qi) v(Qα), (3.184)

where equation (3.178) has been used for the term indicated by the under–brace symbol. We
have then [∑

α

P 2
α

2Mα
+ E′(Qα)

]
v(Qα) = E v(Qα). (3.185)

This is an important result. It states that the wave function for the nuclear motion is calculated
in an effective potential which is obtained from the energy eigenvalues of a particular electronic
state as a function of the nuclear position

Note that the form in which the total wave function is written, Ψ(Qα, qi) = ψ(Qα, qi) v(Qα),
implies that electronic and nuclear motions can be treated separately. Since the electronic
motion can be regarded as taking place in a potential field created by stationary nuclei, the
electronic wave function may be evaluated with the nuclei in their equilibrium positions and the
small displacements of the nuclei about their equilibrium positions will have little effect on the
electronic wave function. The energy eigenvalues of a particular electronic state, as a function
of nuclear position, provide the effective potential for the nuclear motion, which is then solved
as a separate problem.

Let’s go back to the Schrödinger equation for the electronic wave function in the field of the
fixed nuclei whose coordinates are collectively represented by Qα,

Heψ(Qα, qi) = E′(Qα)ψ(Qα, qi), with He =
∑
i

p2i
2m

+ V (Qα, qi). (3.186)

Multiplying on the left by ψ∗(Qα, qi) and integrating over the electronic coordinates gives

E′(Qα) =

∫
ψ∗(Qα, qi)He ψ(Qα, qi) dτq. (3.187)

We are interested now in computing ∂E′(Qα)/∂Qα. This is

∂E′(Qα)

∂Qα
=

∂

∂Qα

(∫
ψ∗(Qα, qi)He ψ(Qα, qi) dτq

)
=

∫
∂ψ∗(Qα, qi)

∂Qα
He ψ(Qα, qi) dτq +

∫
ψ∗(Qα, qi)

∂He

∂Qα
ψ(Qα, qi) dτq

+

∫
ψ∗(Qα, qi)He

∂ψ(Qα, qi)

∂Qα
dτq. (3.188)

Since He is Hermitian and He ψ = E′ ψ, the third integral may be written as∫
ψ∗(Qα, qi)He

∂ψ(Qα, qi)

∂Qα
dτq =

(∫
∂ψ∗(Qα, qi)

∂Qα
He ψ(Qα, qi) dτq

)∗

=

∫
∂ψ(Qα, qi)

∂Qα
He ψ

∗(Qα, qi)︸ ︷︷ ︸
E′ ψ∗(Qα,qi)

dτq =

∫
∂ψ(Qα, qi)

∂Qα
E′ ψ∗(Qα, qi) dτq. (3.189)
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Using this, we can see that the first and third integrals of the right-hand side of equation (3.188)
cancel each other out. Indeed∫

∂ψ∗

∂Qα
He ψ dτq +

∫
ψ∗He

∂ψ

∂Qα
dτq = E′

∫ (
∂ψ∗

∂Qα
ψ + ψ∗ ∂ψ

∂Qα

)
dτq

= E′
∫

∂

∂Qα
(ψ∗ψ) dτq = E′ ∂

∂Qα

∫
ψ∗ψ dτq = 0. (3.190)

Therefore
∂E′(Qα)

∂Qα
=

∫
ψ∗(Qα, qi)

∂He

∂Qα
ψ(Qα, qi) dτq. (3.191)

But the kinetic energy operator does not depend on Qα,

∂He

∂Qα
=

∂

∂Qα

(∑
i

p2i
2m

+ V (Qα, qi)

)
=
∂V (Qα, qi)

∂Qα
. (3.192)

So we conclude that the derivative of E′(Qα) with respect to Qα is

∂E′(Qα)

∂Qα
=

∫
ψ∗(Qα, qi)

∂V (Qα, qi)

∂Qα
ψ(Qα, qi) dτq. (3.193)

This is known as the Hellmann-Feynman theorem. It implies that, within the Born-Oppenheimer
approximation, the forces acting on nuclei are derivable from the classical potential

V (Qα, qi) =
∑
i<j

e2

rij
+
∑
α<β

ZαZβe
2

rαβ
−
∑
iα

Zαe
2

riα
(3.194)

and the electronic wave function. If we write a force component Fα as

Fα = −∂E
′(Qα)

∂Qα
, (3.195)

then Fα can be obtained from the classical expression for

−∂V (Qα, qi)

∂Qα
(3.196)

averaged over the electronic wave function, as explicitly shown in equation (3.193).

3.3.2 Molecular orbitals and the self–consistent field method.

The Born–Oppenheimer method leaves us with the problem of finding solutions for the electronic
and nuclear wave functions. Remember that, in the atomic case, multi-electron wave functions
are constructed from orbitals which are populated by electrons as allowed by the Pauli principle.
For molecules, it is possible to adopt a similar approach in which the multi-electron molecu-
lar wave functions are constructed from a set of molecular orbitals which have the following
properties

• A molecular orbital is an eigenfunction of a one-electron Hamiltonian consisting of one-
electron operators. A molecular orbital is then a wave function that depends on the
coordinates of a single electron.

• A molecular orbital can extend over any number of atoms in a molecule. This implies that
an electron in a molecular orbital is not localized on a particular atom, but may have a
non–vanishing probability density in various parts of the molecule.
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• A molecular orbital can accommodate a maximum of two electrons with opposite spin and
reflects the basic symmetry properties of the molecule.

• A molecular orbital multiplied by a spin function is a molecular spin orbital.

The basic approach to the calculation of molecular orbitals would be to solve the Hartree-
Fock equations, which are formally identical for atoms and molecules. However, in general we
don’t have now three-dimensional rotational symmetry and we would need to solve multicenter
integrals. This makes the problem so complex that finding direct iterative solutions to the
Hartree–Fock equations is usually discarded. Instead, one postulates from the beginning that
molecular orbitals can be expressed as linear combinations of atomic orbitals (LCAO). This is
known as the Roothaan method.

Let’s restrict the following discussion to closed shells, which is the easiest configuration to
handle and corresponds in fact to the ground state configuration of many molecules. Since all
electrons in a closed shell have their spins paired (total S = 0), the total antisymmetric wave
function can be represented by a single Slater determinant,

Ψ =
1√
(2N)!

∣∣∣∣∣∣∣∣∣
ψ1(1) ψ1(1) . . . ψN (1) ψN (1)

ψ1(2) ψ1(2) . . . ψN (2) ψN (2)
...

...
...

...
...

ψ1(2N) ψ1(2N) . . . ψN (2N) ψN (2N)

∣∣∣∣∣∣∣∣∣ , (3.197)

where the orthonormal molecular spin orbitals ψj(λ) and ψj(λ) refer to the same spatial orbital
but with ms = 1/2 in the former and ms = −1/2 in the latter. In this way, the 2N electrons
are distributed in 2N spin orbitals or N spatial orbitals. As in the atomic case, our goal is to
find the orbitals that minimize the energy E = ⟨Ψ|H|Ψ⟩, where H is the complete electronic
Hamiltonian of the molecule given by

H =
∑
i

p2i
2m

+
∑
i<j

e2

rij
−
∑
i,α

Zαe
2

riα
+
∑
α<β

ZαZβe
2

rαβ
. (3.198)

The indices i, j refer to electrons; α, β to nuclei; Zα is a nuclear charge and r stands for an
inter–particle distance. This Hamiltonian contains all Coulombic terms under the assumption
the nuclei of the molecule are fixed in their equilibrium configuration (there is no kinetic term
for the nuclei).

The molecular orbitals that satisfy the variational principle are given by the solutions of the
Hartree–Fock equations. For a closed shell we have seen (equation 3.150) that they take the
form

F (1)ψi(1) = εiψi(1), (3.199)

where

F (1) = H0(1) +
∑
k

[
2Jk(1)−Kk(1)

]
, H0(1) =

p21
2m

−
∑
α

Zαe
2

r1α
. (3.200)

Here Jk and Kk are the Coulomb and exchange operators, respectively, which depend on the
molecular orbitals themselves and are defined as in equations (3.147) and (3.148), with the extra
factor 2 now

Jk(1)ψi(1) =

[∫
ψ∗
k(2)

(
e2

r12

)
ψk(2) dτ2

]
ψi(1), (3.201)

Kk(1)ψi(1) =

[∫
ψ∗
k(2)

(
e2

r12

)
ψi(2) dτ2

]
ψk(1). (3.202)
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Also, similarly to equation (3.164), the total energy is given by17

E = 2
∑
i

Ii +
∑
i,k

[
2J(i, k)−K(i, k)

]
. (3.203)

Now is the time to introduce the constraint of the Roothaan method, which is to express the
molecular orbitals as linear combinations of atomic orbitals,

ψi =
∑
µ

cµiϕµ, Ψ = ΦC. (3.204)

The second expression is written in matrix form, where Ψ and Φ are row matrices and C is a
square matrix. The ϕµ are the atomic orbitals which constitute the basis set. However, it is
important to note that they need not be true atomic orbitals in the sense that it is not necessary
for them to be eigenfunctions of an atomic Hamiltonian. They are atomic only to the extent that
they are one-electron functions centered on the various nuclei and chosen largely for their ability
to provide a flexible starting point for the calculation. The ϕµ are not necessarily orthogonal,
therefore we define the overlap integral for the orbital ϕµ and ϕν as

Sµν = ⟨ϕµ|ϕν⟩ =
∫
ϕ∗µ(1)ϕν(1) dτ1. (3.205)

The molecular orbitals, on the contrary, are required to be orthogonal ⟨ψi|ψj⟩ = δij . In the
LCAO approximation this condition is written as

⟨ψi|ψj⟩ =
∑
µ,ν

c∗µicνj ⟨ϕµ|ϕν⟩ =
∑
µ,ν

c∗µicνjSµν = δij , C†SC = 1. (3.206)

The second expression is written in matrix form.
The charge density at a given point r is defined by

ρ(r) = 2
∑
i

ψ∗
i (r)ψi(r). (3.207)

The factor 2 is due to the double occupancy of the molecular orbitals by two electrons with
opposite spin. In terms of the atomic orbitals this density is

ρ(r) = 2
∑
i

∑
µ,ν

c∗µicνiϕ
∗
µ(r)ϕν(r) =

∑
µ,ν

Pµνϕ
∗
µ(r)ϕν(r), (3.208)

where Pµν is the density matrix is defined as

Pµν = 2
∑
i

c∗µicνi. (3.209)

If N is the number of occupied (spatial) orbitals, the closed shell will contain 2N electrons,
therefore the integral of the charge density over all space must be equal to 2N ,∫

ρ(r) dr =
∑
µ,ν

Pµν

∫
ϕ∗µ(r)ϕν(r) dr =

∑
µ,ν

PµνSµν = 2N. (3.210)

With these relations at hand and

ψi =
∑
ν

cνiϕν , ψk =
∑
σ

cσkϕσ, ψ∗
k =

∑
λ

c∗λkϕ
∗
λ, (3.211)

17The extra factor 2 in front of Ii and J(i, k) is due to the way we have built the Slater determinant, with 2N
spin orbitals.
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we can write

H0(1)ψi(1) =
∑
ν

H0(1)cνiϕν(1), (3.212)

Jk(1)ψi(1) =
∑
λ,σ,ν

c∗λkcσkcνi

[∫
ϕ∗λ(2)

(
e2

r12

)
ϕσ(2) dτ2

]
ϕν(1), (3.213)

Kk(1)ψi(1) =
∑
λ,σ,ν

c∗λkcσkcνi

[∫
ϕ∗λ(2)

(
e2

r12

)
ϕν(2) dτ2

]
ϕσ(1), (3.214)

F (1)ψi(1) =
∑
ν

H0(1)cνiϕν(1) +
∑
k,λ,σ,ν

c∗λkcσkcνi

[
2

[∫
ϕ∗λ(2)

(
e2

r12

)
ϕσ(2) dτ2

]
ϕν(1)

−
[∫

ϕ∗λ(2)

(
e2

r12

)
ϕν(2) dτ2

]
ϕσ(1)

]
=
∑
ν

εicνiϕν(1). (3.215)

This last expression is the Hartree–Fock equation in LCAO form. To proceed, it is useful to
shorten the notation by defining〈

ϕµ(1)ϕλ(2)

∣∣∣∣ ( e2

r12

) ∣∣∣∣ϕν(1)ϕσ(2)〉 ≡ ⟨µν|λσ⟩ , (3.216)

where the convention is to put the indices of the functions referring to the same electron in the
same half–bracket (µν for electron 1 and λσ for electron 2, in this case), and to put the complex
conjugates on the left side of each half–bracket (µ and λ in this case). This definition implies

⟨µν|λσ⟩ = ⟨λσ|µν⟩ , ⟨µν|λσ⟩ = ⟨νµ|σλ⟩∗ . (3.217)

More explicitly,

⟨µν|λσ⟩ = ⟨ϕµ(1)ϕλ(2) | V |ϕν(1)ϕσ(2)⟩ , (3.218)

⟨λσ|µν⟩ = ⟨ϕλ(1)ϕµ(2) | V |ϕσ(1)ϕν(2)⟩ , (3.219)

⟨νµ|σλ⟩∗ = ⟨ϕν(1)ϕσ(2) | V |ϕµ(1)ϕλ(2)⟩∗ = ⟨ϕµ(1)ϕλ(2) | V |ϕν(1)ϕσ(2)⟩ . (3.220)

Multiplying both sides of equation (3.215) by ϕ∗µ(1) we get

∑
ν

cνi ϕ
∗
µ(1)H0(1)ϕν(1) +

∑
k,λ,σ,ν

c∗λkcσkcνi

[
2

[∫
ϕ∗µ(1)ϕ

∗
λ(2)

(
e2

r12

)
ϕσ(2) dτ2

]
ϕν(1)

−
[∫

ϕ∗µ(1)ϕ
∗
λ(2)

(
e2

r12

)
ϕν(2) dτ2

]
ϕσ(1)

]
=
∑
ν

εicνi ϕ
∗
µ(1)ϕν(1). (3.221)

Now we perform an additional integration over the coordinates of electron (1),

∑
ν

cνi

∫
ϕ∗µ(1)H0(1)ϕν(1) dτ1

+
∑
k,λ,σ,ν

c∗λkcσkcνi

[
2

∫
ϕ∗µ(1)ϕ

∗
λ(2)

(
e2

r12

)
ϕν(1)ϕσ(2) dτ1 dτ2

−
∫
ϕ∗µ(1)ϕ

∗
λ(2)

(
e2

r12

)
ϕσ(1)ϕν(2) dτ1 dτ2

]
=
∑
ν

εicνi

∫
ϕ∗µ(1)ϕν(1) dτ1. (3.222)
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Using our compact notation this can be written as∑
ν

cνiHµν +
∑
k,λ,σ,ν

c∗λkcσkcνi

[
2 ⟨µν|λσ⟩ − ⟨µσ|λν⟩

]
=
∑
ν

εicνiSµν , (3.223)

where we have defined
Hµν = ⟨ϕµ(1) |H0(1) |ϕν(1)⟩ . (3.224)

According to our previous definition of the density matrix, we have Pλσ = 2
∑

k c
∗
λkcσk. Therefore∑

ν

cνiHµν +
∑
λ,σ,ν

Pλσ

[
⟨µν|λσ⟩ − 1

2
⟨µσ|λν⟩

]
=
∑
ν

εicνiSµν . (3.225)

Finally, defining

Fµν = Hµν +
∑
λ,σ

Pλσ

[
⟨µν|λσ⟩ − 1

2
⟨µσ|λν⟩

]
, (3.226)

we can write the Hartree–Fock equation in this compact form∑
ν

(Fµν − εiSµν)cνi = 0, (F− εS)C = 0, (3.227)

where the last expression is written in matrix notation, with ε a diagonal matrix whose diagonal
elements εi are the orbital energies. This set of homogeneous equations will have nontrivial
solutions only when

det |Fµν − εiSµν | = 0 (3.228)

At this point the LCAO approximation has converted the original partial differential equa-
tions (Hartree-Fock) into algebraic equations (Roothaan). This is a very significant simplifica-
tion, without which it is extremely difficult to calculate reliable molecular orbitals of any but
the simplest molecules. The Roothaan equations, also called LCAO-SCF equations18, are the
basic equations of molecular orbital theory. For molecules with atoms of high enough Z it might
be necessary to include also the spin-orbit interaction. This can be done in a way that closely
resembles the atomic case.

18Also SCF-LCAO-MO, for Self-Consistent Field-Linear Combination of Atomic Orbitals-Molecular Orbital.
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3.4 Problems.

1. Compute the expectation value of the electronic repulsion term of the helium Hamil-
tonian using the trial function ψ0 = (8/πa3)e−2(r1+r2)/a and obtain the result shown
in equation (3.13).
Hint: fix r1 and do the integral over r2 choosing the coordinate system in such a way that

the polar axis (z-axis) runs along r1, so that |r1 − r2| =
√
r21 + r22 − 2r1r2 cos θ2. Then do

the integral over r1.

2. Using the variational method derive a generic expression to estimate the ground state
energy of an atom/ion with Z protons in the nucleus and only two bound electrons.
You may adapt the expressions we have used to study the helium atom. Give the
numerical result in eV for Z = 3.

3. Consider a Helium atom with the Hamiltonian

H =

(
p21
2m

− 2e2

r1
e−λr1

)
+

(
p22
2m

− 2e2

r2
e−λr2

)
+
e2

r12
,

where the electron-nucleus interaction is described by a Yukawa potential.

i) Use the trial function

ψ1(r1, r2) =
ζ3

πa3
e−ζ(r1+r2)/a,

to show that,

E(ζ) = ⟨ψ1|H|ψ1⟩ =
[
−2ζ2 − 5ζ

4
+

32ζ3

(2ζ + λa)2

]
E1,

where a is the Bohr radius and E1 = e2/(2a) ≈ 13.6 eV.

(Hint: you can use much of what was done in class for the helium atom.)

ii) According to the variational principle, an estimate of the ground-state energy
of this system can be obtained by minimizing the previous function. However,
the minimum condition, E′(ζ) = 0, leads to a transcendental equation that can
only be solved numerically. An approximate solution can be found for λa≪ 2ζ.
In such case show that

E(ζ) ≈
[
−2ζ2 +

27

4
ζ − 8λa+ 6

(λa)2

ζ

]
E1.

When λ = 0, this function has a minimum for ζ0 = 33/24 (see the lecture
notes), therefore for small λ ̸= 0 the new minimum must be found close to ζ0.
Define then ϵ = ζ − ζ0 and find that

ϵ ≈ −3

2

(
λa

ζ0

)2

,

concluding that the approximate solution is

ζ ≈ ζ0 −
3

2

(
λa

ζ0

)2

=
33

24
− 27

35
(λa)2,
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which leads to a minimum energy of

Emin ≈
[
−2ζ20 +

27

4
ζ0 − 8(λa) +

(
12

ζ0
− 81

8ζ20

)
(λa)2

]
E1

=

[
36

27
− 23(λa) +

25

32
(λa)2

]
E1.

Hint: use the Taylor series 1/(1 + x)2 = 1− 2x+ 3x2 − . . .

4. Compute the expectation value known as overlap integral in the variational approach
to the hydrogen molecule ion H+

2 and check that you obtain the result shown in
equation (3.27).
Hint: choose a coordinate system such that proton 1 is at the origin and proton 2 is on the

z-axis at a point z = R, so that r1 = r and r2 =
√
r2 +R2 − 2rR cos θ.

5. Compute the expectation values known as direct integral and exchange integral in
the variational approach to the hydrogen molecule ion H+

2 and check that you obtain
the results shown in equations (3.33) and (3.34).
Hint: perform the calculations using the same reference system of the previous problem. If

the notation used in the text for the wavefunctions seems confusing when doing the integrals,

you may write them as ψ
(p1)
0 (r) and ψ

(p2)
0 (r), instead of ψ0(r1) and ψ0(r2).

6. In the variational study of the hydrogen molecule ion H+
2 use as a new trial wave

function ψ = A[ψ0(r1) − ψ0(r2)], where ψ0(r1) and ψ0(r2) are hydrogen ground
eigenstates corresponding to the electron being bound to one or the other proton.
You don’t need to do the integrals all over again, just make the necessary changes in
the signs to get a new F (x) (see equation (3.40)). Plot the new F (x) function and
explain if bonding is possible in this situation.

7. Prove that the total orbital angular momentum of the entire electronic system of an
atom with N electrons, L =

∑N
i=1 ℓi, commutes with the Hamiltonian HI = H0+H1

given by equation (3.42).
Hints: the commutation with H0 should be easy to prove. When studying the commutation

with H1 you need to realize that ℓk
1

rij
̸= 1

rij
ℓk. Express the orbital angular momentum of

the k-th electron as ℓk = −iℏ rk ×∇k and use a dummy wave function to prove that

ℓk
1

rij
=

1

rij
ℓk − iℏ rk ×∇k

(
1

rij

)
.

Also, noting that the operator ∇k differentiates with respect to the coordinates of the k-th
electron only, you should be able to prove and use the relation

∇k

(
1

rij

)
= −ri − rj

r3ij
δik −

rj − ri
r3ij

δjk.

8. In some atoms, the charge-screening effect of other electrons on the motion of each
of them can be well approximated by the replacement of the Coulomb potential with
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the so-called Hulthen potential,

V (r) = −Ze
2

a

1

er/a − 1
,

where a > 0 is the effective screening radius.

• Study the asymptotic behaviour of this potential for the limiting cases r ≪ a
and r ≫ a, explaining the corresponding physical meaning.

• Assuming that r ≪ a, use perturbation theory to calculate the energy spectrum
in this model and prove that the ℓ-degeneracy of the pure Coulomb potential
is broken.

Hints: use the Taylor series expansion
x

ex − 1
= 1 − x

2
+
x2

12
− . . .; use also the expression

for ⟨r⟩nℓ computed with hydrogen-like wave functions.

9. Consider the following configurations of two electrons:

i) One electron in orbital a with spin β (ms = −1/2) and the other in orbital b
with spin α (ms = 1/2).

ii) One electron in orbital a with spin α and the other in orbital b with spin β.

In those conditions address the following items:

a) Write the Slater determinants of both configurations.

b) Calculate their energy by assuming the Hamiltonian

H =
p21
2m

− Ze2

r1
+

p22
2m

− Ze2

r2
+
e2

r12
= h(1) + h(2) +

e2

r12
.

Express the result in terms of the integrals Ia = ⟨a|h|a⟩, Ib = ⟨b|h|b⟩ and
Jab = ⟨a(1)b(2)| e2r12 |a(1)b(2)⟩.

c) Show that i) and ii) are not eigenstates of S2, where S = s(1) + s(2), while
their linear symmetric and antisymmetric combinations are.

d) Calculate the energy of these two eigenstates, expressing the results as a func-

tion of the integrals Ia, Ib, Jab, defined before, andKab = ⟨a(1)b(2)| e2r12 |b(1)a(2)⟩
(the exchange integral).

10. Compute the degeneracy of the niobium ground state configuration, [Kr](5s1)(4d4),
(the number of ways the electrons can be placed in the different states of the confi-
guration).

11. Assuming that LS coupling holds, list the possible spectral terms 2S+1L which result
from the following electronic configurations
(a): (np)(n′p)(n′′p); (b): (nd4); (c): (nd8); (d): (ns)(n′p2).
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12. Assuming that jj coupling holds, list the possible spectral terms (j1j2)J which result
from the following electronic configurations
(a): (ns)(n′p); (b): (nd2).

13. The electronic configuration of the silicon atom is [Ne](3s)2(3p)2.

a) Determine, assuming LS coupling, the possible atomic terms for this configu-
ration and explain which one is expected to correspond to the silicon ground
state.

One of the possible terms is 3P. For this term:

b) Study the fine structure due to the spin-orbit coupling. Restricted to the
subspace of a term of degenerate states having the same L and S quantum
numbers, the corresponding Hamiltonian can be written as Hso = ζ LS. Work
out the spin, orbital angular momentum and total angular momentum for each
of the fine structure levels. Compute the energy differences between the levels
and draw them in a diagram (leave the results in terms of ζ).

c) When an atom is surrounded by a weak magnetic field, B, it takes place an
additional energy splitting on top of the fine structure. Assume the magnetic
field is oriented along the z axis, B = Bẑ, and draw this further splitting in
the previous energy diagram, indicating the necessary quantum numbers to
identify each level. Compute also the energy differences between them.

d) Repeat the previous study assuming the magnetic field B is very strong. If the
spin-orbit interaction is neglected, how many levels with different energies are
there? Draw the appropriate diagram.

e) Study now the case in which the spin-orbit interaction is of similar magnitude
to the perturbation caused by the external magnetic field.

14. Using the change of variable given in equation (3.113), derive the Thomas–Fermi
universal equation, x1/2χ′′ = χ3/2, and prove that it predicts an atomic electron
density given by

ρ(x) =
Z

4πb3

(χ
x

)3/2
.

15. Suppose that, in the Thomas-Fermi model, we define the radius of an atom as that
value, R = r(α), which encloses a fixed fraction of the Z electrons, (1 − α)Z, with
0 < α < 1. This means that

4π

∫ R

0
ρ(r) r2 dr = (1− α)Z.

Take the density function of the previous problem, make the change of variable r = bx
and arrive at the expression ∫ x(α)

0
x1/2 χ3/2 dx = 1− α.

Then, using the Thomas–Fermi equation, x1/2χ′′ = χ3/2, and the boundary condition
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χ(0) = 1, prove that x(α) ≡ xα satisfies the equation

χ(xα)− xαχ
′(xα) = α

16. Prove that two spin orbitals that satisfy the Hartre-Fock equations, (3.161) and
(3.162), are orthogonal: ⟨ψk|ψi⟩ = 0, for εi ̸= εk.
Hint: multiply (3.161) by ψ∗

k(1) and integrate. Then take the complex conjugate of (3.162),

multiply by ψi(1) and integrate. Finally, compare the two expressions you got.

17. Consider a system of two fermions of spin 1/2 described by the Hamiltonian

H = H0(1) +H0(2) + V,

where

H0(1) =
p21
2m

+
1

2
mω2x21, H0(2) =

p22
2m

+
1

2
mω2x22, V =

1

2
mΩ2(x1 − x2)

2.

The spin wave function of the ground state is the anti-symmetric singlet
1√
2
(|↑↓⟩ − |↓↑⟩) whereas the space wave-function is symmetric under the x1 ↔ x2

exchange.

a) Introduce the centre of mass and relative position variables

X ≡ 1

2
(x1 + x2), x ≡ x1 − x2,

and show, by converting the equation into two uncoupled harmonic oscillators,
that the ground state exact space wave-function of this system is

Ψ(x1, x2) =
α√
π
(1 + 2K)1/8 exp

[
−α

2

4
(1 +

√
1 + 2K)(x21 + x22)

]
exp

[
−α

2

2
(1−

√
1 + 2K)x1x2

]
,

and its energy

E0 =
ℏ2α2

2m
(1 +

√
1 + 2K),

where α ≡ (mω/ℏ)1/2 and K ≡ (Ω/ω)2. You do not have to solve the harmonic
oscillator equation, simply take the ground state solution from the bibliography.

b) Demonstrate that
ΨHF(x1, x2) = ϕ(x1)ϕ(x2),

with

ϕ(x) =
α1/2

π1/4
(1 +K)1/8 exp

[
−α

2

2

√
1 +Kx2

]
,

is the space wave-function solution of the Hartree-Fock equations for this sys-
tem

H0(1)a(1) +

[∫
b∗(2)Vb(2) dτ2

]
a(1)−

[∫
b∗(2)Va(2) dτ2

]
b(1) = εaa(1),

H0(2)b(2) +

[∫
a∗(1)Va(1) dτ1

]
b(2)−

[∫
a∗(1)Vb(1) dτ1

]
a(2) = εbb(2),
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being a = |ϕ ↑⟩ and b = |ϕ ↓⟩, and also show that the estimated energy is

EHF
0 =

ℏ2α2

2m
2
√
1 +K.

c) Study the ratio

R(K) ≡ EHF
0

E0

as a function of K by plotting R(K) versus K in the [0, 20] range and discuss
the result.

18. Study the Helium atom described by the Hamiltonian

H = H0(1) +H0(2) +
e2

r12
, H0(i) =

p2i
2m

− 2e2

ri
,

where (i = 1, 2). Assume that its ground state can be described using the Slater
determinant

Ψ =
1√
2
(ψ1(1)ψ2(2)− ψ2(1)ψ1(2)),

where ψ1(i) = ϕ1s(ri) |↑i⟩ and ψ2(i) = ϕ1s(ri) |↓i⟩ (the notation |↑i⟩ = α(i) and
|↓i⟩ = β(i) can also be used).

a) Show that the Hartree-Fock equations

H0(1)ψ1(1) +

[∫
ψ∗
2(2)

(
e2

r12

)
ψ2(2) dτ2

]
ψ1(1)

−
[∫

ψ∗
2(2)

(
e2

r12

)
ψ1(2) dτ2

]
ψ2(1) = ε1ψ1(1),

H0(2)ψ2(2) +

[∫
ψ∗
1(1)

(
e2

r12

)
ψ1(1) dτ1

]
ψ2(2)

−
[∫

ψ∗
1(1)

(
e2

r12

)
ψ2(1) dτ1

]
ψ1(2) = ε2ψ2(2),

lead to the Hartree equation for the spatial orbital ϕ1s(r)[
− ℏ2

2m
∇2 − 2e2

r
+

∫ ∣∣ϕ1s(r′)∣∣2 e2

|r− r′|
dr′
]
ϕ1s(r) = ε1sϕ1s(r).

b) Use the orbital

ϕ1s(r) =

√
ζ3

πa3
e−ζr/a,

to make an estimate of the potential

U(r) = −2e2

r
+

∫ ∣∣ϕ1s(r′)∣∣2 e2

|r− r′|
dr′.

Prepare a plot of the effective charge in units of the proton charge, Zeff(r) =
U(r)/(−e2/r), and interpret the result.
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c) For the Helium atom the energy correction due to the Darwin term is given by

HD =
eℏ2

8m2c2
(∇1E1 +∇2E2) =

ℏ2

8m2c2
(
∇2

1U(r1) +∇2
2U(r2)

)
.

Show, using perturbation theory, that the energy shift due to the Darwin term,
considering the potential obtained in b), is:

ED =
15

8
ζ3α4mc2,

and give ED in eV considering that ζ = 1.69. Discuss the difference with the
result that is obtained with two non-interacting electrons, that can be found
in equation (1.196) of the handouts:

ED = 2× 8α4mc2 = 16α4mc2.

Hint: it is very easy to calculate ∇2U(r) considering that:

∇2

(
1

|r− r′|

)
= −4πδ(r− r′).

19. Consider the Lithium atom described by the Hamiltonian

H =
3∑
i=1

H0(i) +
3∑
i<j

e2

rij
,

where:

H0(i) =
p2i
2m

− 3e2

ri
.

The ground state is given by the (1s)2(2s)1 configuration. If the orbitals for 1s
and 2s electrons are given by a hydrogen-like 1s wave function with charge ζ and a
hydrogen-like 2s wave function with charge ζ/2:

ϕ1s(r) =

√
ζ3

πa3
e−ζr/a,

ϕ2s(r) =
A

16

√
ζ3

πa3

(
2− c

ζr

2a

)
e−ζr/4a,

where c is used to keep ϕ1s and ϕ2s orthogonal and A to normalize ϕ2s.

1) Show that

c =
5

3
, A =

√
3

13
.

Consider the single Slater determinant

Ψ =
1√
6

∣∣∣∣∣∣
ϕ1s(r1)α(1), ϕ1s(r1)β(1), ϕ2s(r1)α(1)
ϕ1s(r2)α(2), ϕ1s(r2)β(2), ϕ2s(r2)α(2)
ϕ1s(r3)α(3), ϕ1s(r3)β(3), ϕ2s(r3)α(3)

∣∣∣∣∣∣ .
2) Show that

⟨Ψ|H|Ψ⟩ = ⟨ϕ1sϕ1sϕ2s|H|ϕ1sϕ1sϕ2s⟩ − ⟨ϕ1sϕ1sϕ2s|H|ϕ2sϕ1sϕ1s⟩ .
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3) Demonstrate that

⟨ϕ1sϕ1sϕ2s|H|ϕ1sϕ1sϕ2s⟩ = 2 ⟨ϕ1s|H0|ϕ1s⟩+ ⟨ϕ2s|H0|ϕ2s⟩

+

〈
ϕ1sϕ1s

∣∣∣∣ e2r12
∣∣∣∣ϕ1sϕ1s〉+ 2

〈
ϕ1sϕ2s

∣∣∣∣ e2r12
∣∣∣∣ϕ1sϕ2s〉 .

4) Also show that

⟨ϕ1sϕ1sϕ2s|H|ϕ2sϕ1sϕ1s⟩ =
〈
ϕ1sϕ2s

∣∣∣∣ e2r12
∣∣∣∣ϕ2sϕ1s〉 .

5) Use the previous results and the variational principle to estimate ζ and the
ground state energy of Lithium.



144



Chapter 4

Interaction between atoms and
radiation.

To study the interaction of atoms with electromagnetic radiation we need to quantize the elec-
tromagnetic field, and to do that we’ll start with a (very) brief introduction to quantum field
theory.

4.1 The electromagnetic radiation field.

Let’s start with a pure radiation field without charge and current sources. In this situation, the
electromagnetic field can be described with just a vector potential, A, which can be expressed as
a linear superposition of plane waves. For normalization purposes, we consider a field in a cubic
box of side L, very large compared with the relevant dimensions of our (atomic) problem. Both
the magnitude of L and the box shape will be seen to have no impact on the physics results. We
impose periodic boundary conditions at each face of the cube, which leads to the requirement
that all plane waves must satisfy the relations

eikxx = eikx(x+L), eikyy = eiky(y+L), eikzz = eikz(z+L). (4.1)

Therefore

kx =
2πNx

L
, ky =

2πNy

L
, kz =

2πNz

L
, Nx, Ny, Nz = 0,±1,±2, . . . (4.2)

These are the components of the propagation vector or wave vector, which can be normalized
to provide a unit vector in the direction of the wave propagation (k = ωk/c = 2πν/c = 2π/λ for
a plane wave of wavelength λ moving at speed c),

k =
2π

L
(Nx, Ny, Nz), k̂ =

k

k
, k = |k| = ωk

c
. (4.3)

The periodic conditions give rise to an infinite (discrete) set of modes in the cavity, each one
characterized by the set of integers (Nx, Ny, Nz), leaving polarization aside for the moment. The
number of modes contained in an interval specified by ∆Nx, ∆Ny and ∆Nz is just given by

∆N = ∆Nx∆Ny∆Nz =

(
L

2π

)3

∆kx∆ky∆kz. (4.4)

For a box with dimensions large compared to the radiation wavelength, we may assume the
modes to form a continuous distribution. We can then write the number of propagation modes
contained in an interval dk and in the direction defined by the element of solid angle dΩ as

dN =

(
L

2π

)3

dkxdkydkz =

(
L

2π

)3

k2 sin θ dk dθ dφ =
V

(2π)3
k2 dk dΩ. (4.5)
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The (real) vector potential can be expressed as a linear superposition of plane waves,

A(r, t) =
∑
k,λ

êkλ

[
Akλ exp

[
i(kr− ωkt)

]
+A∗

kλ exp
[
− i(kr− ωkt)

]]
, (4.6)

where Akλ is a constant amplitude for the mode (k, λ) and êkλ is a real unit vector which
indicates the linear polarization of the wave. For a given propagation direction, k, there are
only two independent polarization vectors, êk1 and êk2, orthogonal to each other

êkλêkλ′ = δλλ′ , (λ, λ′ = 1, 2). (4.7)

The label λ in the previous expressions indicates the two independent polarizations of electro-
magnetic waves, not the wavelength. The Coulomb gauge condition,1 ∇A = 0, ensures the
transversality of the electromagnetic fields, so that the polarization vector and the propagation
vector are always orthogonal to each other, êkλk̂ = 0. The set {êk1, êk2, k̂} forms a right-handed
system of mutually orthogonal unit vectors. The linear polarization vectors can be replaced by
helicity polarization vectors in the following way,

êk+ = − 1√
2

(
êk1 + iêk2

)
, ê0 = k̂, êk− =

1√
2

(
êk1 − iêk2

)
. (4.8)

They satisfy
ê∗kq × êkq′ = iqk̂δqq′ , (q, q′ = ±1). (4.9)

For q = +1 this cross product gives a unit vector parallel to the direction of propagation,
while for q = −1 gives one anti-parallel. Therefore êk+ and êk− are called positive and negative
helicity unit vectors, respectively. They correspond to left- and right-handed circularly polarized
electromagnetic waves. The rotational properties of a vector field are governed by an orbital
angular momentum operator L, and a spin angular momentum operator S (with S = 1), which
are coupled according to the relation J = L + S (see equation (B.267)). In this case, the unit
vectors {êk+, ê0, êk−} are simultaneous eigenvectors of S2 and Sz, with the eigenvalues of Sz
being +1, 0 and −1. Since the electromagnetic field is a vector field one would expect to find also
three eigenvectors, but the transversity condition êkλk̂ = 0 rules out a polarization parallel to
the direction of propagation, leaving only the two helicity vectors êk+ and êk− (or, alternatively,
the two linear polarization vectors êk1 and êk2). In a radiation field, the electric E and magnetic
B fields are transverse to the direction of propagation.

For a pure radiation field the relation E = −∇ϕ− 1
c
∂A
∂t reduces to E = −1

c
∂A
∂t , therefore the

electric field can be computed as

E(r, t) = −1

c

∂

∂t
A(r, t) =

i

c

∑
k,λ

ωkêkλ

[
Akλ exp

[
i(kr−ωkt)

]
−A∗

kλ exp
[
− i(kr−ωkt)

]]
. (4.10)

To find the magnetic field we need to evaluate ∇×A. For any function f we have

∇× (fA) = (∇f)×A+ f(∇×A), (4.11)

therefore
∇×

(
Akλ e

ikr êkλ

)
= ∇

(
Akλ e

ikr
)
× êkλ + Akλ e

ikr (∇× êkλ) . (4.12)

But (∇× êkλ) = 0 because êkλ is constant. Since Akλ is also a constant, we only need to
evaluate

∇eikr = ikeikr = i|k|k̂eikr = i

c
ωkk̂e

ikr, (4.13)

1The canonical quantization of the electromagnetic field in a relativistic invariant way is a difficult subject,
essentially because of gauge invariance. For our purposes in this chapter it is sufficient to work just in the Coulomb
gauge, where ∇A = 0 and A0 (the scalar potential, ϕ) is a constrained variable, rather than a dynamical variable.
This allows us to simplify the quantization procedure at the price of not having manifest Lorentz invariance.
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so that

∇×
(
Akλ e

ikr êkλ

)
=
i

c
ωkAkλe

ikr
(
k̂× êkλ

)
. (4.14)

Therefore the magnetic field is

B(r, t) = ∇×A(r, t) =
i

c

∑
k,λ

ωk

(
k̂× êkλ

) [
Akλ exp

[
i(kr− ωkt)

]
−A∗

kλ exp
[
− i(kr− ωkt)

]]
.

(4.15)
To get the Hamiltonian we need to find the field energy W in the cavity of volume V in terms
of the electric and magnetic fields. Electromagnetic theory tells us that W is given by

W =
1

8π

∫
V
(E2 +B2) dV. (4.16)

Let’s first perform the integral of the E2 term. Denoting Akλ = Akλe
−iωkt, where Akλ is a

constant amplitude for the mode (k, λ), the expression for E can be written as

E(r, t) =
i

c

∑
k,λ

ωkêkλ

[
Akλ e

ikr −A∗
kλ e

−ikr
]
. (4.17)

When squaring this sum we get

E ·E = − 1

c2

∑
k,λ

∑
k′,λ′

ωkωk′
(
êkλ · êk′,λ′

) [
Akλe

ikr −A∗
kλe

−ikr
][
Ak′λ′e

ik′r −A∗
k′λ′e

−ik′r
]

= − 1

c2

∑
k,λ

∑
k′,λ′

ωkωk′
(
êkλ · êk′,λ′

) [
AkλAk′λ′e

i(k+k′)r −AkλA
∗
k′λ′e

i(k−k′)r + cc
]
. (4.18)

where cc stands for the complex conjugate of the terms within the square brackets. The volume
integrals can be evaluated using the boundary conditions (4.1). The results are just Kronecker
deltas multiplied by the volume of the box,∫

V
e±i(k+k′)r dV = δk′,−kV,

∫
V
e±i(k−k′)r dV = δk′kV. (4.19)

A further simplification can be made by taking into account the orthogonality condition on the
polarization vectors,

êkλêkλ′ = δλλ′ , êkλê−kλ′ = −δλλ′ , (4.20)

together with the relation ωk = ω−k. Note that we have implicitly used ê−kλ′ = −êkλ′ to derive
the last relation in (4.20). Taking all this into account we have∫
V
E ·E dV = − 1

c2

∫
V

∑
k,λ

∑
k′,λ′

ωkωk′
(
êkλ · êk′,λ′

) [
AkλAk′λ′e

i(k+k′)r −AkλA
∗
k′λ′e

i(k−k′)r + c.c
]
.

= −V
c2

∑
k,λ

∑
k′,λ′

ωkωk′
(
êkλ · êk′,λ′

) [
AkλAk′λ′δk,−k′ −AkλA

∗
k′λ′δk,k′ + c.c

]
= −V

c2

∑
k,λ

∑
λ′

ω2
k

[ (
êkλ · ê−k,λ′

)
AkλA−kλ′ −

(
êkλ · êk,λ′

)
AkλA

∗
kλ′ + c.c

]
= −V

c2

∑
k,λ

∑
λ′

ω2
k

[
− δλλ′AkλA−kλ′ − δλλ′AkλA

∗
kλ′ + c.c

]
=
V

c2

∑
k,λ

ω2
k

[
AkλA

∗
kλ +AkλA−k,λ + c.c.

]
. (4.21)
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The first term is equal to its conjugate and will have a double contribution. When making
explicit the complex conjugates we have:∫

V
E ·E dV =

V

c2

∑
k,λ

ω2
k

[
2AkλA

∗
kλ +AkλA−k,λ +A∗

kλA
∗
−k,λ

]
(4.22)

We need now to perform the integral of the B2 term, which is given by

B ·B = − 1

c2

∑
k,λ

∑
k′,λ′

ωkωk′

(
(k̂× êkλ) · (k̂′ × êk′,λ′)

) [
Akλe

ikr −A∗
kλe

−ikr
][
Ak′λ′e

ik′r −A∗
k′λ′e

−ik′r
]

= − 1

c2

∑
k,λ

∑
k′,λ′

ωkωk′

(
(k̂× êkλ) · (k̂′ × êk′,λ′)

) [
AkλAk′λ′e

i(k+k′)r −AkλA
∗
k′λ′e

i(k−k′)r + c.c
]
.

(4.23)

The vector identity
(A×B)(C×D) = (AC)(BD)− (AD)(BC), (4.24)

together with the orthogonality condition, êkλk̂ = 0, allow to find that:(
k̂× êkλ

)(
k̂× êkλ′

)
=
(
k̂k̂
)
(êkλêkλ′)−

(
k̂êkλ′

)(
êkλk̂

)
= δλλ′ . (4.25)

The magnetic field contribution to the energy can be computed following the same steps which
lead us to equation (4.21). The result is∫

V
B ·B dV =

V

c2

∑
k,λ

ω2
k

[
2AkλA

∗
kλ −AkλA−k,λ −A∗

kλA
∗
−k,λ

]
(4.26)

We see that the cross terms cancel out those of the electric field contribution. We are left then
with the following expression for the field energy,

W =
V

2πc2

∑
k,λ

ω2
kAkλA

∗
kλ =

V

2πc2

∑
k,λ

ω2
kAkλA

∗
kλ. (4.27)

In the last step we have replaced the time-dependent Akλ = Akλe
−iωkt amplitudes by the con-

stant Akλ amplitudes because the time dependency cancels out in the product, thus AkλA
∗
kλ =

AkλA
∗
kλ. The energy of an electromagnetic radiation field is just the sum of the energies of the

individual modes, does not depend on time and is equally shared by the electric and
magnetic fields.

We introduce now a new set of variables through the relations

Akλ =
c

ωk

√
π

V

(
ωkQkλ + iPkλ

)
, A∗

kλ =
c

ωk

√
π

V

(
ωkQkλ − iPkλ

)
, (4.28)

Qkλ =
1

2c

√
V

π

(
Akλ +A∗

kλ

)
, Pkλ = −iωk

2c

√
V

π

(
Akλ −A∗

kλ

)
. (4.29)

The electromagnetic energy can then be written as

W =
1

2

∑
k,λ

(
P 2
kλ + ω2

kQ
2
kλ

)
. (4.30)

We’ll see now that the variables Pkλ and Qkλ satisfy the Hamilton equations, which means that
they are canonical variables and the expression above can be interpreted as the Hamiltonian of
the electromagnetic field. Indeed, note that

Q̇kλ = Pkλ, Ṗkλ = −ω2
kQkλ, (4.31)
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therefore,
∂W

∂Qkλ
= ω2

kQkλ = −Ṗkλ,
∂W

∂Pkλ
= Pkλ = Q̇kλ. (4.32)

It can also be verified that the Maxwell equations in free space

∇×E = −1

c

∂B

∂t
, ∇×B =

1

c

∂E

∂t
, (4.33)

are in fact the Hamilton equations (4.32) .
The Hamiltonian (4.30) is actually identical to the Hamiltonian of a collection of simple (in-

dependent) harmonic oscillators. Indeed, remember that the Hamiltonian of a one-dimensional
harmonic oscillator of mass m and frequency ω is

H =
p2

2m
+
m

2
ω2q2, (4.34)

where p is the momentum and q is the displacement. If we now let

P 2 =
p2

m
, Q2 = mq2, (4.35)

the Hamiltonian becomes

H =
1

2

(
P 2 + ω2Q2

)
. (4.36)

Comparing equations (4.36) and (4.30) we see that each mode of the radiation field is formally
equivalent to a single harmonic oscillator.

4.2 Quantization of the radiation field.

We now apply all we know about the quantum mechanical treatment of the harmonic oscil-
lator. The quantities Pkλ and Qkλ are postulated to be operators that satisfy the following
commutation relations,

[Qkλ, Pk′λ′ ] = iℏ δkk′δλλ′ , [Qkλ, Qk′λ′ ] = [Pkλ, Pk′λ′ ] = 0. (4.37)

The annihilation and creation operators are defined as

akλ =
1√
2ℏωk

(ωkQkλ + iPkλ), a†kλ =
1√
2ℏωk

(ωkQkλ − iPkλ), (4.38)

Qkλ =

√
ℏ

2ωk

(
akλ + a†kλ

)
, Pkλ =

1

2i

√
2ℏωk

(
akλ − a†kλ

)
. (4.39)

Satisfying the commutation rules2[
akλ, a

†
k′λ′

]
= δkk′δλλ′ , [akλ, ak′λ′ ] =

[
a†kλ, a

†
k′λ′

]
= 0. (4.40)

The Hamiltonian (4.30) can be written in terms of these operators as

H =
∑
k,λ

Hkλ =
∑
k,λ

ℏωk

(
a†kλakλ +

1

2

)
=
∑
k,λ

ℏωk

(
Nkλ +

1

2

)
, (4.41)

where Nkλ = a†kλakλ is the number operator for the mode k and polarization λ. The eigenvalues
of Nkλ are nkλ = 0, 1, 2, . . . Therefore it satisfies the following eigenvalue equation,

Nkλ |nkλ⟩ = nkλ |nkλ⟩ , nkλ = 0, 1, 2, . . . (4.42)

2These commutation relations are characteristic of boson operators, but a discussion of this matter here would
take us too far afield.
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where |nkλ⟩ represents an eigenstate of Nkλ. The possible energies of the radiation field are
given by the eigenvalues of H, which are

E =
∑
k,λ

Ekλ =
∑
k,λ

ℏωk

(
nkλ +

1

2

)
. (4.43)

The annihilation and creation operators act on the Hamiltonian eigenstates according to

akλ |nkλ⟩ =
√
nkλ |nkλ − 1⟩ , a†kλ |nkλ⟩ =

√
nkλ + 1 |nkλ + 1⟩ . (4.44)

The operator a†kλ creates a photon with propagation vector k, polarization vector êkλ, frequency
ωk, momentum ℏk and energy ℏωk. The operator akλ destroys a photon of the same type. The
quantities nkλ, called occupation numbers, are the eigenvalues of the number operator Nkλ and
give the number of photons in the radiation field in the mode k and polarization λ. A complete
description of the radiation field can be given by specifying the occupation numbers nkλ. Since
the radiation field is a collection of independent modes, the tensor product of all eigenstates
|nkλ⟩ is an eigenstate of the total Hamiltonian.

By performing the tensor product of single-particle Hilbert space states we build the states
of the Fock space (also a Hilbert space). For two single-particle states such as |ψ⟩ and |ϕ⟩, for
example, we would have

|ψ⟩ ⊗ |ϕ⟩ ≡ |ψ, ϕ⟩ . (4.45)

Omitting possible internal degrees of freedom, in the position-space representation we would
have just the product of the two wave functions,

⟨r1, r2 |ψ, ϕ⟩ = (⟨r1| ⊗ ⟨r2|) (|ψ⟩ ⊗ |ϕ⟩) = ⟨r1 |ψ⟩ ⟨r2 |ϕ⟩ = ψ(r1)ϕ(r2). (4.46)

For identical particles, we should only work with the symmetric subspace (for bosons) or the an-
tisymmetric subspace (for fermions). Since photons are bosons, we will only consider symmetric
combinations of states containing N photons, nkλ for each propagation and polarization vector.
For the sake of illustration let’s consider a 3-photon state, with nk1λ1 = 2 and nk2λ2 = 1. If
photons were distinguishable particles we would build the state∣∣ψ1

k1λ1 , ψ
2
k1λ1 , ψ

3
k2λ2

〉
. (4.47)

But since they are not distinguishable, the symmetric state to use is

|nk1λ1 = 2, nk2λ2 = 1⟩

=
1√
3

( ∣∣ψ1
k1λ1 , ψ

2
k1λ1 , ψ

3
k2λ2

〉
+
∣∣ψ1

k1λ1 , ψ
2
k2λ2 , ψ

3
k1λ1

〉
+
∣∣ψ1

k2λ2 , ψ
2
k1λ1 , ψ

3
k1λ1

〉 )
. (4.48)

Fortunately, we will not need to do all this symmetrization by hand, since the commutation rela-
tions (4.40) automatically take care of this when applying the corresponding creation operators
on the vacuum state.3

We will write a general state of the radiation field as

|nk1λ1⟩ ⊗ |nk2λ2⟩ ⊗ . . .⊗ |nkiλi⟩ ⊗ . . . ≡ |nk1λ1 , nk2λ2 , . . . , nkiλi , . . .⟩ (4.49)

To simplify the notation we can make the replacement nkiλi ≡ ni and write the eigenstate as

|n1, n2, . . . , ni, . . .⟩ . (4.50)

The eigenstates satisfy the orthogonality relation,〈
n′1, n

′
2, . . . , n

′
i, . . .

∣∣n1, n2, . . . , ni, . . .〉 = δn′
1n1
δn′

2n2
. . . δn′

ini
. . . (4.51)

3See the first two problems at the end of this chapter.
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Replacing the indices kiλi by a single index i in the operators, the obvious generalization of
(4.44) for a general many–photon state is

ai |n1, n2, . . . , ni, . . .⟩ =
√
ni |n1, n2, . . . , ni − 1, . . .⟩ ,

a†i |n1, n2, . . . , ni, . . .⟩ =
√
ni + 1 |n1, n2, . . . , ni + 1, . . .⟩ , (4.52)

ai |n1, n2, . . . , 0i, . . .⟩ = 0.

For the number operators and the total energy we have

Ni |n1, n2, . . . , ni, . . .⟩ = ni |n1, n2, . . . , ni, . . .⟩ , E =
∑
i

ℏωi
(
ni +

1

2

)
. (4.53)

Note that even when the number of photons for a given mode is zero, nkλ = 0, the energy
associated with that mode is not zero, but ℏωk/2. When all possible modes are taken into
account this leads to an infinite zero-point energy. A proper discussion of this matter goes
beyond the scope of this course. Let us simply say here that a consistent description of all
physical processes in atomic physics can be obtained by ignoring this infinite zero-point energy
of the radiation field. Only energy differences relative to a conveniently defined ground state
really matter.

The rotational properties of the classical radiation field still apply also in the quantum do-
main. The photon has an intrinsic spin S = 1 with only two possible values for the third
component, mS = ±1, due to the transversality condition. The spin of a photon can be re-
garded as a vector pointing parallel (positive helicity) or anti-parallel (negative helicity) to its
momentum vector ℏk. This can be shown to be associated to the fact that photons are massless
particles.

The vector potential A(r, t) given by equation (4.6) must be now interpreted as an operator.
According to the definitions of the creation and annihilation operators, comparing equations
(4.29) and (4.39) we see that the following replacements need to be done

Akλ −→

√
2πℏc2
V ωk

akλ, A∗
kλ −→

√
2πℏc2
V ωk

a†kλ, (4.54)

which leads to

AH(r, t) =
∑
k,λ

√
2πℏc2
V ωk

êkλ

[
akλ exp

[
i(kr− ωkt)

]
+ a†kλ exp

[
− i(kr− ωkt)

]]
. (4.55)

The subscript H inAH(r, t) indicates that we are working in the Heisenberg representation (time-
dependent operators, time-independent states). From the study of the harmonic oscillator you
may recall that operators of the form ae−iωt and a†eiωt refer to the Heisenberg representation,
while the operators a and a† are referred to the Schrödinger representation. The vector potential
in the Schrödinger representation is

A(r) =
∑
k,λ

√
2πℏc2
V ωk

êkλ

[
akλe

ikr + a†kλe
−ikr

]
. (4.56)

Note that the vector potential operator is Hermitian, although the creation and annihilation
operators themselves are not. The electric and magnetic field operators in terms of akλ and a†kλ
are, in the Schrödinger representation

E(r) = i
∑
k,λ

√
2πℏωk

V
êkλ

[
akλe

ikr − a†kλe
−ikr

]
. (4.57)
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B(r) = i
∑
k,λ

√
2πℏωk

V

(
k̂× êkλ

)[
akλe

ikr − a†kλe
−ikr

]
. (4.58)

From these expressions, it is clear that the electric and magnetic fields are orthogonal to each
other and orthogonal to the propagation vector.

To see how the ordinary wave functions of quantum mechanics arise from the quantum field
theory formalism let us consider the meaning of the state A(r) |0⟩, where |0⟩ represents the state
with no photons (the vacuum). Noting that akλ |0⟩ = 0, when applying the field operator (4.56)
to the vacuum we obtain

A(r) |0⟩ =
∑
k,λ

√
2πℏc2
V ωk

êkλa
†
kλe

−ikr |0⟩ =
∑
k,λ

√
2πℏc2
V ωk

êkλe
−ikr |kλ⟩ . (4.59)

This is a linear superposition of single-photon states with momentum ℏk and polarization λ.
The sum over k would turn into an integral if we let the size of the normalization box go to
infinity. In fact, this superposition is very similar to the familiar non-relativistic expression
for the eigenstate of position as a linear combination of momentum eigenstates, which in one
dimension is4

|x⟩ =
∫

dp |p⟩⟨p|x⟩ = 1√
2πℏ

∫
dp e−ipx |p⟩ . (4.60)

It seems then natural to claim that the field operator A(r) acting on the vacuum creates a
particle (a photon) at position r. This interpretation can be confirmed by computing the matrix
element ⟨0 |A(r) |kλ⟩. This is

⟨0 |A(r) |kλ⟩ =

〈
0

∣∣∣∣∣∣
∑
k′,λ′

√
2πℏc2
V ωk′

êk′λ′

[
ak′λ′e

ik′r + a†k′λ′e
−ik′r

]
a†kλ

∣∣∣∣∣∣ 0
〉
. (4.61)

Now, the term containing the operator product a†k′λ′a
†
kλ will give zero, since ⟨0| a†k′λ′ = 0. In

addition, the commutation relations (4.40) allows us to write ak′λ′a
†
kλ = a†kλak′λ′ + δkk′δλλ′ .

Therefore

⟨0 |A(r) |kλ⟩ =

〈
0

∣∣∣∣∣∣
∑
k′,λ′

√
2πℏc2
V ωk′

êk′λ′ e
ik′r ak′λ′a

†
kλ

∣∣∣∣∣∣ 0
〉

=

〈
0

∣∣∣∣∣∣
∑
k′,λ′

√
2πℏc2
V ωk′

êk′λ′ e
ik′r

(
a†kλak′λ′ + δkk′δλλ′

) ∣∣∣∣∣∣ 0
〉
. (4.62)

Using again the vacuum condition ⟨0| a†kλ = 0, performing the sum with the Kronecker-delta
constraints, and using the vacuum normalization ⟨0|0⟩ = 1, we get

⟨0 |A(r) |kλ⟩ =

√
2πℏc2
V ωk

êkλ e
ikr. (4.63)

This is the plane-wave function for a photon with momentum ℏk and polarization λ. In other
words, this is the position-space representation of the single-particle wave function of the state
|kλ⟩. Remember that in non-relativistic quantum mechanics ⟨r|p⟩ ∝ eipr/ℏ is the wave function
of the state |p⟩, and compare ⟨r| with ⟨0|A(r). This confirms the interpretation that the field
operator A(r) acting on the vacuum creates a particle at position r. In the quantum field theory
formalism, the vacuum to one-particle matrix elements of the field operators are just the familiar
wave functions of single-particle quantum mechanics.

4Remember that
∫
dp |p⟩⟨p| = 1 and ⟨p|x⟩ = 1√

2πℏe
−ipx.
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4.3 Interaction Hamiltonian and matrix elements.

The total Hamiltonian describing the interaction of an atom with a radiation field can be written
as a sum of three terms

H = Hrad +Hatom +Hint, (4.64)

where

Hrad =
∑
k,λ

ℏωk

(
a†kλakλ +

1

2

)
, (4.65)

is the Hamiltonian of the radiation field and

Hatom =
∑
i

p2i
2m

+ U, (4.66)

is the atomic Hamiltonian. Here the sum runs over the atomic electrons and U contains all the
relevant terms to define the atomic state (Coulomb interaction with the nucleus, Coulomb re-
pulsion among the electrons, spin-orbit interaction, external fields, etc.). To write an expression
for Hint we go back to the Schrödinger equation (1.87) and pay attention to the terms containing
the vector potential,

(E′ + eϕ)ψ =

[
1

2m

(
p+

e

c
A
)2

+
eℏ
2mc

σ · (∇×A)

− p4

8m3c2
− ℏ2e

8m2c2
∇2ϕ− ℏe

4m2c2
σ [(∇ϕ)× p]

]
ψ. (4.67)

Expanding the square and retaining only the terms with the vector potential,

e

2mc
pA+

e

2mc
Ap+

e2

2mc2
A2 +

eℏ
2mc

σ · (∇×A) . (4.68)

Since we are working in the Coulomb gauge (∇A = 0), we have pA = Ap for the radiation
field. Thus

Hint =
e

mc
pA+

e2

2mc2
A2 +

eℏ
2mc

σ · (∇×A) . (4.69)

The total Hamiltonian H = Hrad +Hatom +Hint may then be written as H = H0 +Hint, where
Hint is given by the previous displayed equation and H0 = Hrad +Hatom. We will treat Hint as
a perturbation to H0 and concentrate first only on the term

H1 =
e

mc
pA, (4.70)

which turns out to be the dominant one in electromagnetic interactions. Using the vector
potential in the Schrödinger representation we can write

H1 =
∑
k,λ

e

m

√
2πℏ
V ωk

(êkλ · p)
[
akλe

ikr + a†kλe
−ikr

]
= H(−)

1 +H(+)
1 , (4.71)

where

H(−)
1 =

∑
k,λ

e

m

√
2πℏ
V ωk

(êkλ · p) akλeikr, H(+)
1 =

∑
k,λ

e

m

√
2πℏ
V ωk

(êkλ · p) a†kλe
−ikr. (4.72)

In the absence of any interaction (zero order) the wave function of the total system (atom plus
radiation field) is a product of an atomic wave function, ψa, and a wave function describing the
radiation field,

ψa |n1, n2, . . . , ni, . . .⟩ ≡ |ψa;n1, n2, . . . , ni, . . .⟩ . (4.73)
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Here |n1, n2, . . . , ni, . . .⟩ is the radiation state in the occupation number representation (or Fock
space), as we have already written in the previous section. Consider now the following matrix
elements 〈

ψb;n
′
1, n

′
2, . . . , n

′
i, . . .

∣∣∣H(−)
1

∣∣∣ψa;n1, n2, . . . , ni, . . .〉 , (4.74)〈
ψb;n

′
1, n

′
2, . . . , n

′
i, . . .

∣∣∣H(+)
1

∣∣∣ψa;n1, n2, . . . , ni, . . .〉 . (4.75)

According to the orthogonality relations (4.51) and the effect of the creation and annihilation
operators on Fock space states (4.52), for a non-zero result of the first matrix element, we need
the number occupations for at least one of the modes to verify the relation n′i = ni−1. Similarly,
for the second matrix element to be non zero we need that n′i = ni + 1 for at least one of the
modes. Let’s focus now on a single mode characterized by kλ, that is, for photons of momentum
ℏk and polarization λ, and simplify the notation so that (remember that ai |ni⟩ =

√
ni |ni − 1⟩).

〈
b;nkλ − 1

∣∣∣H(−)
1

∣∣∣ a;nkλ〉 =
e

m

√
2πℏ
V ωk

〈
b;nkλ − 1

∣∣∣ (êkλ · p)akλeikr ∣∣∣ a;nkλ〉
=

e

m

√
2πℏnkλ
V ωk

〈
b
∣∣∣ (êkλ · p)eikr ∣∣∣ a〉 , (4.76)

where we have shortened |ψa⟩ ≡ |a⟩ and |ψb⟩ ≡ |b⟩ to represent the initial and final atomic state.
Similarly,

〈
b;nkλ + 1

∣∣∣H(+)
1

∣∣∣ a;nkλ〉 =
e

m

√
2πℏ
V ωk

〈
b;nkλ + 1

∣∣∣ (êkλ · p)a†kλe−ikr ∣∣∣ a;nkλ〉
=

e

m

√
2πℏ(nkλ + 1)

V ωk

〈
b
∣∣∣ (êkλ · p)e−ikr ∣∣∣ a〉 , (4.77)

We will now examine the matrix element〈
b
∣∣∣ (êkλ · p)eikr ∣∣∣ a〉 ≡ êkλ ·

〈
b
∣∣∣peikr ∣∣∣ a〉 , (4.78)

in the simplified case that kr ≪ 1, so that eikr ≈ 1.5 The atomic Hamiltonian and the commu-
tation relations6

Hatom =
∑
i

p2i
2m

+ U, [rk, p
2] = 2iℏpk (rk = x, y, z), (4.79)

can be used to write (r is the position vector of an atomic electron referred to the nucleus),

[r,Hatom] =
∑
i

[r, p2i ]

2m
+ [r, U ] =

[r, p2]

2m
=
iℏ
m

p. (4.80)

Therefore, since Hatom |a⟩ = Ea |a⟩ and Hatom |b⟩ = Eb |b⟩, where Ea and Eb are the eigenvalues
of the atomic Hamiltonian corresponding to the eigenstate |a⟩ and |b⟩, we have

⟨b|p|a⟩ = m

iℏ
⟨b | [r,Hatom] | a⟩ =

m

iℏ

(
⟨b | rHatom | a⟩ − ⟨b |Hatomr | a⟩

)
=
m

iℏ

(
Ea ⟨b | r | a⟩ − Eb ⟨b | r | a⟩

)
=
im

ℏ
(Eb − Ea) ⟨b|r|a⟩ = imωba ⟨b|r|a⟩ = imωk ⟨b|r|a⟩ .

5The wavelength of photons emitted/absorbed by atoms is of the order of 103 Å, so k ∼ 10−3Å
−1

. The size of
an atom is about 1 Å, so we can take r ∼ 1Å and kr ∼ 10−3.

6Remember that, for example, [x, p2x] = [x, px]px + px[x, px] = 2iℏpx.
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In the last step we have used the relation ωab = ωk, as required by energy conservation.
It can be seen that the approximation eikr ≈ 1 in the vector potential neglects all the terms

in the multipole expansion of the electromagnetic field except the electric dipole (E1) term.7

Therefore, within the electric dipole approximation we have

êkλ ·
〈
b
∣∣∣peikr ∣∣∣ a〉 ≈ êkλ · ⟨b |p | a⟩ = imωk êkλ · ⟨b | r | a⟩ , (4.81)

and〈
b;nkλ − 1

∣∣∣H(−)
1

∣∣∣ a;nkλ〉 =
e

m

√
2πℏnkλ
V ωk

〈
b
∣∣∣ (êkλ · p)eikr ∣∣∣ a〉 ≈ ie

√
2πℏωknkλ

V
êkλ · ⟨b | r | a⟩ .

(4.82)
Consequently, 〈

b;nkλ − 1
∣∣∣H(−)

1

∣∣∣ a;nkλ〉
E1

= ie

√
2πℏωknkλ

V
êkλ · ⟨b | r | a⟩ . (4.83)

A similar reasoning would conclude that〈
b;nkλ + 1

∣∣∣H(+)
1

∣∣∣ a;nkλ〉
E1

= ie

√
2πℏωk(nkλ + 1)

V
êkλ · ⟨b | r | a⟩ . (4.84)

The next higher approximation, which is eikr ≈ 1+ ikr, will lead us to magnetic dipole (M1)
and electric quadrupole (E2) matrix elements. The matrix element containing the operator k · r
(which is equal8 to r · k) is proportional to ⟨b | i(êkλ · p)(k · r) | a⟩. To analyze it, note first that
we can write

i(êkλ · p)(k · r) = 1

2
i(êkλ · p)(k · r)− 1

2
i(êkλ · r)(k · p)

+
1

2
i(êkλ · p)(k · r) + 1

2
i(êkλ · r)(k · p) ≡ OA +OS , (4.85)

where

OA =
1

2
i(êkλ · p)(k · r)− 1

2
i(êkλ · r)(k · p), (4.86)

and

OS =
1

2
i(êkλ · p)(k · r) + 1

2
i(êkλ · r)(k · p) (4.87)

are the antisymmetric and symmetric operator combinations, respectively. Now we use the
vector identity (AC)(BD)− (AD)(BC) = (A×B)(C×D) to transform the OA operator into

OA =
1

2
i(êkλ × k)(p× r) =

1

2
i(k× êkλ)(r× p) =

i

2
(k× êkλ) · L =

iωk

2c
(k̂× êkλ) · L

= iµB

mωk

e
(k̂× êkλ) ·

L

ℏ
= −imωk

e
(k̂× êkλ) · µL, (4.88)

7For a brief review of the multipole expansion of the classical electromagnetic field see appendix (B.7.2).
8Note that k is just a constant vector here, with a magnitude proportional to the energy of the photon and

a direction coincident with that of the propagation of the plane wave, while r is the position vector operator of
an electron. Note also that the operator p acts on everything that stands to its right according to the derivative
chain rule, so

p(kr)ψ = (kr)(pψ) + [p(kr)]ψ = (kr)(pψ) + [−iℏ∇(kxx+ kyy + kzz)]ψ = (kr)(pψ)− iℏkψ,

because ∇(kxx+ kyy + kzz) = k. Furthermore, since êkλ · k = 0, we have

êkλ · p(kr) = êkλ ·
[
(kr)p− iℏk

]
= êkλ · (kr)p.
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where µB = eℏ/(2mc) is the Bohr magneton and µL = −µBL/ℏ is the magnetic moment operator
associated with the orbital angular momentum. The vector k̂ × êkλ lies in the direction of the
magnetic field, as it is clear from equation (4.58). The connection with the magnetic field can

still be made more explicit by writing the H(−)
1 Hamiltonian as (only for one mode kλ),

H(−)
1 =

e

m

√
2πℏ
V ωk

(êkλ · p) akλeikr ≈ e

m

√
2πℏ
V ωk

(êkλ · p) akλ(1 + ikr)

=
[
H(−)

1

]
E1

+ i
e

m

√
2πℏ
V ωk

akλ (êkλ · p)(kr) =
[
H(−)

1

]
E1

+
e

m

√
2πℏ
V ωk

akλ (OA +OS)

=
[
H(−)

1

]
E1

+
e

m

√
2πℏ
V ωk

akλ

(
−imωk

e
(k̂× êkλ) · µL +OS

)
=
[
H(−)

1

]
E1

− i

√
2πℏωk

V
akλ (k̂× êkλ) · µL +

e

m

√
2πℏ
V ωk

akλOS .

The interaction associated with OA is then[
H(−)

1

]
M1

= −i
√

2πℏωk

V
akλ(k̂× êkλ) · µL = −B

(−)
kλ · µL (4.89)

where B
(−)
kλ is the term containing the akλ operator in (4.58). Although it is not long, we will not

reproduce here the detailed derivation of the multipole character of this interaction,9 but merely

state that the OA operator, or −B
(−)
kλ ·µL, or any of the equivalent forms of these operators, are

magnetic dipole (M1) operators.
In addition to the magnetic moment operator associated with the orbital angular momentum

we can also include that of the spin. This is done by taking into account the term eℏ
2mcσ ·(∇×A)

of equation (4.69), which just amounts to add 2S to L in (4.88).10 Denoting by µ the total
magnetic moment operator associated with both spin and orbital angular momenta, the matrix
elements for magnetic dipole (M1) transitions can then be written as〈

b;nkλ − 1
∣∣∣H(−)

1

∣∣∣ a;nkλ〉
M1

=
〈
b;nkλ − 1

∣∣∣−µ ·B(−)
kλ

∣∣∣ a;nkλ〉
M1

= −i
√

2πℏωknkλ
V

(k̂× êkλ) · ⟨b|µ|a⟩ = i

√
2πℏωknkλ

V

µB

ℏ
(k̂× êkλ) · ⟨b|L+ 2S|a⟩ , (4.90)

and〈
b;nkλ + 1

∣∣∣H(+)
1

∣∣∣ a;nkλ〉
M1

=
〈
b;nkλ + 1

∣∣∣−µ ·B(+)
kλ

∣∣∣ a;nkλ〉
M1

= i

√
2πℏωk(nkλ + 1)

V
(k̂× êkλ) · ⟨b|µ|a⟩ = −i

√
2πℏωk(nkλ + 1)

V

µB

ℏ
(k̂× êkλ) · ⟨b|L+ 2S|a⟩ .

(4.91)

Let’s go back now to the symmetric operator. Since k · r = r · k and k · p = p · k, the OS

operator can also be written as

OS =
1

2
i(êkλ · p)(r · k) +

1

2
i(êkλ · r)(p · k) = 1

2
i êkλ · (pr+ rp) · k. (4.92)

9The interested reader can see this in the book of Weissbluth.
10Note that to derive the orbital angular momentum contribution to the magnetic dipole transitions, given by

equation (4.89), we needed to go up to the second term in the approximation eikr ≈ 1+ikr. The spin contribution,
however, is already present explicitly in equation (4.69). It is a big success of Dirac’s equation, which is at the
origin of the eℏ

2mc
σ ·(∇×A) term, to be able to account in a natural way for the spin contribution to the magnetic

dipole transitions.
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As before, we make the replacement p = im
ℏ [Hatom, r] to get

OS = −m

2ℏ
êkλ ·

(
[Hatom, r]r+ r[Hatom, r]

)
· k =

m

2ℏ
êkλ · [rr,Hatom] · k, (4.93)

where rr is a symmetric Cartesian tensor operator of rank 2, with components

(rr)ik =

 xx xy xz
yx yy yz
zx zy zz

 . (4.94)

We have then

⟨b | OS | a⟩ = −m

2ℏ
(Eb − Ea) êkλ · ⟨b | rr | a⟩ · k = −1

2
mωba êkλ · ⟨b | rr | a⟩ · k. (4.95)

The Cartesian operator rr is not an irreducible tensor with respect to orthogonal transforma-
tions, but the use of the Wigner-Eckart theorem requires an operator that transforms as an
irreducible tensor. However, due to the transversality condition we can write

êkλ ·
〈
b
∣∣ r2δij ∣∣ a〉 · k =

〈
b
∣∣ r2δij ∣∣ a〉 êkλ · k = 0. (4.96)

Therefore we can replace rr by the operator

Qij = (rr)ij −
1

3
r2δij , (4.97)

which can be show to be an irreducible tensor of rank 2. In terms of Q we have now

⟨b | OS | a⟩ = −mωba
2ℏ

êkλ · ⟨b | Q | a⟩ · k = −mωk

2ℏ
êkλ · ⟨b | Q | a⟩ · k = −

mω2
k

2ℏ
êkλ · ⟨b | Q | a⟩ · k̂,

where we have set ωba = ωk due to energy conservation. Further study of the the symmetric
operator OS would reveal that it leads to electric quadrupole (E2) matrix elements, but we will
not pursue this here.

Up to now, we have been considering the interaction of the radiation field with a single
atomic electron. For a system containing N electrons we define the operators

R =

N∑
j=1

rj , (Qj)ik = (rjrj)ik −
1

3
r2δik, (4.98)

where rj is the position vector of the j-th electron. The reference frame will be centered in the
nucleus or, if molecules are discussed, the center of gravity of the positive charge. Considering
only a single radiation mode characterized by kλ, the three matrix elements corresponding to
the lowest multipoles are

• Electric Dipole, E1:〈
b;nkλ − 1

∣∣∣H(−)
1

∣∣∣ a;nkλ〉
E1

= ie

√
2πℏωknkλ

V
êkλ · ⟨b |R | a⟩ (4.99)

〈
b;nkλ + 1

∣∣∣H(+)
1

∣∣∣ a;nkλ〉
E1

= ie

√
2πℏωk(nkλ + 1)

V
êkλ · ⟨b |R | a⟩ (4.100)

• Magnetic Dipole, M1:

〈
b;nkλ − 1

∣∣∣H(−)
1

∣∣∣ a;nkλ〉
M1

= −i
√

2πℏωknkλ
V

(k̂× êkλ) ·

〈
b

∣∣∣∣∣∣
∑
j

µj

∣∣∣∣∣∣ a
〉

(4.101)

〈
b;nkλ + 1

∣∣∣H(+)
1

∣∣∣ a;nkλ〉
M1

= i

√
2πℏωk(nkλ + 1)

V
(k̂× êkλ) ·

〈
b

∣∣∣∣∣∣
∑
j

µj

∣∣∣∣∣∣ a
〉

(4.102)
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• Electric Quadrupole, E2:

〈
b;nkλ − 1

∣∣∣H(−)
1

∣∣∣ a;nkλ〉
E2

= − e

2c

√
2πℏω3

knkλ
V

êkλ ·

〈
b

∣∣∣∣∣∣
∑
j

Qj

∣∣∣∣∣∣ a
〉

· k̂ (4.103)

〈
b;nkλ + 1

∣∣∣H(+)
1

∣∣∣ a;nkλ〉
E2

=
e

2c

√
2πℏω3

k(nkλ + 1)

V
êkλ ·

〈
b

∣∣∣∣∣∣
∑
j

Qj

∣∣∣∣∣∣ a
〉

· k̂ (4.104)

In the formulas above, µj is the total magnetic moment operator associated to the j-th
electron, which is given by µB(ℓj +2sj)/ℏ (see (2.30)), and the Qj are the quadrupole operators
for each electron. Note that, since ⟨b | Q | a⟩ is a 3 × 3 matrix, the vector operator ⟨b | Q | a⟩ · k̂
is not necessarily proportional to k̂, otherwise the matrix elements of (4.103) and (4.104) would
always be zero because êkλ · k̂ = 0.

The matrix elements corresponding to E1 transitions change sign under parity transforma-
tions because they are vectors. The µj operators are axial vectors, therefore the M1 matrix
elements do not change under parity. From equation (4.98) it is clear that the quadrupole
operators are also parity-invariant, so the E2 matrix operators are parity-invariant too.

4.4 Selection rules.

We have seen that, at least in the first two orders of a multipole expansion, the atomic tran-
sitions mediated by the interaction with the electromagnetic radiation field are proportional to
the matrix elements of irreducible tensor operators of rank 1 (vectors), for the E1 and M1 con-
tributions, and of rank 2 for the E2 contributions. We can then use the Wigner-Eckart theorem,
proved in the appendix (B.5.5), which establishes that, given an irreducible tensor operator11

T
(k)
q and two states of angular momenta Ja and Jb, there exists a constant independent of Ma,
Mb, and q (the so-called reduced matrix element), such that the following equation is satisfied:

〈
αbJbMb

∣∣∣T (k)
q

∣∣∣αaJaMa

〉
=

1

2Jb + 1
⟨JakMaq |JakJbMb⟩

〈
αbJb

∥∥∥T(k)
∥∥∥αaJa〉

= (−1)Jb−Mb

(
Jb k Ja

−Mb q Ma

)〈
αbJb

∥∥∥T(k)
∥∥∥αaJa〉 . (4.105)

The symbols αa and αb stand for all other quantum numbers required to identify the states.
They have a degeneracy of ga = 2Ja + 1 and gb = 2Jb + 1. The selection rules follow directly
from the properties of the Clebsch-Gordan coefficients in equation (4.105). These coefficients
are different from zero if Ja, Jb, k, Ma, Mb and q satisfy the angular momentum sum rules,

⟨JakMaq |JakJbMb⟩ ̸= 0 ⇐⇒ |Ja − k| ≤ Jb ≤ Ja + k, andMb =Ma + q.

The relation |Ja−k| ≤ Jb ≤ Ja+k implies Ja+Jb ≥ k.12 For E1 and M1 transitions the operators
are irreducible tensors of rank 1 (vectors, k = 1), therefore the corresponding selection rules are

E1 and M1: ∆J = 0,±1, ∆M = 0,±1, Ja + Jb ≥ 1. (4.106)

11It is common terminology to say that T
(k)
q is an operator of spin k. This means that the T

(k)
q are a set of

2k + 1 operators which have the following commutation rules with the generators of rotations:

[J3, T
(k)
q ] = ℏq T (k)

q , [J1 ± iJ2, T
(k)
q ] = ℏ

√
k(k + 1)− q(q ± 1)T

(k)
q±1.

For more details see appendix (B.5).
12The minimum value of Jb is |Ja − k|, therefore Ja + Jb ≥ Ja + |Ja − k|. When k ≥ Ja, this relation leads

directly to Ja + Jb ≥ k. When Ja > k we have Ja + Jb ≥ 2Ja − k > k, therefore Ja + Jb ≥ k always.
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The condition Ja+Jb ≥ 1 implies that transitions 0 ↔ 0 cannot take place. This is, of course, a
direct consequence of angular momentum conservation, since a photon (spin 1) and an electronic
system with J = 0 cannot be coupled to produce another system with J = 0. For E2 transitions
the operator is an irreducible tensor of rank 2 (k = 2), so

E2: ∆J = 0,±1,±2, ∆M = 0,±1,±2, Ja + Jb ≥ 2. (4.107)

The condition Ja + Jb ≥ 2 implies that E2 transitions 0 ↔ 0, 1/2 ↔ 1/2 or 0 ↔ 1 cannot take
place.

The previous selection rules follow directly from the Wigner-Eckart theorem. However, there
are more constraints arising from the fact that electromagnetic interactions conserve parity.13

From classical electromagnetic theory, we know that the field associated with an E1 multipole
has odd parity (πem = −1), while the fields associated with M1 and E2 multipoles have even
parity (πem = +1). The same is true for the quantum-mechanical operators that describe these
transitions, as it is clear from equations (4.99) to (4.104). Therefore we have πE1 = −1 and
πM1 = πE2 = +1. The conservation of parity requires πaπbπop = +1, where πa and πb are the
parities of the initial and final states and πop is the parity of the operator for the particular
multipole transition. If the product of parities πaπbπop is −1, the integrand of the transition
matrix element is odd and the integral vanishes. We have then the following parity selection
rules,

E1: πa = −πb, (−1)
∑

i ∆ℓi = −1, (4.108)

M1 and E2: πa = πb.

The set of selection rules just discussed follows from general symmetry considerations and
are independent of the angular momenta coupling scheme, but additional constraints appear
when we take into consideration different coupling schemes. Let us discuss briefly the selection
rules in the LS coupling scheme. Remember that in this case one forms linear combinations of
central-field product-type wave functions belonging to a given configuration, with specific values
of the quantum numbers (ni, ℓi) for each of the N electrons. For these wave functions, L, S and
J are good quantum numbers, as well as ni and ℓi.

For LS coupling the orbital and spin angular momenta are independent, and since the E1
and E2 operators are independent of spin, the condition ∆S = 0 must hold. We have then

E1: ∆S = 0, ∆L = 0,±1, La + Lb ≥ 1, ∆ML = 0,±1, (4.109)

In LS coupling the most usual case is one in which the orbital of only one electron in the atom
changes (one electron jump).14 If the electron concerned has quantum numbers (ℓ,mℓ), then for
this single electron the following relations must be satisfied

∆ℓ = ±1 and ∆mℓ = 0,±1.

The case ∆ℓ = 0 is forbidden because the initial and final states must have opposite parities.
Note that ∆L = ∆ℓ for atoms with only one valence electron of orbital angular momentum
ℓ, therefore ∆L = 0 transitions are forbidden in such cases. However, in atoms with several
valence electrons it is possible to get E1 transitions between different configurations with the
same value of L. An example is the ∆L = 0 transition seen at 250.7 nm in silicon between the
3P2 level of an excited configuration and the 3P1 level of the ground-state configuration,

[Ne](3s)2(3p)(4s) 3P2 −→ [Ne](3s)2(3p)2 3P1. (4.110)

13This implies that atomic states have well-defined parities: odd or even, but not a mixture.
14If two or more configurations are strongly mixed in a particular state, then more than one electron can make

a transition simultaneously even though only one photon is emitted or absorbed, but this is a rather uncommon
event.
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The selection rules for electric quadrupole transitions in LS coupling are

E2: ∆S = 0, ∆L = 0,±1,±2 La + Lb ≥ 2, ∆ML = 0,±1,±2. (4.111)

For a transition of a single electron we have ∆ℓ = 0,±2 only (due to parity conservation),
ℓa + ℓb ≥ 2 and ∆mℓ = 0,±1,±2.

In exact LS coupling, M1 transitions cannot take place. To see why, we should examine the
following matrix elements of the operator for M1 transitions,〈

L′S′M ′
LM

′
S

∣∣L+ 2S
∣∣LSMLMS

〉
. (4.112)

First, note that L+ 2S does not act on the radial part of the wave functions, and because
two radial wave functions with the same ℓ, but different n (principal quantum number), are
orthogonal, one has the requirement that ∆ni = 0 for each electron i = 1, . . . N . Furthermore,
since the operator L+ 2S commutes with L2, S2 and ℓ2i , it follows that the previous matrix
element vanishes unless ∆L = 0, ∆ℓi = 0 and ∆S = 0.15 But, if this happens, the energies
are identical because in LS coupling the states are degenerate with respect to ML and MS , and
the photon energy in the transition would be zero. If there is some non-negligible spin-orbit
interaction, the coupling of L and S gives rise to states whose energies depend on J , therefore
departing from exact LS coupling. In such a case the matrix element〈

LSJ ′
LM

′
J

∣∣L+ 2S
∣∣LSJMJ

〉
(4.113)

can have off diagonal elements with ∆J = ±1. In any case, magnetic dipole transitions between
states belonging to the same fine-structure multiplet have a very small probability to occur.

Table (4.1) shows the selection rules for the most relevant discrete transitions. It is common
terminology to call a transition allowed if it verifies the selection rules of electric-dipole transi-
tions, and forbidden otherwise. The use of the word forbidden is a bit misleading, because the
transition may still take place through higher-order processes, like the M1 and E2 transitions,
but at a much slower rate. In this context, the word forbidden should really be understood as
electric-dipole forbidden.

4.5 Absorption and emission of radiation.

4.5.1 Transition probabilities.

We will consider only two discrete atomic states between which the transition occurs. This is
appropriate if there are no other states close within the energy of the photon to be absorbed or
emitted, ℏω. Let |a⟩ be the initial state of the atom and |nkλ⟩ the initial state of the radiation
field. The initial state of the total system, atom plus field, is |A⟩ = |a;nkλ⟩. If absorption takes
place, the atom makes a transition to another state |b⟩ and the radiation field has one photon
less. The final state of the total system would be |B⟩ = |b;nkλ − 1⟩. We have the following
equations

|A⟩ = |a;nkλ⟩ , EA = Ea +

(
nkλ +

1

2

)
ℏωk, (4.114)

|B⟩ = |b;nkλ − 1⟩ , EB = Eb +

(
nkλ −

1

2

)
ℏωk, (4.115)

EB − EA = Eb − Ea︸ ︷︷ ︸
ℏωba

−ℏωk = ℏ(ωba − ωk), (4.116)

15In other words, the components of L+ 2S operating on |LSMLMS⟩ do not change L or S, although they can
modify the values of ML and MS . This implies, due to the orthogonality relations of the states, that the quoted
matrix element will vanish unless L′ = L and S′ = S.
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Electric dipole (E1)
(“allowed”)

Mag. dipole (M1)
(“forbidden”)

Elec. quadr. (E2)
(“forbidden”)

Rigorous
rules

1.
∆J = 0,±1.
Except 0 ↔ 0.

∆J = 0,±1.
Except 0 ↔ 0.

∆J = 0,±1,±2. Except
0 ↔ 0, 1

2 ↔ 1
2 , 0 ↔ 1.

2.
∆M = 0± 1. Except
0 ↔ 0 when ∆J = 0.

∆M = 0± 1. Except
0 ↔ 0 when ∆J = 0.

∆M = 0± 1,±2.

3. Parity change. No parity change. No parity change.

With negli-
gible confi-
guration
interaction

4.
One electron jumping,
with ∆ℓ = ±1,
∆n arbitrary.

No change in electron
configuration; i.e., for
all electrons, ∆ℓ = 0
and ∆n = 0.

No change in electron
configuration, or one
electron jumping with
∆ℓ = 0,±2 and ∆n
arbitrary.

Only for
LS
coupling

5. ∆S = 0. ∆S = 0. ∆S = 0.

6.
∆L = 0± 1.
Except 0 ↔ 0.

∆L = 0, ∆J = ±1.
∆L = 0± 1± 2.
Except 0 ↔ 0, 0 ↔ 1.

Table 4.1: Selection rules for discrete transitions (adapted from https://www.nist.gov/). Al-
though in exact LS coupling M1 transitions cannot take place, a little departure from exact
coupling gives rise to M1 transitions with ∆L = 0 and ∆J = ±1, as shown in this table.

where Ea and Eb are the energies of the initial and final states, respectively. Of course, con-
servation of energy would require ωba = ωk. Using time-dependent perturbation theory we can
express, to first order, the probability per unit time for a transition from an arbitrary state |A⟩
to another state |B⟩ as

WBA =
2π

ℏ
| ⟨B|δH|A⟩ |2 δ(EB − EA), (4.117)

where δH is the perturbing potential in the Schrödinger representation. This is an example of
the application of the so-called Fermi golden rule (see equations B.77 and B.82). When studying
absorption and emission in atoms it usually happens that kr ≪ 1, where 2π/k is the photon
wavelength and r is an atomic dimension. Indeed, taking a wavelength of about 1000 Å and
r ∼ 1 Å we see that kr ∼ 2×10−3. In such a case the vector potential can be considered constant
over the region of the atom and it suffices to compute electric-dipole matrix elements. Using
equation (4.99) we have the following expression for the probability of absorption,

W abs =
4π2e2ωknkλ

V

∣∣∣êkλ · ⟨b |R | a⟩
∣∣∣2 δ(EB − EA), (4.118)

where the delta function

δ(EB − EA) = δ(Eb − Ea − ℏωk) =
1

ℏ
δ(ωba − ωk), (4.119)

ensures the conservation of energy for the system as a whole (atom plus radiation field). Of
course, a single frequency ωk is not a realistic radiation field, we need to take into account at

https://www.nist.gov/
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Figure 4.1: Reference frame for equations (4.125) and (4.125).

least a distribution of modes within a narrow interval of frequencies.16 According to (4.5), the
number of propagation modes in a cubic box within an interval dk and in the direction defined
by the element of solid angle dΩ is

dN =
V

(2π)3
k2 dk dΩ =

V

(2π)3
ω2
k

c3
dωk dΩ, (4.120)

with k = ωk/c. Therefore the number of modes of a radiation field in a cubic box of volume V
per unit energy interval is

dN

dE
=

1

ℏ
dN

dωk
=

V

(2π)3ℏc3
ω2
k dΩ. (4.121)

Substituting the infinitely sharp density distribution δ(EB−EA) = 1
ℏδ(ωba−ωk) by the previous

expression for dN/dE, we get

dW abs =
4π2e2ωknkλ

V

∣∣∣êkλ · ⟨b |R | a⟩
∣∣∣2 V

(2π)3ℏc3
ω2
k dΩ =

e2ω3
knkλ

2πℏc3
∣∣∣êkλ · ⟨b |R | a⟩

∣∣∣2 dΩ.
(4.122)

Here, quantities such as ωk and nkλ must be understood as averages within the interval. For
the emission process the calculation is just the same, except that we have to use the matrix
element (4.100). The probabilities per unit time for absorption and emission of a photon with
propagation vector k, polarization λ, and frequency ωk contained within an element of solid
angle dΩ are therefore (α = e2/ℏc)

dW abs =
αω3

knkλ
2πc2

∣∣∣êkλ · ⟨b |R | a⟩
∣∣∣2 dΩ, (4.123)

dW em =
αω3

k(nkλ + 1)

2πc2

∣∣∣êkλ · ⟨b |R | a⟩
∣∣∣2 dΩ. (4.124)

Let’s now sum over the two independent polarizations and integrate over the solid angle. We
choose a reference frame where k lies along the z-coordinate axis, êk1 along the x-coordinate
axis and êk2 along the y-axis. Calling θk and φk the angular coordinates of the vector ⟨b |R | a⟩
we have then

êk1 · ⟨b |R | a⟩ = | ⟨b |R | a⟩ | sin θk cosφk, (4.125)

êk2 · ⟨b |R | a⟩ = | ⟨b |R | a⟩ | sin θk sinφk, (4.126)

16Furthermore, as we will see later, the atomic states have a natural width which allows a small range of
frequencies to be absorbed or emitted.
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2∑
λ=1

∣∣∣êkλ · ⟨b |R | a⟩
∣∣∣2 = | ⟨b |R | a⟩ |2 sin2 θk,

∫
sin2 θk dΩ = 8π/3. (4.127)

Assuming equal population numbers nk1 = nk2 ≡ nk (unpolarized radiation), we have∫ ∑
λ

αω3
knkλ

2πc2

∣∣∣êkλ · ⟨b |R | a⟩
∣∣∣2 dΩ =

αω3
knk

2πc2

∫ ∑
λ

∣∣∣êkλ · ⟨b |R | a⟩
∣∣∣2 dΩ

=
αω3

knk
2πc2

| ⟨b |R | a⟩ |2
∫

sin2 θk dΩ =
4αω3

knk
3πc2

| ⟨b |R | a⟩ |2. (4.128)

Dropping now the subscripts referring to the propagation vector and the polarization vector,
which are no longer needed, the total probabilities per unit time for absorption and emission of
a photon regardless of the direction of propagation or polarization are, respectively

W abs =
4αω3n

3c2
| ⟨b |R | a⟩ |2, W em =

4αω3(n+ 1)

3c2
| ⟨b |R | a⟩ |2. (4.129)

The only difference between these two formulas is that the absorption probability is proportional
to n while the emission probability is proportional to n + 1. This suggests to write W em as a
sum of two terms, W em =W i +W s, where

W i =
4αω3n

3c2
| ⟨b |R | a⟩ |2, and W s =

4αω3

3c2
| ⟨b |R | a⟩ |2. (4.130)

The W i probability is identical to W abs and is known as induced (or stimulated) emission
probability per unit time, since it is proportional to n, the number of photons of frequency ω
present in the radiation field. W s is independent of n and is known as a spontaneous emission
probability per unit time. Note that spontaneous emission can occur even if n = 0, while the
induced emission cannot.

W abs =W i, W em =W abs +W s =W i +W s. (4.131)

Atomic states may be degenerate and we need to modify the absorption and emission proba-
bilities accordingly. LetWab be the transition probability per unit time from the state |αaJaMa⟩,
with degeneracy ga, to the state |αbJbMb⟩ with degeneracy gb, where αa and αb represent
the quantum numbers required to complete the specification of the states |a⟩ and |b⟩. To
write down the new expressions we need to sum the probabilities for all possible transitions
|αaJaMa⟩ → |αbJbMb⟩ and, since the probability for an electron being in any one of the initial
states |αaJaMa⟩ is 1/ga, the sum must be multiplied by this factor. Therefore the absorption
probability to go from a state |a⟩, with degeneracy ga, to a state |b⟩ with degeneracy gb is

W abs
ab =

1

ga

∑
MaMb

4αω3n

3c2
| ⟨αbJbMb |R |αaJaMa⟩ |2, Ea < Eb. (4.132)

The emission probability to go from any of the sub-states in |b⟩ to any of the sub-states in |a⟩ is

W em
ba =

1

gb

∑
MaMb

4αω3(n+ 1)

3c2
| ⟨αaJaMa |R |αbJbMb⟩ |2, Ea < Eb. (4.133)

The induced and spontaneous emission probabilities are, (Ea < Eb),

W i
ba =

1

gb

∑
MaMb

4αω3n

3c2
| ⟨αaJaMa |R |αbJbMb⟩ |2 =

ga
gb
W abs
ab , (4.134)

W s
ba =

1

gb

∑
MaMb

4αω3

3c2
| ⟨αaJaMa |R |αbJbMb⟩ |2. (4.135)
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Note that the probability of induced emission from the state |b⟩ to the state |a⟩, corresponding to
the transition |b⟩ → |a⟩+ |γ⟩, is related to the absorption probability (transition |a⟩+ |γ⟩ → |b⟩)
through

1

ga
W i
ba =

1

gb
W abs
ab . (4.136)

It is convenient to define the so-called line strength as

Sba = Sab = e2
∑
MaMb

| ⟨αbJbMb |R |αaJaMa⟩ |2. (4.137)

Since there are no degeneracy factors (ga, gb) in this expression, the line strength is a symmetric
quantity under the interchange a↔ b. Using the line strengths, the transition probabilities can
be written as

gaW
abs
ab =

4αω3n

3e2c2
Sab = gbW

i
ba, (4.138)

gbW
s
ba =

4αω3

3e2c2
Sba. (4.139)

To do numerical calculations it may be useful to write these expressions in the SI system. This
can be done by noting that e2 = 4πε0αℏc. Thus

gaW
abs
ab =

ω3n

3πε0ℏc3
Sab, gbW

s
ba =

ω3

3πε0ℏc3
Sba. (4.140)

The operator R is an irreducible tensor (vector) operator and we can apply the Wigner-
Eckart theorem to compute its matrix elements (see appendix B.6). In particular, if we write
the individual components of the line strength as

Sab = e2
∑
MaMb

[
| ⟨αbJbMb |Rx |αaJaMa⟩ |2 + | ⟨αbJbMb |Ry |αaJaMa⟩ |2

+ | ⟨αbJbMb |Rz |αaJaMa⟩ |2
]
, (4.141)

and apply (see equation (B.234) in page 318)∑
m

∑
m′

∣∣∣〈αjm ∣∣∣T (k)
q

∣∣∣α′j′m′
〉∣∣∣2 = 1

2k + 1

∣∣∣〈αj ∥∥∥T(k)
∥∥∥α′j′

〉∣∣∣2 , (4.142)

for k = 1, we see that the three terms in that sum are each equal to

1

3
| ⟨αbJb ∥R ∥αaJa⟩ |2, (4.143)

so that
Sab = Sba = e2| ⟨αbJb ∥R ∥αaJa⟩ |2. (4.144)

In the LS coupling this matrix element would be written as

⟨αbJb ∥R ∥αaJa⟩ = ⟨αbLbSbJb ∥R ∥αaLaSaJa⟩ . (4.145)

It can be seen (we skip this) that, since R does not contain spin operators, this matrix element
can be transformed to

⟨αbLbSbJb ∥R ∥αaLaSaJa⟩ = (−1)Lb+Sb+Ja+1δ(Sa, Sb)
√
(2Jb + 1)(2Ja + 1)

×
{

Jb 1 Ja
La Sb Lb

}
⟨αbLb ∥R ∥αaLa⟩ . (4.146)



Quantum Physics III. Monday 7th September, 2026, 11:08. 165

The Kronecker δ and the 6j symbol enforce the following selection rules,17 which are of course
the same rules that were already deduced in the previous section for electric-dipole transitions

∆S = 0, ∆L = 0,±1, La + Lb ≥ 1, ∆J = 0,±1, Ja + Jb ≥ 1. (4.147)

Therefore the line strength in LS coupling becomes

Sba = Sab = e2| ⟨αbJb ∥R ∥αaJa⟩ |2

= e2(2Jb + 1)(2Ja + 1)×
{

Jb 1 Ja
La S Lb

}2

| ⟨αbLb ∥R ∥αaLa⟩ |2, (4.148)

with S = Sa = Sb.

4.5.2 Einstein coefficients and Planck’s Law.

It is interesting to note that, already in 1916, Einstein proposed a treatment of emission and
absorption of radiation by atoms before the development of quantum mechanics. He considered
an enclosure containing a single kind of atoms (with only two energy levels) and radiation, in
equilibrium at absolute temperature T . When one of those atoms interacts with radiation of
energy density ρ(ω) per unit frequency interval it may suffer a transition from the lower to the
upper level, |a⟩ → |b⟩, at a rate proportional to ρ(ωba), with a proportionality constant that we
may denote as Bab. The time evolution of the number of atoms in the two states, Na and Nb,
due to this process is described by

−W abs
ab Na =

dNa

dt
= −dNb

dt
= −BabNaρ(ωba). (4.149)

An atom only has a significant probability of interacting with that part of the distribution ρ(ω)
with a frequency close to ωba = (Eb − Ea)/ℏ, which is the atom resonant frequency. Since
atoms and radiation are in thermal equilibrium, symmetry arguments lead us to expect that the
radiation field will also cause transitions from the upper to lower levels at a rate dependent on
the energy density, but with a constant of proportionality Bba. This is the process of induced
(or stimulated) emission in which the radiation at angular frequency ω causes the atom to emit
radiation of the same frequency,18 and leads to the following evolution equation

−W i
baNb =

dNb

dt
= −dNa

dt
= −BbaNbρ(ωba). (4.150)

The relation between the rate of induced emission and Einstein’s B coefficient is

W i
ba = Bba ρ(ωba). (4.151)

The overall symmetry between up and down processes is broken by the spontaneous emission,
which causes an atom to fall down to the lower level even when no external radiation is present.
Einstein introduced the coefficient Aba to represent the rate of this process. We now know that
this coefficient corresponds to the spontaneous emission probability: Aba =W s

ba, where W
s
ba was

defined in the electric dipole approximation in equation (4.130). The evolution equation for this
process is

−W s
baNb =

dNb

dt
= −dNa

dt
= −AbaNb. (4.152)

Of course, all three processes just described must be taken into account simultaneously. This
leads to

dNb

dt
= NaBabρ(ωba)−NbBbaρ(ωba)−NbAba,

dNa

dt
= −dNb

dt
. (4.153)

17A very short introduction to 6j symbols is given in section B.5.3.
18This increase in the amount of light at the incident frequency is fundamental to the operation of lasers.
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Figure 4.2: Two-level system employed by Einstein to deduce Planck’s law. Note the sponta-
neous (a) and induced (b) emissions as well as the absorption (c) processes.

The first equation gives the rate of change of Nb in terms of the absorption, stimulated emission,
and spontaneous emission, respectively. The second equation is a consequence of having only
two levels, so that atoms leaving level b must go into level a. When ρ(ω) = 0 the equations have
a decaying exponential solution,

Nb(t) = Nb(0)e
−Abat, (4.154)

implying a mean lifetime for the atom given by 1/τ = Aba. At thermal equilibrium the rates of
change of Nb and Na are both zero, so from (4.153) we get

NbAba = NaBabρ(ωba)−NbBbaρ(ωba), ρ(ωba) =
NbAba

NaBab −NbBba

ρ(ωba) =
Aba
Bba

1
Na

Nb

Bab
Bba

− 1
. (4.155)

Furthermore, statistical mechanics tells us that the number of particles (atoms in this case) with
energy E, in thermal equilibrium at temperature T , is proportional to the Boltzmann factor,19

exp(−E/kT ), where k is the Boltzmann constant. Taking into account possible degeneracies in
the states, ga and gb, we may write

Na ∼ ga exp

(
−Ea
kT

)
, Nb ∼ gb exp

(
−Eb
kT

)
,

Na

Nb
=
ga
gb

exp

(
Eb − Ea
kT

)
=

ga
gb

exp

(
ℏωba
kT

)
. (4.156)

From equations (4.155) and (4.156) we get

ρ(ωab) =
Aba
Bba

1
gaBab
gbBba

exp(ℏωab/kT )− 1
. (4.157)

When Einstein derived this equation it was already known that the energy density of radiation
in thermal equilibrium with matter at a temperature T was given by Planck’s law

ρ(ω) =
ℏω3

π2c3
1

exp(ℏω/kT )− 1
. (4.158)

Comparing both equations we conclude that

Aba =
ℏω3

π2c3
Bba,

1

ga
Bba =

1

gb
Bab. (4.159)

19See appendix B.10.
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The Einstein coefficients are properties of the atom and these relationships hold for any type
of radiation. Their calculation from first principles could only be done after quantum mechanics
was developed. Using equation (4.140) we can relate Einstein’s A coefficient to the line strengths
of the decay in the electric-dipole approximation,

Aba =W s
ba =

ω3

3πε0ℏc3gb
Sba. (4.160)

The B coefficient is related to the rate of induced emission by W i
ba = Bba ρ(ωba). It is useful to

write it also in terms of the A coefficient and the line strength,

Bba =
π2c3

ℏω3
Aba =

π

3ε0ℏ2gb
Sba, (4.161)

Bab =
π

3ε0ℏ2ga
Sba. (4.162)

The Aba coefficient can be determined from the lifetime of the state, since Nb(t) = Nb(0)e
−Abat

and 1/τ = Aba. Once this is done, the remaining coefficients can be computed using the previous
relations.

When designing a laser it is very convenient to work with a configuration where the probabil-
ity of stimulated emission (coefficient B) is larger than the probability of spontaneous emission
(coefficient A). Since the ratio Aba/Bba is proportional to ω3, it is clear that the higher the
energy (frequency) of the EM radiation the more difficult it is to build the laser. The ratio of
spontaneous over stimulated (induced) emission rates is

W s

W i
=
A

B

1

ρ(ω)
= exp

(
ℏωba
kT

)
− 1. (4.163)

It is worth stressing the fact that the quantum-mechanical treatment of the radiation field
gives rise automatically to the spontaneous part of the emission probability, while in the semi-
classical theory it has to be introduced ad hoc to reconcile Planck’s radiation law with thermo-
dynamic requirements. Indeed, Einstein was forced to invent spontaneous emission in order to
reproduce Planck’s formula.

4.5.3 Lifetime of the first excited state of Hydrogen.

As an example, let’s compute the Aba coefficient for the 2p → 1s transition in Hydrogen. The
formulas to employ are

Aba =
ω3

3πε0ℏc3gb
Sab, and Sab = e2

∑
MaMb

| ⟨αbJbMb |R |αaJaMa⟩ |2.

Here we only have one electron, so R becomes r and

Sab = e2
(
| ⟨2p−1 | r | 1s⟩ |2 + | ⟨2p0 | r | 1s⟩ |2 + | ⟨2p+1 | r | 1s⟩ |2

)
= e2

(
| ⟨2p−1 |x | 1s⟩ |2 + | ⟨2p0 |x | 1s⟩ |2 + | ⟨2p+1 |x | 1s⟩ |2+

| ⟨2p−1 | y | 1s⟩ |2 + | ⟨2p0 | y | 1s⟩ |2 + | ⟨2p+1 | y | 1s⟩ |2+

| ⟨2p−1 | z | 1s⟩ |2 + | ⟨2p0 | z | 1s⟩ |2 + | ⟨2p+1 | z | 1s⟩ |2
)
. (4.164)

To do the actual calculations it is convenient to use spherical components for r,

x = − 1√
2
(r+ − r−), z = r0, y = +

i√
2
(r+ + r−),

r− =
1√
2
(x− iy), r0 = z, r+ = − 1√

2
(x+ iy),

(4.165)
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and write them in terms of spherical harmonics,

r− =

√
4π

3
r Y −1

1 , r0 = z =

√
4π

3
r Y 0

1 , r+ =

√
4π

3
r Y +1

1 . (4.166)

Therefore

Sab = e2
(
| ⟨2p−1 | r− | 1s⟩ |2 + | ⟨2p0 | r− | 1s⟩ |2 + | ⟨2p+1 | r− | 1s⟩ |2

+ | ⟨2p−1 | r0 | 1s⟩ |2 + | ⟨2p0 | r0 | 1s⟩ |2 + | ⟨2p+1 | r0 | 1s⟩ |2

+ | ⟨2p−1 | r+ | 1s⟩ |2 + | ⟨2p0 | r+ | 1s⟩ |2 + | ⟨2p+1 | r+ | 1s⟩ |2
)

= e2
4π

3
| ⟨2p | r | 1s⟩ |2

(
|
〈
Y −1
1

∣∣Y −1
1

∣∣Y 0
0

〉
|2 + |

〈
Y 0
1

∣∣Y −1
1

∣∣Y 0
0

〉
|2 + |

〈
Y 1
1

∣∣Y −1
1

∣∣Y 0
0

〉
|2

+ |
〈
Y −1
1

∣∣Y 0
1

∣∣Y 0
0

〉
|2 + |

〈
Y 0
1

∣∣Y 0
1

∣∣Y 0
0

〉
|2 + |

〈
Y 1
1

∣∣Y 0
1

∣∣Y 0
0

〉
|2

+ |
〈
Y −1
1

∣∣Y 1
1

∣∣Y 0
0

〉
|2 + |

〈
Y 0
1

∣∣Y 1
1

∣∣Y 0
0

〉
|2 + |

〈
Y 1
1

∣∣Y 1
1

∣∣Y 0
0

〉
|2
)
.

This allows us to use directly Gaunt’s formula (B.199) to compute the integral of the products
of three spherical harmonics. They are also tabulated in several places (Weissbluth, table 11.1,
page 246). The results we need are

4π

3

∣∣〈Y −1
1

∣∣Y −1
1

∣∣Y 0
0

〉∣∣2 = 4π

3

∣∣〈Y 0
1

∣∣Y 0
1

∣∣Y 0
0

〉∣∣2 = 4π

3

∣∣〈Y 1
1

∣∣Y 1
1

∣∣Y 0
0

〉∣∣2 = 1

3
, (4.167)

and all other matrix elements are zero. Therefore

Sab = e2
4π

3
| ⟨2p | r | 1s⟩ |2

(
|
〈
Y −1
1

∣∣Y −1
1

∣∣Y 0
0

〉
|2 + |

〈
Y 0
1

∣∣Y 0
1

∣∣Y 0
0

〉
|2 + |

〈
Y 1
1

∣∣Y 1
1

∣∣Y 0
0

〉
|2
)

= e2| ⟨2p | r | 1s⟩ |2.

For the radial integral we can use the Hydrogen radial functions or look up the result in tables,
which is

| ⟨2p | r | 1s⟩ |2 =
(∫

u2p(r)u1s(r) r dr

)2

=
215

39
a20 ≈ 1.665 a20, (4.168)

where a0 is the Hydrogen Bohr radius. Therefore,

Sab =
215

39
e2a20 ≈ 1.665 e2a20. (4.169)

In rectangular coordinates the calculation is a bit longer and would proceed as follows

| ⟨2p−1 |x | 1s⟩ |2 =
∣∣∣∣〈2p−1

∣∣∣∣− 1√
2
(r+ − r−)

∣∣∣∣ 1s〉∣∣∣∣2 = 1

2

∣∣∣ ⟨2p−1 | r+ | 1s⟩ − ⟨2p−1 | r− | 1s⟩
∣∣∣2

=
1

2

∣∣∣ ⟨2p−1 | r+ | 1s⟩
∣∣∣2 + 1

2

∣∣∣ ⟨2p−1 | r− | 1s⟩
∣∣∣2 − ∣∣∣ ⟨2p−1 | r+r− | 1s⟩

∣∣∣
=

4π| ⟨2p | r | 1s⟩ |2

3

[
1

2

∣∣∣ 〈Y −1
1

∣∣Y +1
1

∣∣Y 0
0

〉 ∣∣∣2 + 1

2

∣∣∣ 〈Y −1
1

∣∣Y −1
1

∣∣Y 0
0

〉 ∣∣∣2 − ∣∣∣ 〈Y −1
1

∣∣Y +1
1 Y −1

1

∣∣Y 0
0

〉 ∣∣∣]

=
4π

3

1

2
| ⟨2p | r | 1s⟩ |2

∣∣∣ 〈Y −1
1

∣∣Y −1
1

∣∣Y 0
0

〉 ∣∣∣2 = 1

3

1

2

215

39
a20 =

214

310
a20.

The matrix element containing four spherical harmonics is zero because it is proportional to∫ 2π

0
eiφdφ = 0, and the others follow from Gaunt’s formula. The remaining non-zero matrix
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elements are calculated in the same way. The list is

| ⟨2p−1 |x | 1s⟩ |2 = | ⟨2p+1 |x | 1s⟩ |2 =
214

310
a20,

| ⟨2p−1 | y | 1s⟩ |2 = | ⟨2p+1 | y | 1s⟩ |2 =
214

310
a20,

| ⟨2p0 | z | 1s⟩ |2 =
213

310
a20.

(4.170)

To get the line strength, the matrix elements in (4.170) must be added. The result is

S2p,1s = e2
∑

| ⟨2p | r | 1s⟩ |2 = 3× 0.555 e2a20 = 1.665 e2a20. (4.171)

To compute the Einstein coefficient note that the degeneracy factor for the 2p state is g2p = 3
and20

ω2p,1s =
E2p − E1s

ℏ
=

(
1− 1

22

)
mec

2α2

2ℏ
=

3

8

mec
2α2

ℏ
. (4.172)

Therefore

A2p,1s =
ω3

3πε0ℏc3gb
S2p,1s =

(
3
8
mec2α2

ℏ

)3
3πε0ℏc3gb

× 1.665 e2a20

=
3× 1.665mec

2α5

128ℏ
= 6.28× 108 s−1. (4.173)

This can be translated into a spontaneous radiative lifetime for the 2p state of τ = 1/A =
0.16× 10−8 sec. It should be noted that these results hold only for unpolarized light.

4.5.4 Emission intensities.

A relevant magnitude when analyzing spectra is that of emission intensities. Transitions between
discrete states in atomic spectra in the laboratory are observed as a series of lines. If they are
in the visible region of the spectrum, we will observe that some lines are shinier (more intense)
than others. For a given sample of atoms, the line intensity is proportional to the emitted power
(energy per unit of time). Thus, the total intensity of a spectral line of frequency ωba is given
by the number of decays per unit time and unit of solid angle multiplied by the energy released
in the decay,

Iline =
1

4π
ℏωba

dNb

dt
=

1

4π
ℏωbaAbaNb, (4.174)

where Aba = W s
ba is the Einstein coefficient and Nb is the number of excited atoms in the

upper (initial) level. Equation (4.140) provides a relation between the line strength and the Aba
Einstein coefficient, so we can write (in the SI system)

Iline =
1

gb

ℏω4
ba SbaNb

12π2ε0ℏc3
, (4.175)

where gb is the degeneracy factor for the initial b state.
Let us compute now the total power emitted in a given transition by a sample of atoms in

thermal equilibrium with radiation of energy density ρ. If the energy released in the transition
is Eb − Ea = ℏωba, the total power is

P = ℏωba(Bbaρ+Aba)Nb = ℏωba
(
π2c3

ℏω3
ba

Abaρ+Aba

)
Nb = ℏωbaAbaNb

(
π2c3

ℏω3
ba

ρ+ 1

)
= ℏωbaAbaNb

(
π2c3

ℏω3
ba

ℏω3
ba

π2c3
1

exp(ℏωba/kT )− 1
+ 1

)
=

ℏωbaAbaNb

1− exp(−ℏωba/kT )
. (4.176)

20We are not taking into account the spin degree of freedom here because ∆S = 0 for transitions in LS coupling,
which is the case in hydrogen. If we take into account the spin and set g2p = 6, then a factor 2 must be included
also in equation (4.171) and the final result does not change.
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4.5.5 Line broadening.

Up to this point, we have been assuming that the atomic states |a⟩ and |b⟩ are solutions of a
time-independent Schrödinger equation, hence stationary states. However, this cannot represent
the real system because we have found that there exists always a spontaneous emission process
for all states except the lowest one, so they cannot be stationary. To make a self-consistent
treatment of radiative processes we must take this into account. This can be done using time-
dependent perturbation theory, which you have seen in your Quantum Physics II course. You
can review it also by reading appendix (B.3), but here is a brief reminder.

Consider the Hamiltonian H = H0 + V , where H0 is the time-independent unperturbed
Hamiltonian, which we know how to solve exactly, and V is a small time-dependent perturbation.
We look for solutions to the time-dependent Schrödinger equation

iℏ
∂ψ(r, t)

∂t
= Hψ(r, t) = (H0 + V )ψ(r, t) (4.177)

in terms of an orthonormal set of H0 eigenfunctions ϕk(r, t) = ϕk(r)e
−iEkt/ℏ, which satisfy

H0ϕk = Ekϕk. We try the following wavefunction

ψ(r, t) =
∑
k

ck(t)ϕk(r)e
−iEkt/ℏ. (4.178)

Upon inserting this expression in both sides of the Schrödinger equation we have

iℏ
∂ψ(r, t)

∂t
=
∑
k

Ekck(t)ϕk(r)e
−iEkt/ℏ

︸ ︷︷ ︸
H0ψ(r,t)

+iℏ
∑
k

∂ck
∂t

ϕk(r)e
−iEkt/ℏ, (4.179)

(H0 + V )ψ(r, t) = H0ψ(r, t) +
∑
k

V ck(t)ϕk(r)e
−iEkt/ℏ. (4.180)

Equating the right-hand sides of the two previous equations we find

iℏ
∑
k

∂ck
∂t

ϕk(r)e
−iEkt/ℏ =

∑
k

V ck(t)ϕk(r)e
−iEkt/ℏ. (4.181)

Multiply this expression on the left by ϕ∗ℓ (r), integrate over r, and apply the normalization
condition ⟨ϕℓ|ϕk⟩ = δℓk,

iℏ
∑
k

∂ck
∂t

⟨ϕℓ|ϕk⟩ e−iEkt/ℏ =
∑
k

⟨ϕℓ|V |ϕk⟩ ck(t)e−iEkt/ℏ,

iℏ
∂cℓ
∂t

=
∑
k

⟨ϕℓ|V |ϕk⟩ ck(t)ei(Eℓ−Ek)t/ℏ. (4.182)

We have as many differential equations of this sort as the number of H0 eigenfunctions. By
solving them we get the coefficients of expansion (4.178). The quantity |cℓ(t)|2 is the probability
of finding the system in the state ϕl at the time t.

For our purpose here we will reduce the sum to a single term so that only two states, ϕk
(initial) and ϕℓ (final), are involved in the transition,

iℏ
∂cℓ
∂t

= ⟨ϕℓ|V |ϕk⟩ ck(t)ei(Eℓ−Ek)t/ℏ. (4.183)

A further assumption is that the initial state decays at a rate given by

ck(t) = e−Γt/2ℏ = e−t/2τ , τ =
ℏ
Γ

=
1

A
, (4.184)
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where τ is the mean life (or lifetime) of the state.21 The integration of the differential equation
for cℓ(t) under these assumptions gives22

cℓ(t) = − i

ℏ
⟨ϕℓ|V |ϕk⟩

∫ t

0
ei(Eℓ−Ek)t1/ℏ e−Γt1/2ℏ dt1. (4.185)

Now, calling α = −Γ/2ℏ < 0 and β = (El − Ek)/ℏ we have

∫ t

0
e(α+iβ)t1 dt1 =

e(α+iβ)t − 1

α+ iβ
, lim

t→∞

∣∣∣∣∣e(α+iβ)t − 1

α+ iβ

∣∣∣∣∣
2

=
1

α2 + β2
, (4.186)

because eαt → 0 for α < 0. Therefore,

|cℓ(∞)|2 = | ⟨ϕℓ|V |ϕk⟩ |2

(Eℓ − Ek)2 +
1
4Γ

2
. (4.187)

Using the Fermi golden rule (4.117), Wℓk = 2π
ℏ | ⟨ϕℓ|V |ϕk⟩ |2 δ(Eℓ − Ek), with the δ-function

replaced by the density of states dN/dE, we can rewrite the previous expression as

|cℓ(∞)|2 dN
dE

=
ℏ
2π

Wℓk

(Eℓ − Ek)2 +
1
4Γ

2
. (4.188)

This formula has in principle a rather general applicability, but we are interested here in atomic
spontaneous emission. Let |B⟩ = |b; 0⟩ be the initial state which consists of an atomic state
|b⟩ and zero photons in the radiation field, and |A⟩ = |a; 1⟩ the final state with one photon in
the radiation field. The total energy of the system is related to the atomic and photon energies
through

EB − EA = Eb − Ea − ℏω. (4.189)

We need to replace the transition probability per unit time Wℓk with the spontaneous emission
probability W s, which is equal to the Einstein A coefficient. Performing the substitution Wℓk =
W s = A = Γ/ℏ we arrive at

|cℓ(∞)|2 dN
dE

=
1

2π

Γ

(Eb − Ea − ℏω)2 + 1
4Γ

2
. (4.190)

This can also be written as

|cℓ(∞)|2 dN
dω

=
ℏ
2π

Γ

(Eb − Ea − ℏω)2 + 1
4Γ

2
. (4.191)

Obviously |cℓ(∞)|2 is the probability for a transition |B⟩ → |A⟩ to occur within a time much
longer that τ = ℏ/Γ, therefore the product |cℓ(∞)|2 (dN/dω) can be interpreted to be the
number of modes per unit angular frequency interval that are excited by spontaneous emission,
with any value of polarization and direction of propagation of the emitted photon. The following
normalized function

L(ω) =
ℏ
2π

Γ

(Eb − Ea − ℏω)2 + 1
4Γ

2
,

∫
L(ω) dω = 1, (4.192)

is known as a Lorentzian line shape. It appears in many different situations involving resonant
processes. Note that the L(ω) function has a maximum value for Eb − Ea = ℏω.

21Note that the probability of finding the particle in state k is proportional to |ck(t)|2 = e−Γt/ℏ = e−t/τ , hence
the mean life is τ .

22In this step we are assuming that the perturbation V is approximately time-independent in the time interval
0 → t, so that the ⟨ϕℓ|V |ϕk⟩ matrix element can be pulled out of the integral.
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This analysis shows that the initial excited atomic state is broadened to a width Γ = ℏ/τ
because of the spontaneous emission process, resulting in a Lorentzian shape in the emission
spectrum whose full width at half-maximum is Γ. It can be shown that a similar analysis for the
absorption process would lead to the result that the absorption line is also broadened due to the
finite lifetime of the excited state. This is to be expected since there is an intrinsic symmetry
between absorption and emission. This broadening effect is usually called natural, since it is
always present even if other sources of broadening (Doppler and pressure broadening) could be
completely eliminated, which cannot.

Random motions of the atoms in gas give rise to a Doppler effect which broadens any given
line. The profile of the Doppler broadening is Gaussian as a result of the Maxwellian distribution
of atom velocities. Another source is the so-called collision or pressure broadening, since the
atomic collision rate in gasses increases with the pressure. Besides radiating a free photon,
an excited atom can lose energy by a more complicated process involving a collision with a
neighbor atom or with the walls of the containing vessel. These collisions interrupt the process
of light emission and effectively reduce the lifetime of the excited state, resulting in an additional
broadening which has also a Lorentzian shape, but with the parameter Γ = ℏ/τ replaced by
Γc = ℏ/τc, where τc is the mean time between collisions.

4.6 Atomic spectra.

A few general features of atomic spectra are:

• Atomic spectra lines arise in most cases from single-electron excitations. In the visible (or
near visible) region of the spectra, one of the outermost electrons is responsible for the
transition. In the X-ray region an inner shell electron is involved.

• Most of the atomic spectra lines are of the electric dipole type, with transition probabilities
in the range of 107 to 109 sec−1. Magnetic dipole and electric quadrupole transitions are
less probable by a factor of about 105.

• Very few spectra can be described by pure LS coupling or pure jj coupling. When going
from light to heavy atoms there is a continuous transition from predominantly LS coupling
to predominantly jj coupling.

• As the departure from LS coupling increases, intercombination lines (due to transitions
with ∆S ̸= 0) become more probable. Such lines are weak in the spectra of light atoms
and become fairly strong in heavy atoms.

The study of spectra is usually done by classifying the atoms into groups based on the number
and type of electrons that are excitable. The best-understood spectrum is that of Hydrogen,
whose main features are contained in the expression

En = −RH

n2
,

hc

λ
= RH

(
1

n21
− 1

n22

)
, (4.193)

where

RH =
R∞

1 +
m

M

=
µe4

2ℏ2
= 109678.758 cm−1 = 13.595 eV,

µ =
mM

m+M
, R∞ =

me4

2ℏ2
= 1097373.3157 cm−1 = 13.6057 eV.

M is the proton mass, m is the electron mass, RH is the ionization potential of Hydrogen, and
R∞ is the Rydberg constant. The major series of lines in the spectrum of Hydrogen are those
associated with n1 = 1, 2, 3, . . ., named as shown in table (4.2)
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Series n1 n2 Longest wavelength in Å

Lyman 1 2, 3, . . . 1215.68
Balmer 2 3, 4, . . . 6562.79
Ritz–Paschen 3 4, 5, . . . 18751
Brackett 4 5, 6, . . . 40510
Pfund 5 6, 7, . . . 74560

Table 4.2: Main series in the Hydrogen spectra.

• Beyond Hydrogen, the alkali elements (Li, Na, K, Rb, Cs, Fr) have a single s electron
outside of a filled s or p shell. The ground state for all of them is 2S1/2. Because of the
spherical symmetry of the filled shells the outer electron moves in a central field, therefore
the spectra of these elements have very close similarities to that of Hydrogen. The single
electron in alkali elements is more loosely bound than the inner electrons and than the
electron in Hydrogen, hence the ionization potentials of these elements are lower. However,
the doublet splitting due to spin-orbit interaction is much larger than in Hydrogen.

One would be tempted to use equation (4.193) in the valence electrons of these atoms. A
better model for alkali atoms can be found by writing the energy of each (n, ℓ) term as

Enℓ = − RH
[n− δ(ℓ)]2

, (4.194)

where δ(ℓ) is a phenomenological parameter named quantum defect. According to this,
the energy emitted in a transition (n2, ℓ2) → (n1, ℓ1) is

hc

λ
= RH

(
1

[n1 − δ(ℓ1)]2
− 1

[n2 − δ(ℓ2)]2

)
. (4.195)

The quantum defect accounts for the penetration of the inner shells by the valence elec-
trons. Although the quantum defect should in principle depend on both n and ℓ, it is
empirically found to depend mainly on ℓ only. The discussion here is also valid for other
atoms with a single valence electron as, for example, the singly charged ions of the divalent
alkaline-earth metals: Be+, Mg+, Ca+, etc.

Z Element Configuration Term Ion. Pot. (eV)

3 Li [He]2s 2S1/2 5.39

11 Na [Ne]3s 2S1/2 5.14

19 K [Ar]4s 2S1/2 4.34

37 Rb [Kr]5s 2S1/2 4.18

55 Cs [Xe]6s 2S1/2 3.89

87 Fr [Rn]7s 2S1/2 4.00

• Cu, Ag and Au have an s valence electron outside of a filled d shell. However, since the
binding energies of the s and d electrons are comparable, their spectra are interpretable
on the basis of either s or d excitations.

• Elements with a single p electron outside of closed shells are: B, Al, Ga, In and Tl. In
boron, for example, the ground state configuration is 1s22s22p. The spectrum of these
atoms resembles that of an alkali atom but with the lowest 2S term missing. In the
same category are F, Cl, Br, I and At, whose ground state configurations are np5. This
configuration also gives rise to the single 2P term but the multiplet structure is inverted
because the shell is more than half-filled.
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So far we have discussed atoms with a single valence electron (electrons outside closed shells).
We briefly describe now the spectrum structure of atoms with two valence electrons or two
valence vacancies.

• Helium has two valence electrons. The energy levels of the Helium atom were discussed
in 3.1. The structure shows two families of levels according to the total spin of the atom:
singlets and triplets. For the same value of L, the triplet S = 1 states are at lower energy
than the S = 0 singlets. Due to the ∆S = 0 selection rule there are not optical transitions
between singlets and triplets.

• The alkaline earth elements: Be, Mg, Ca, Sr, Ba, Ra, Zn, Cd and Hg have also two electrons
(ns2, n > 2) outside closed shells. Their spectrum is generically similar to that of helium.
However, the spin-orbit interaction is more relevant than in He and the selection rule ∆S
is not as strict as for this element. The ionization energy of these elements is, evidently,
smaller than for helium.

• For C, Si, Ge, Sn and Pb the two valence electrons are in a np2 configuration. The
ground term is 3P0 (Hund’s rules). In the first excited states of these elements, which is
np(n+1)s, a departure from the LS coupling into the jj coupling is observed as n increases
(for heavy elements). This discussion also applies to O, S, Se, Te and Po, since they have a
np4 structure that produces the same terms as np2, but with inverted multiplet structure.

Elements with three valence electrons in a np3 configuration are: N, P, As, Sb and Bi. The
lowest term is 4S while the other np3 terms, 2P and 2D, are meta-stable because of the ∆S
selection rule (heavy elements deviate from this behavior because LS coupling does not apply
well to them). The noble gases Ne, Ar, Kr, Xn and Rn, show a stable np6 configuration with a
1S0 ground state.

There are elements in which the occupation of s orbitals competes with the occupation of d
orbitals. These elements have s electrons outside partially filled d shells and can be classified
according to their unfilled d shells. The 3d (iron) group: Sc, Ti, V, Cr, Mn, Fe, Co, Ni; the 4d
group: Y, Zr, Nb, Mo, Tc, Ru, Rb, Pd; and the 5d group: Lu, Hf, Ta, W, Re, Os, Ir, Pt. Due
to the large number of terms produced by the d orbital electrons, the spectra of these atoms
are very rich in the visible and ultraviolet regions. Their electronic configuration with unfilled
d shells is also at the origin of the important magnetic properties of these materials.

Finally, we have the materials characterized by unfilled f shells. These are the lanthanides
(4f): Ce, Pr, Nd, Pn, Sm, Eu, Gd, Tb, Dy, Ho, Er, Tm, Yb; and the actinides (5f): Ac, Th,
Pa, U, Np, Pu, Am, Cm, Bk, Cf. Again, rich spectra and peculiar magnetic properties arise
from the partially filled shells.

4.6.1 X-ray spectra

X-rays are high-energy electromagnetic radiation with wavelengths ranging from 0.01 to 10
nanometers, corresponding to frequencies in the range 3×1016 Hz to 3×1019 Hz and energies in
the range 100 eV to 100 keV. X-ray wavelengths are shorter than those of UV rays and typically
longer than those of gamma rays.

Spectra originating from transitions by inner shell (core) electrons are known as characteristic
X-ray spectra. They are produced when an electron from an inner shell is removed from the
atom (ionization), creating a hole. This can be done by electron bombardment, bremsstrahlung
X-ray irradiation (see below), or other means. The atom reverts to the ground state through
transitions where the hole is filled by an electron of an outer shell accompanied by the release
of an X-ray photon (See Fig.4.3).

The vacancy in a closed shell produces the same term as a single electron but with an inverted
multiplet structure and the selection rules are the same as for a single electron: ∆n ̸= 0,
∆ℓ = ±1, ∆j = 0,±1. For historical reasons the electronic shells are named K, L, M, N,
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Figure 4.3: X-ray absorption and fluorescence. (a) Excitation; (b) deexcitation by fluorescence.
Reproduced from Weissbluth 1978.

O... which was later discovered that correspond to principal quantum numbers 1, 2, 3, 4,
5... Therefore the K shell corresponds to n = 1, ℓ = 0, j = 1/2, whereas the L shell is in
principle three-fold degenerate, although screening effects and the spin-orbit interaction remove
this degeneracy. In X-rays terminology the quantum number correspondence is

n = 2, ℓ =

{
0, j = 1

2 (LI)
1, j = 1

2 ,
3
2 (LII, LIII)

.

The M level consists of 5 components, the N level of 7, etc.
If the initial vacancy occurs in the K shell, an electron from the L shell can fill the hole and

emit an X-ray photon. Two possible transitions are allowed by the selection rules. Using the
notation (n, ℓ, j), they can be written as (2, 1, 3/2) → (1, 0, 1/2) and (2, 1, 1/2) → (1, 0, 1/2).
The emission lines corresponding to these transitions are labeled, according to the International
Union of Pure and Applied Chemistry (IUPAC) nomenclature, as K-L3 the more energetic one,
and K-L2 the less energetic. If the vacancy in the K shell is filled by a M-shell electron the lines
are tagged as K-M3 and K-M2. After the K-L photon is emitted the vacancy moves to the L
shell. Holes in the L shell are filled by electrons from the M shell, giving rise to a series of L
lines. This process continues until the atom reaches the ground state again, so the emission of
the K series is always accompanied by the emission of the L, M, N . . . series, as appropriate.
Historically the Sieghbahn notation (named after Manne Sieghbahn) was employed in X-ray
spectra. Although still widely used in spectroscopy, this notation is unsystematic and often
confusing. In the Sieghbahn notation K-L x-rays are known as Kα, K-M x-rays as Kβ, etc. The
correspondence between the two notations for some main spectral lines is specified in Fig 4.4.

The energy of an electron in an inner shell with principal quantum number n can be written
as:

En = −(Zeff
n )2

n2
RH, (4.196)

where Zeff
n is the effective nuclear charge. The difference between Z and Zeff

n is caused by the
screening effect of the other electrons. This can be re-written as:

Zeff
n = Z − σn, (4.197)

where σn is a phenomenological screening parameter accounting for the screening of the
nucleus by the other electrons. For the K shell of sodium (Z = 11), for example, the measured
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Figure 4.4: Energy level diagram showing electron transitions producing Fe K and L x-rays.

value is E1 = −1072 eV as compared to

−(11)2

12
RH = −1650 eV.

This implies Zeff
n = 8.88 and σ1 = 2.12. This describes the combined screening due to the other

electron in the K-shell and that of the remaining nine electrons in the higher shells. It can
be seen that the value σ1 = 2.12 may be interpreted as a contribution of ∼ 1 from the other
electron in the K shell plus another contribution of ∼ 1 from the remaining nine electrons. Most
of the probability density for these outer electrons lies outside the K shell, but there is still some
fraction of it closer to the nucleus than the expected value of the K shell radius.

The energy of an X-ray transition n′ → n is given by:

ℏω = |En′ − En| =
∣∣∣∣−(Zeff

n′ )2

(n′)2
+

(Zeff
n )2

(n)2

∣∣∣∣ RH. (4.198)

In practice, a crude approximation as Zeff
n = Zeff

n′ = (Z−σn) can be done to get, for the K shell,

ℏω ≈ (Z − σK)
2RH

(
1

12
− 1

(n′)2

)
, (4.199)

where n′ > 1 and, for heavy atoms, σK ∼ 3. A similar expression applies to the L shell:

ℏω ≈ (Z − σL)
2RH

(
1

22
− 1

(n′)2

)
, (4.200)

with n′ > 2 and σL ∼ 10. These expressions are examples of the so-called called Moseley’s law,
which has just an empirical justification. The fact that the Zeff

n = Zeff
n′ approximation can be

applied means that the transition energy is dominated by the energy of the lower shell. Moseley’s
law and equation (4.196) do not explain the sub-shell structure shown in figure (4.4).
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Figure 4.5: X-ray emission and absorption spectra of gold. (a) Emission spectrum at two differ-
ent electron voltages showing sharp lines caused by L-series transitions. (b) Mass attenuation
coefficient, which is proportional to the absorption coefficient. Reproduced from Fox (2019)

The left plot of figure (4.5) shows the X-ray emission spectra of gold for two different energies
of the electron beam which collides with the gold target. The sharp peaks are generated by
radiative transitions following the ejection of L-shell electrons. The continuum part of the
spectrum is due to bremsstrahlung.23 The right plot shows the gold mass attenuation coefficient
(proportional to the absorption coefficient) for X-rays of energies up to 300 keV. A series of
sharp edges can be seen. They occur when the incoming X-ray photon has enough energy to
promote an electron from an inner shell to empty states above the highest occupied shell (either
bound or ionized states). The absorption probability decreases beyond the edges due to the
reduced overlap between the initial localized electron wave function and the delocalized states
of the continuum, as described by the photoelectric cross-section. The energy of the absorption
edge can be derived from equation (4.198) setting En′ = 0, since the binding energy of valence
electrons is negligible compared to X-ray energies. We have

Eedge =
(Zeff

n )2

n2
RH ≡ (Z − σn)

2

n2
RH. (4.201)

The absorption edge provides a measurement of the inner shell energy.
The emission of X-rays is not the only way for an atom with a vacancy in an inner shell to

loose energy. The excitation energy of the atom can be decreased by ejecting an electron from
the outer shells without the emission of any photon. Such radiationless deexcitation of atoms by
emission of electrons rather than X-rays is known as the Auger effect, and the emitted electrons
are called Auger electrons. Of course, an Auger process leaves the atom in a doubly ionized
state which can further relax by photon emission, so an Auger electron is usually accompanied
by X-rays.

23Bremsstrahlung radiation is produced when energetic electrons scatter off atoms without ejecting a core
electron from the target. The acceleration of the electron associated with its change of direction causes it to
radiate energy in the form of X-rays.
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4.7 Problems.

1. Write the wave function corresponding to the three-photon state |1k1,+, 1k2,+, 1k3,−⟩
in the Fock space.

2. A general two-photon state can be written as

|state⟩ =
∑

k1,λ1,k2,λ2

f(k1, êλ1 ;k2, êλ2)a
†
k1,λ1

a†k2,λ2
|0⟩,

where, apart from normalization, f(k1, êλ1 ;k2, êλ2) is any function of k1, êλ1 and
k2, êλ2 (f can be called the wave function of the state).
Show that this state may be written as

|state⟩ =
∑

k1,λ1,k2,λ2

g(k1, êλ1 ;k2, êλ2)a
†
k1,λ1

a†k2,λ2
|0⟩,

with g(k1, êλ1 ;k2, êλ2) = {f(k1, êλ1 ;k2, êλ2) + f(k2, êλ2 ;k1, êλ1)}/2, symmetric un-
der the interchange of labelling. Discuss the implications of this result.

3. The free-radiation field state inside a cubic enclosure can be written as

|c⟩ = exp

(
−1

2
|c|2
) ∞∑
n=0

cn√
n!

|n⟩ ,

where c = |c|eiδ is any complex number and |n⟩ is a state of n photons with some
specific wavevector k and transverse polarization λ, omitted in the expression (|n⟩ ≡
|nkλ⟩). Such a state |c⟩ is called a coherent state and is extremely useful in quantum
optics and other bosonic quantum field theories. Derive the following properties of
|c⟩.

(a) |c⟩ is normalized: ⟨c|c⟩ = 1.

(b) |c⟩ is an eigenstate of akλ with the complex eigenvalue c: akλ |c⟩ = c |c⟩.

(c) The expected number of photons in the enclosure N ≡ ⟨c|N |c⟩ is equal to |c|2.

(d) The RMS fluctuation of the photon number is given by:

(∆N)2 ≡ ⟨c|N2|c⟩ −N
2
= |c|2.

(e) The expected value of the electric field E is given by:

E ≡ ⟨c|E|c⟩ = −2

√
2πℏωk

V
|c| sin(k · r− ωkt+ δ) êkλ,

where V is the volume of the cubic enclosure.

(f) The RMS fluctuation ∆E in the electric field is given by:

(∆E)2 ≡ ⟨c|E2|c⟩ − ⟨c|E|c⟩2 = 2πℏωk

V
.



Quantum Physics III. Monday 7th September, 2026, 11:08. 179

4. Using the properties of the 6j Wigner coefficients demonstrate the E1 selection rules:
∆L = 0,±1, La + Lb ≥ 1, ∆J = 0,±1 and Ja + Jb ≥ 1

5. The diagram shows the energy levels of Ti+. Indicate all possible electric-dipole
transitions (E1) in LS coupling assuming all multiplets are normal (higher J terms
are more energetic).

6. The diagram shows the ground state and first excited states of Sc (Scandium, Z =
21).

a) Indicate the parity of every state.

b) Make a table with the allowed electric dipole (E1) transitions. Assume normal
ordering of the multiplets.

c) Indicate, as a function of two 6-j symbols, the line-strength ratio between the
2P3/2 → 2D5/2 and the 2P1/2 → 2D3/2 lines.

d) The transition indicated with a dashed line is experimentally observed. Discuss
the presence of that transition in the spectrum of Scandium.

7. For each of the following transitions among LS-coupled levels, state whether it is
allowed or forbidden for electric-dipole transitions. For forbidden transitions, which
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selection rules(s) is/are violated?

3P1 → 1S0
2P3/2 → 2S1/2
2D3/2 → 2S1/2
4D3/2 → 2P1/2

3F4 → 3G4

3G4 → 3H5

3H5 → 3G3

4I11/2 → 4K11/2

8. Determine the possible atomic terms for the p2 and sp electronic configurations.
Determine also the electric dipole transitions which can take place from the p2 to sp
terms assuming LS coupling.

9. The electronic configuration of the phosphorus ground state is [Ne](3s)2(3p)3.

• Find the values of L, S and J for the phosphorous ground state.

• Find the possible values of L, S and J for the excited configuration (3p)2(4s).

• One of the terms of the previous excited configuration is 4P. Taking into
account that the energy increases with the value of J , draw a Grotrian diagram
showing the levels of this term and the ground-state level. Show also the
corresponding parities.

• Draw all possible radiative transitions between the previous levels. For each
transition list the appropriate selection rules and the type of radiation emitted.

10. The next figure shows the ground state of Calcium ([Ar]4s2), also named as Ca
I, and some of its first excited terms. Over every term there is its corresponding
configuration.
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a) Assign quantum numbers, L and S, to each term using the Hund rules and
indicate, with spectroscopic notation, which one corresponds to each term.

b) In the 3d2 configuration there are terms that are in principle possible, but are
not observed in reality. Discuss the relation of the energy of these terms with
the ionization energy of Ca.

c) Make a diagram showing the levels of the terms due to the spin-orbit interac-
tion, sorted in energy according to Hund’s rules.

d) Draw in the previous diagram the allowed dipolar electric transitions (E1)
between the considered levels.

e) Aside from the terms of the figure, Ca I presents a 3P term corresponding to
the [Ar]4s5p configuration. This term splits into three levels with energies:
36547.688, 36554.749 and 36575.119 cm−1 above the ground state. Compute
the approximate value of ℏ2ζ, where ζ is the proportionality factor in the
spin-orbit matrix elements, ⟨αLSJMJ |Hso |αLSJMJ⟩, of multielectron atoms
explained in Eq. (3.92).

11. For an F multiplet decaying into a D multiplet, find the relative intensity of
2F7/2 → 2D5/2 and 2F5/2 → 2D3/2 transitions.
Hint: you need to use a 6j table. Assume that the difference between the frequencies of

the photons emitted in both transitions is negligible, so that the relative intensity can be

approximated by the ratio of line strengths.

12. Thomson scattering: When discussing the interaction of the EM radiation field
we neglected the interaction hamiltonian given by

Hint =
e2

2mc2
A2

in equation (4.69). This term is very relevant when we consider the scattering of
photons with energies ℏωk much larger than the binding energy of the electrons,
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such that the electrons can be considered to be free (only their kinetic energy has to
be accounted for), but much smaller than mc2. This last condition implies that the
energy ℏωk′ of the scattered photon (k′ ̸= k) is not changed, ℏωk′ = ℏωk, because
for small recoil momenta the recoil energy may be neglected.

1) Show that

⟨b; 1k′λ′ |Hint | a; 1kλ⟩ =
2πe2ℏ
mV ωk

[êk′λ′ · êkλ] δpb+ℏk′,pa+ℏk,

where a and b indicate the electron state. Recall that, since we are considering
free electrons in a cubic enclosure of volume V (we can disregard the electron
spin in the exercise),

⟨r|a⟩ = 1√
V
eipar/ℏ, ⟨r|b⟩ = 1√

V
eipbr/ℏ.

2) We are not interested in the recoil of the free electron. Thus, we can sum over
all the possible final momentum values of pb to obtain

〈
1k′,λ′

∣∣Hint

∣∣ 1k,λ〉 =∑
pb

2πe2ℏ
mV ωk

êk′λ′ · êkλδpb+ℏk′,pa+ℏk =
2πe2ℏ
mV ωk

êk′λ′ · êkλ.

Now, use equations (4.117) and (4.120) and show that the transition probability
to a group of states is

dWkλ→k′λ′

dΩ
=

c

V
r20 [êk′λ′ · êkλ]2 ,

where r0 = e2/(mc2) ≈ 2.818 f is called the classical electron radius.

3) If the transition probability is divided by c/V , which is the photon flux, we
obtain the Thomson cross-section

dσ

dΩ
= r20 [êk′λ′ · êkλ]2 .

We shall study the physical meaning of a cross-section in Chapter 5.

We want to obtain the unpolarized cross-section summing over the polarization
of final states and averaging over the polarization of initial states. Demonstrate
that

dσunp

dΩ
=
r20
2

2∑
λ=1

2∑
λ′=1

[êk′λ′ · êkλ]2 =
r20
2
(1 + cos2 θk),

where the θk angle is defined in a reference system where k̂ = k/k is the z axis
unitary vector (see figure 4.1).

4) Now, integrate this result over the solid angle to show that the total cross-
section is

σtotal =
8π

3
r20 = 6.65× 10−25 cm2.
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13. What is the the 3p→ 1s Einstein A coefficient in Hydrogen?
Hint: you may consider that:(∫ ∞

0

unp(r)u1s(r) r dr

)2

=
28n7(n− 1)2n−5

(n+ 1)2n+5
a20.

14. The following Grotrian diagram shows (not to scale) the energies of the six first
Hydrogen orbitals

3s

2s

1s

3p

2p

3d

Draw, using arrows in this diagram, all possible E1 transitions. Compute the lifetime
of the 3p state. You will need the following formula(∫ ∞

0
unp(r)u2s(r) r dr

)2

=
217n7(n2 − 1)(n− 2)2n−6

(n+ 2)2n+6
a20,

where unℓ(r) = rRnℓ(r) is the radial part of the Hydrogen-like wave functions.

15. A Hydrogen atom in its ground state is excited by a time-dependent perturbation

H0 = eE0ze−t/τ , t ≥ 0.

Find, at first order in time-dependent perturbation theory, the transition probability
to the |nℓm⟩ state.
Hint: Consider: z = r

√
4π
3 Y10(θ, ϕ) and the radial integral in the hint to problem (13).

16. We are investigating hydrogen plasma at a temperature of 4500 ◦C. Calculate the
probability, per atom and second, for stimulated emission of photons between the 2p
and 1s states if the lifetime of 2p state is 1.6 ns.

17. Replace the Coulombian interaction between a proton and an electron with a three-
dimensional harmonic oscillator

V (r) = V0 +
1

2
mω2r2,

where r is the distance between the two charges and m is the electron mass.

a) Show that separation of variables in cartesian coordinates turns this system
into three one-dimensional oscillators. Take the solution of a one-dimensional
oscillator from a textbook and demonstrate that the allowed energies are

En = V0 +

(
n+

3

2

)
ℏω,
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where nx, ny, nz are integer numbers and n = nx + ny + nz. What is the
wave function for a generic state |nx, ny, nz⟩ of the three-dimensional oscillator?
Write explicitly the wave function for |0, 0, 0⟩ (the ground state) and for |1, 0, 0⟩
(one of the first excited states).

b) Discuss the degeneracy of En, in particular that of the ground state and first
excited states of the oscillator.

c) Determine the parameters V0 and ω if the energies of the ground and first
excited states coincide with the ground and first excited states of the Hydrogen
atom.

d) Determine the lifetime of the first excited state of the three-dimensional oscil-
lator.

18. Radiative transitions from n = 109 to n = 108 of Hydrogen states are observed in
radio–astronomy. Compute the frequency and wavelength of the radiation emitted in
this transition. This same transition has been also observed in excited helium atoms.
Without performing any calculation try to estimate the frequency of the radiation
emitted. This kind of radiative transitions are very difficult to observe in laboratory
experiments, can you tell why?

19. The ground-state electronic configuration of the alkali metal cesium, Cs, is [Xe]6s.
The approximate values of the quantum defects are: δ(0) ≈ 4.11, δ(1) ≈ 3.61,
δ(2) ≈ 2.45, δ(3) ≈ 0.02. The 6s electron is promoted to the 7p shell. What
wavelengths can be observed in E1 emission?

20. Francium, Fr, is an alkali metal with electronic configuration [Rn]7s1. Its first ion-
ization potential is equal to 4.07 eV, and the wavelength of the transition 8p → 7s
is 428 nm.

a) Compute the values of the quantum defects δ(0) and δ(1) for Fr.

b) Make an estimation of the 7p→ 7s transition wavelength.

c) Compute the minimum value of δ(2) for the 8p → 6d (emission) transition to
be possible.

21. To study the composition of an alloy sample of iron (Z = 26) and manganese (Z =
27), we plan to use X rays with energy equal to the average value of the two K shell
absorption edges of these metals. Compute this average energy.

22. A sample of tritium atoms is excited into 2p states. Tritium is unstable and decays
as 3

1H → 3
2He + e− + ν̄e. What is the relative intensity of the 3p → 1s and 2p → 1s

lines of the resulting 3
2He

+ ions from the tritium decays?

Hint: you need to take into account the probability amplitudes for an initial 2p tritium state

to end up populating (after the tritium decay) the 3p and 2p 3
2He+ states.
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23. A gas enclosure of 125 cm3 volume contains Lithium vapour at thermal equilibrium
at a temperature of 970 K and a pressure of 135 Pa. The radiated power for the
2p→ 2s transition, that corresponds to 670.8 nm wavelength, is 10.41 mW.a

a) What is the ratio of the 2s and 2p populations, i.e.
N2p

N2s
.

b) Calculate the lifetime of the 2p state of Lithium.

aIn fact there are two levels in the 2P Li term, 2P3/2 and 2P1/2. Their transition wavelength
differs less than the quoted precision and can be considered degenerate in this problem.
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Chapter 5

Scattering.

Particles bound by a potential, as electrons in an atom, have a discrete spectrum of negative
energies. Free particles, on the other hand, may have any positive energy in a continuum
spectrum. Scattering theory studies processes where a continuum initial state is transformed
into a continuum final state through the action of some potential. By performing scattering
measurements is how we primarily get information about distributions of mass, charge and
potential energy for molecular and atomic systems. At a more fundamental level, it is also the
primary way to study the properties of elementary particles and their interactions. This chapter
deals mainly with the theory of scattering in a simple but important case, the elastic scattering
of a non-relativistic particle in a local potential. In section 5.9, a brief introduction to scattering
by complex potentials and absorption processes is given.

5.1 Introduction: classical scattering theory.

Consider a particle that approaches a scattering center (a heavy nucleus, for example) with an
impact parameter b (see figure (5.1)). Provided the interaction is symmetric in the azimuth
angle, the trajectory remains in a plane and the particle emerges at some scattering angle θ.

Scattering center
z

b

θ

Figure 5.1: Impact parameter of a classic scattering trajectory.

α

α

α
θ

b R

z

Figure 5.2: Elastic hard-sphere scattering. According to this figure, b = R sinα.
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Figure 5.3: Particles incident in the area dσ scatter into the solid angle dΩ. (taken from Rubbia
[12]).

Suppose the target is a hard sphere of radius R and the incident particle bounces off elastically.
According to figure (5.2), the impact parameter can be written as b = R sinα, and the scattering
angle as θ = π − 2α, so

b = R sin

(
π

2
− θ

2

)
= R cos

(
θ

2

)
(5.1)

θ =

{
2 arccos(b/R), if b ≤ R

0, if b ≥ R
. (5.2)

In a more general situation we should consider particles that come in through an infinitesimal
cross-sectional area, dσ, and scatter into the corresponding infinitesimal solid angle dΩ (see
figure (5.3)). The differential scattering cross-section, D(θ), is defined as the proportionality
factor between dσ and dΩ.

dσ = D(θ)dΩ. (5.3)

Although D(θ) = dσ/dΩ is called differential cross-section, and is almost always written just
as dσ/dΩ, it is neither a cross-section nor a differential quantity. However, this terminology is
universally used. In terms of the impact parameter, b, and the azimuthal angle, φ, we have

dσ = bdφ db dΩ = sin θ dθ dφ, (5.4)

therefore

D(θ) =
b

sin θ

∣∣∣∣dbdθ
∣∣∣∣ . (5.5)

We take the absolute value because b is usually a decreasing function of θ, therefore the derivative
is negative.1

In the case of hard-sphere scattering we have

db

dθ
= −1

2
R sin(θ/2), D(θ) =

R cos(θ/2)

sin θ

1

2
R sin(θ/2) =

R2

4
. (5.6)

The differential cross-section is actually independent of θ in this very particular case. The total
cross-section is defined as

σ ≡
∫
D(θ) dΩ. (5.7)

1Note also that 0 ≤ θ ≤ π.
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Figure 5.4: Beam colliding with a thin slab of material in fixed-target configuration.

This can be visualized as the total area of the incident beam that is scattered by the target.
Alternatively, this is the area that a single particle has to cross to be scattered by the target. In
our hard-sphere scattering example, the cross-section is just the geometric cross-sectional area
of the sphere, as expected

σ =
R2

4

∫
dΩ = πR2. (5.8)

The flux, ϕ, of a beam of particles is defined as

ϕ ≡ number of incident particles per unit area, per unit time. (5.9)

The number of particles entering an area dσ per unit time is dN = ϕdσ = ϕD(θ) dΩ, therefore
we have

D(θ) =
1

ϕ

dN

dΩ
, ϕ

∫
D(θ) dΩ = N. (5.10)

This formula shows, in practical terms, how a scattering cross-section is measured in the lab-
oratory: count the number of particles scattered per unit of time into a given element of solid
angle, and normalize to the flux of the incident beam.

5.2 Interaction probability.

5.2.1 Fixed-target configuration.

Let us consider a beam of particles sent to collide with a fixed target made of a thin slab of
material, which has area A and very small thickness dz, as shown in Fig. (5.4). The scattering
centers are assumed to be uniformly distributed in the target slab, with an average density per
unit volume ρ. We associate to each scattering center a small area given by the cross-section
relevant to the physics process we wish to study, σ. If the flux of incoming beam particles is
uniform, then the probability that a particle of the beam interacts with a scattering center in
the target slab is equal to the ratio of the total area covered by the scattering centers and the
total area of the target (assuming the incident beam illuminates all the target),

Prob. of int. in dz ≡ w =
σρAdz

A
= σρdz. (5.11)

This equation is valid in the so-called thin target approximation, which assumes the areas
covered by the scattering centers do not overlap. The number of interactions per unit time, or
interaction rate, can be obtained using the beam flux, ϕ, as

Rint = ϕAw = Adz︸︷︷︸
V

ρϕσ = V ρ︸︷︷︸
Nc

ϕσ = Ncϕσ, (5.12)
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where V is the total volume of the target and Nc is the total number of scattering centers in
that volume. If the process under study is scattering off nuclei, then the rate can be expressed
using the Avogadro number as

Rint = NAMϕσ, (5.13)

where M is the mass of the target in grams and NA = 6.02214076× 1023 mol−1 (exact).
Because for thin targets the areas of the scattering centers do not overlap, the quantity Nc in

the relation Rint = Ncϕσ can in fact be regarded as the number of scattering centers per unit of
target area, having taken into account the actual target thickness and density. Thus, a common
way to specify the properties of a thin target is just to provide the number of scatterers per unit
area. This is the reason why in practical applications thin target densities are quoted in units
of cm−2 (gr · cm−2, nuclei · cm−2, etc.).

For thick targets we define N(z) as the number of particles surviving (i.e., that do not suffer
any scattering process) after travelling a distance z inside the target. The probability of a
particle interacting in any thin piece of the target between z and z+dz is given by w, therefore
the number of particles interacting between z and z + dz is

N(z)w = N(z)σρdz. (5.14)

The number of incident beam particles at a distance z+dz is equal to their number at z minus
those that have interacted, thus

N(z + dz) = N(z)−N(z)σρdz =⇒ dN(z) = −N(z)σρdz. (5.15)

It is convenient to define the mean free path of the incoming particles as the inverse of σρ, which
has units of distance

λ ≡ 1

σρ
. (5.16)

To find the number of surviving incident particles as a function of the distance travelled inside
the target we just need to integrate∫ z

0

dN(z′)

N(z′)
= −

∫ z

0
σρ dz′ = −σρ z = − z

λ
, log

(
N(z)

)
− log

(
N(0)

)
= − z

λ
.

Therefore
N(z) = N(0) e−z/λ. (5.17)

The initial number of particles before entering the target is N(0). The probability of an incident
particle to not suffer an interaction after travelling a distance z inside the target decreases
exponentially. The mean free path, λ, is the distance at which the fraction of surviving particles
is equal to 1/e ≈ 0.37.

5.2.2 Collinear and head-on collisions.

In particle colliders we need to take into account the movement of two beams of particles that
collide head-on. Let’s consider a flux of incoming particles, labelled a, travelling in the positive
direction of the z axis with velocity βa. It faces another beam of particles, labelled b, travelling
in the negative direction of the same axis with velocity βb, as shown in Fig. (5.5). The densities
of particles per unit volume are denoted as na and nb, respectively. The two beams have the
same cross-sectional area, A, with a perfect overlapping. When the two beams cross, a particle
of beam a travels in a time interval δt a distance

δℓ = |βa − βb|δt = vδt

inside the beam b, where v = |βa − βb| is the relative velocity between the two beams. This
means that particle a crosses a volume containing

nbAδℓ = nbAvδt
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Figure 5.5: Two beam of particles colliding head-on.

particles of type b. The same reasoning used to derive Eq. (5.11) leads to the following proba-
bility of interaction of particle a

Prob. of int. head-on = Pint =
nbAvσδt

A
= nbvσδt. (5.18)

The number of interactions per unit time (interaction rate) of naV particles of type a in a volume
V is then given by

Rint =
naV Pint

δt
= nanbvV σ. (5.19)

There are nbV particle of type b in the volume V , therefore the interaction rate per particle of
type b is given by

Rint,b =
Rint

nbV
= navσ. (5.20)

The quantity ϕa ≡ nav can be taken to be flux (units cm−2s−1) of particles a seen by a particle
of type b. Hence Rint,b can be written as

Rint,b = ϕaσ. (5.21)

The total rate, Rint, can be written in terms of a total relative flux factor F defined as2

F = nanbv. (5.22)

Thus
Rint = V Fσ (head-on collisions). (5.23)

It should be noted that this derivation is only valid in a non-relativistic regime, which is seldom
the case in practical applications of particle physics colliders.

5.3 Quantum scattering theory.

To describe the scattering of a particle by a potential using quantum mechanics we should in
principle study the time evolution of a wave packet, which presumably represents an incident
particle with some energy width and spatial localization. However, most of the important physics
results can be more easily obtained using plane waves. This is rather satisfactory, as long as the
dimension of the wave packet is much larger than the size of the scatterer or the range of the
potential. Let’s consider then an incident plane wave traveling in the z direction, ψ(z) = Aeikz,
that scatters off a potential. This is a non-normalizable state, infinite in extent in both space and
time, but we can also interpret the real parameter |A|2 as the number of incident beam particles
per unit volume. After the scattering has taken place, we expect to have a superposition of the
initial plane wave and a scattered spherical wave, as shown schematically in this two-dimensional
graph

2This relative flux, despite its name, does not have units of cm−2s−1.
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Figure 5.6: Graphical representation of the volume dV = vdt dσ. (taken from Griffiths [7]).

On physical grounds, then, the solutions of the Schrödinger equation for large values of r ought
to be of the general form

ψ(r, θ) ≈ A

[
eikz + f(θ)

eikr

r

]
. (5.24)

Note that the spherical wave carries a factor of 1/r because, at large values of r, |ψ|2 must go
as 1/r2 to conserve probability.3 The wave number k is related to the energy of the incident
particles through

k =

√
2mE

ℏ
. (5.25)

The function f(θ) is called the scattering amplitude, and for the time being we will assume
it depends only on the polar angle θ, although in general it could have also an azimuthal
dependence on φ. It is not difficult to see that |f(θ)|2 is in fact the probability of scattering
in a given direction θ. Indeed, looking at figure (5.6), we realize that the number of particles
(traveling at speed v) that cross the infinitesimal area dσ in a time dt is given by the product
of the differential volume dV = vdt dσ and the modulus squared of the incident plane wave,

|ψincident|2 dV = |A|2(vdt) dσ. (5.26)

By probability (or flux) conservation, this must be equal to the number of particles that scatter
into the corresponding solid angle dΩ, which is given by the product of the spherical wave
amplitude and the differential element r2 dΩ

|ψscattered|2 dV =
|A|2|f |2

r2
(vdt) r2 dΩ = |A|2|f |2(vdt) dΩ. (5.27)

Equating both expressions we find dσ = |f |2dΩ, therefore

D(θ) =
dσ

dΩ
= |f(θ)|2. (5.28)

3This decreasing as 1/r of the scattered wave was at the origin of the probabilistic interpretation made by
Max Born in 1926. At first, Schrödinger and others thought that the wave functions represent particles that are
spread out, like pressure disturbances in a fluid, and that most of the particle is located where the wave function is
large. However, the 1/r dependence contradicts the common experience that, though a particle striking a target
may be scattered in any direction, it does not break up and go in all directions. Born concluded that ψ(r, t) does
not tell us how much of the particle is at position r at time t, but rather the probability that the particle is at or
near r at time t.
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The main goal of scattering theory is to compute the scattering amplitude f(θ) by solving the
appropriate Schrödinger equation. In the remainder of this chapter we will study two techniques
to attack this problem: partial wave analysis and the Born approximation.

5.4 Partial wave analysis.

Partial wave analysis is especially convenient for spherically symmetric potentials, V (r) = V (r).
It will allow us to examine how states with definite angular momentum are affected by the
scatterer. For spherical symmetric potentials, we have already seen in section 1.4 that the
solutions of the Schrödinger equation can be written as a product of a radial function and a
spherical harmonic,

ψ(r, θ, φ) = R(r)Y m
ℓ (θ, φ), (5.29)

where the function u(r) = rR(r) satisfies the radial equation

− ℏ2

2m

d2u

dr2
+

[
V (r) +

ℏ2

2m

ℓ(ℓ+ 1)

r2

]
u = Eu, (5.30)

which we have already found before as equation (1.98). Here we will only consider solutions
with positive energy (E > 0), because negative-energy solutions correspond to bound states. At
very large r we assume both V (r) and the centrifugal contribution (which goes as 1/r2) to be
negligible, so the previous equation becomes

d2u

dr2
≈ −k2u, (5.31)

where k =
√
2mE/ℏ (note that E > 0). Its general solution can be written as

u(r) = Ceikr +De−ikr. (5.32)

The first term represents an outgoing spherical wave, and the second represents an incoming
one. We want to describe the scattered wave, so we must impose the condition D = 0. At very
large values of r we have then

R(r) =
1

r
u(r) ∼ eikr

r
. (5.33)

This was already hinted at before on physical grounds (equation 5.24), and holds for kr ≫ 1.

To get more information on R(r) we can examine the intermediate region, where the cen-
trifugal term must be taken into account but the potential V (r) can still be neglected.4 In such
a case we have

d2u

dr2
− ℓ(ℓ+ 1)

r2
u = −k2u. (5.34)

The general solution to this equation, which you have probably seen when studying the infinite
spherical well in three dimensions, is a linear combination of spherical Bessel functions of the
first (jℓ) and second (or Neumann) class (nℓ), of order ℓ,

R(r) =
1

r
u(r) = Ajℓ(kr) +Bnℓ(kr), u(r) = Arjℓ(kr) +Brnℓ(kr). (5.35)

These special functions have the following explicit form (z can be a complex number here)

jℓ(z) = zℓ
(
−1

z

d

dz

)ℓ sin z

z
, nℓ(z) = −zℓ

(
−1

z

d

dz

)ℓ cos z

z
. (5.36)

4The Coulomb potential does not satisfy this condition, since 1/r goes to zero more slowly than the centrifugal
term when r → ∞. Partial wave analysis is not applicable to the Coulomb potential, which is not localized enough.
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Their asymptotic behaviour for large |z| (in our case for large kr) is

jℓ(kr) ≈
1

kr
sin

(
kr − ℓπ

2

)
+O

(
1

(kr)2

)
, nℓ(kr) ≈ − 1

kr
cos

(
kr − ℓπ

2

)
+O

(
1

(kr)2

)
,

or, in exponential form,

jℓ(kr) ≈
1

2ikr

[
ei(kr−

ℓπ
2 ) − e−i(kr−

ℓπ
2 )
]
, nℓ(kr) ≈ − 1

2kr

[
ei(kr+

ℓπ
2 ) + e−i(kr−

ℓπ
2 )
]
.

It is clear that neither jℓ(kr) nor nℓ(kr) can asymptotically represent only an outgoing or
incoming spherical wave. For that purpose we need to choose appropriate linear combinations
of them, in a similar way that the spherical functions eikr and e−ikr are built from linear
combinations of sine and cosine functions. The appropriate linear combinations are known as
spherical Hankel functions,5

h
(1)
ℓ (z) = jℓ(z) + i nℓ(z), h

(2)
ℓ (z) = jℓ(z)− i nℓ(z). (5.37)

As a reference, the first two spherical Hankel functions of the first and second type are

h
(1)
0 (z) = −ie

iz

z
, h

(2)
0 (z) = i

e−iz

z
, (5.38)

h
(1)
1 (z) =

(
− i

z2
− 1

z

)
eiz, h

(2)
1 (z) =

(
i

z2
− 1

z

)
e−iz. (5.39)

The asymptotic behaviour of the spherical Hankel functions for large |z| is6

h
(1)
ℓ −→ 1

z
(−i)ℓ+1eiz, h

(2)
ℓ −→ 1

z
(i)ℓ+1e−iz, (for |z| ≫ 1). (5.40)

According to this, it is clear that to describe outgoing waves we only need spherical Hankel
functions of the first kind, so the radial part of the wave function has to go as

R(r) ∼ h
(1)
ℓ (kr). (5.41)

The exact solution to the Schrödinger equation outside the scattering region, where V (r) ≈ 0
but ℓ(ℓ+ 1)/r2 is not negligible, can then be written as

ψ(r, θ, φ) = A

eikz +∑
ℓ,m

Cℓ,m h
(1)
ℓ (kr)Y m

ℓ (θ, φ)

 . (5.42)

The first term, Aeikz, is the incident plane wave, and the second term represents the scattered
wave. Since we are assuming the potential to be spherically symmetric, the wave function cannot
depend on φ, which means that only terms with m = 0 are present, because Y m

ℓ ∼ eimφ. The
spherical harmonics with m = 0 are

Y 0
ℓ (θ, φ) =

√
2ℓ+ 1

4π
Pℓ(cos θ), (5.43)

where Pℓ is the ℓ-th Legendre polynomial. Instead of the Cℓ,0 coefficient it is customary to
introduce a new parameter aℓ, called the ℓ-th partial wave amplitude, such that7

Cℓ,0 ≡ iℓ+1k
√
4π(2ℓ+ 1) aℓ. (5.44)

5The spherical Hankel functions, or spherical Bessel functions of the third class, are themselves also a pair of
linearly independent solutions of the Bessel equation.

6We use the modulus of z, |z|, because in general the argument of these special functions is a complex number,
but we will be using them only with real arguments.

7The parameter aℓ is also called partial scattering amplitude. If you happen to be reading also a collection of
lecture notes on nuclear and particle physics written some years ago for courses at the USC by Juan J. Saborido,
note that the aℓ used there has a different meaning. Calling aoldℓ the parameter used on those old lecture notes,
the relation to the one introduced here is aoldℓ = 1 + 2ikaℓ.
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With this notation the wave function can be written as

ψ(r, θ, φ) = A

[
eikz + k

∞∑
ℓ=0

iℓ+1(2ℓ+ 1) aℓ h
(1)
ℓ (kr)Pℓ(cos θ)

]
. (5.45)

For very large r the Hankel function goes like

h
(1)
ℓ (kr) −→ 1

kr
(−i)ℓ+1eikr, (5.46)

therefore we have

ψ(r, θ, φ) ≈ A

[
eikz + f(θ)

eikr

r

]
, (5.47)

where

f(θ) =

∞∑
ℓ=0

(2ℓ+ 1) aℓ Pℓ(cos θ). (5.48)

We have arrived again at equation (5.24) following a more rigorous route. Nevertheless, it
should be noted that this equation is only valid for a potential V (r) that verifies the condition
rV (r) → 0 when r → ∞ (it has a shorter range than the Coulomb potential).

Since this is the asymptotic behaviour of the solution for r → ∞, it may seem surprising
that the plane-wave term is not depleted by the scattering potential. Actually, in the forward
direction there is an interference between the two terms in equation (5.47), which does decrease
the amplitude of the plane wave beyond the scattering center, as required by the conservation of
probability. This implies that there must be a relation between the forward scattering amplitude,
f(θ = 0), and the total scattering cross section. This relation is known as the optical theorem.
A simplified form of this theorem will be proved in section 5.6 for central potentials (equation
5.95).

To make more explicit the physical meaning of the partial wave amplitude, aℓ, let us write
the plane wave in terms of spherical waves (Rayleigh’s formula)

eikz =

∞∑
ℓ=0

iℓ(2ℓ+ 1) jℓ(kr)Pℓ(cos θ). (5.49)

For large kr this is (remember that iℓ = ei(π/2)ℓ)

eikz ≈
∞∑
ℓ=0

iℓ(2ℓ+ 1)
1

2ikr

[
ei(kr−

ℓπ
2 ) − e−i(kr−

ℓπ
2 )
]
Pℓ(cos θ)

=
∞∑
ℓ=0

(2ℓ+ 1)

2ikr

[
eikr − e−i(kr−ℓπ)

]
Pℓ(cos θ). (5.50)

Therefore (also for large kr)

ψ(r, θ, φ) ≈ A

[
eikz + f(θ)

eikr

r

]
≈ A

[∑
ℓ

(2ℓ+ 1)Pℓ(cos θ)

(
eikr − e−i(kr−ℓπ)

2ikr

)
+
∑
ℓ

(2ℓ+ 1) aℓ Pℓ(cos θ)
eikr

r

]

= A
∑
ℓ

(2ℓ+ 1)Pℓ(cos θ)

2ik

[
(1 + 2ikaℓ)

eikr

r
− e−i(kr−ℓπ)

r

]
. (5.51)

Comparing equations (5.50) and (5.51) we clearly see now the physical meaning of aℓ. When
the scattering potential is absent we can analyze the plane wave as the sum of a spherically
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outgoing wave behaving like eikr/r and a spherical incoming wave behaving like −e−i(kr−ℓπ)/r
for each ℓ. The presence of the scattering potential changes only the coefficient of the outgoing
wave as

1 −→ (1 + 2ikaℓ), (5.52)

while the incoming wave is completely unaffected.
It is possible to derive a simple expression for the total cross-section in terms of the partial

wave amplitudes. The Legendre polynomials satisfy the following orthogonality relation,∫ +1

−1
Pℓ(x)Pℓ′(x) dx =

(
2

2ℓ+ 1

)
δℓℓ′ . (5.53)

Therefore

σ =

∫
|f(θ)|2 dΩ =

∫ ∞∑
ℓ=0

∞∑
ℓ′=0

(2ℓ+ 1)(2ℓ′ + 1) aℓa
∗
ℓ′ Pℓ(cos θ)Pℓ′(cos θ) dΩ

= 2π
∞∑
ℓ=0

∞∑
ℓ′=0

aℓa
∗
ℓ′

∫
(2ℓ+ 1)(2ℓ′ + 1)Pℓ(cos θ)Pℓ′(cos θ) d(cos θ). (5.54)

And finally

σ = 4π
∞∑
ℓ=0

(2ℓ+ 1) |aℓ|2. (5.55)

Our problem has been reduced then to compute the partial wave amplitudes, aℓ. This can be
done by solving the Schrödinger equation in the small r region, where V (r) ̸= 0, and matching
the solution to the one obtained for intermediate r (equation (5.45)) using appropriate boundary
conditions.

The ortoghonality condition of the Legendre Polynomials can also be used to express di-
rectly the partial wave amplitudes in terms the scattering amplitude. Indeed, multiply f(θ) by
Pℓ(cos θ) sin θ and integrate over θ to get, using equation (5.48),∫ π

0
f(θ)Pℓ′(cos θ) sin θ dθ =

∞∑
ℓ=0

∫ π

0
(2ℓ+ 1)aℓPℓ′(cos θ)Pℓ(cos θ) sin θ dθ

=

∞∑
ℓ=0

∫ 1

−1
(2ℓ+ 1)aℓPℓ′(x)Pℓ(x) dx =

∞∑
ℓ=0

(2ℓ+ 1)aℓ
2δℓℓ′

2ℓ+ 1
= 2aℓ′ . (5.56)

Therefore

aℓ =
1

2

∫ π

0
f(θ)Pℓ(cos θ) sin θ dθ. (5.57)

The solution for the wave function in equation (5.45) is written in a somewhat hybridmanner.
The incident plane wave contains implicitly contributions from states with all possible values of
the angular momentum ℓ, while the outgoing spherical wave shows explicitly the contributions
of all partial waves. We can get a more useful and homogeneous expression, only in terms of r
and θ, using the Rayleigh’s formula (5.49) for the plane wave. The result is

ψ(r, θ, φ) = A
∞∑
ℓ=0

iℓ(2ℓ+ 1)
[
jℓ(kr) + ik aℓ h

(1)
ℓ (kr)

]
Pℓ(cos θ). (5.58)

We will need at some point the asymptotic behaviour of this wave function for large kr. This
can be easily worked out using the asymptotic behaviour of the spherical functions

jℓ(z) =
1

2

[
h
(1)
ℓ (z) + h

(2)
ℓ (z)

]
≈ 1

2z

[
(−i)ℓ+1eiz + (i)ℓ+1e−iz

]
, for |z| ≫ 1. (5.59)

The result is

ψ(r, θ, φ) ≈ A

2ikr

∞∑
ℓ=0

(2ℓ+ 1)
[
(1 + 2ik aℓ) e

ikr − (−1)ℓe−ikr
]
Pℓ(cos θ), for kr ≫ 1. (5.60)
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5.4.1 Quantum hard-sphere scattering.

Let’s apply the foregoing discussion to the hard-sphere scattering problem, where the potential
is taken to be

V (r) =

{
∞, if r ≤ R

0, if r > R
(5.61)

Here the boundary condition forces the wave function to vanish everywhere inside the sphere of
radius R. In particular,

ψ(R, θ) = 0, (5.62)

for all values of θ. It then follows that

∞∑
ℓ=0

iℓ(2ℓ+ 1)
[
jℓ(kR) + ik aℓ h

(1)
ℓ (kR)

]
Pℓ(cos θ) = 0. (5.63)

Multiply now this equation by Pℓ′(cos θ) sin θ dθ, integrate from 0 to π and use the orthogonality
relation (5.53) to get

∞∑
ℓ=0

iℓ(2ℓ+ 1)
[
jℓ(kR) + ik aℓ h

(1)
ℓ (kR)

] ∫ π

0
Pℓ(cos θ)Pℓ′(cos θ) sin θ dθ

=
∞∑
ℓ=0

iℓ(2ℓ+ 1)
[
jℓ(kR) + ik aℓ h

(1)
ℓ (kR)

] ( 2

2ℓ+ 1

)
δℓℓ′

= 2iℓ
[
jℓ(kR) + ik aℓ h

(1)
ℓ (kR)

]
= 0. (5.64)

From this we conclude that

aℓ = i
jℓ(kR)

k h
(1)
ℓ (kR)

. (5.65)

And the total cross-section is

σ = 4π
∞∑
ℓ=0

(2ℓ+ 1) |aℓ|2 =
4π

k2

∞∑
ℓ=0

(2ℓ+ 1)

∣∣∣∣∣ jℓ(kR)h
(1)
ℓ (kR)

∣∣∣∣∣
2

. (5.66)

It is instructive to examine this exact answer for some limiting cases. For low energy scattering
where kR≪ 1, which means that the wavelength is much larger that the sphere radius (remem-
ber that k = 2π/λ), we need the asymptotic behaviour of the spherical Bessel and Neumann
functions,

jℓ →
2ℓ ℓ!

(2ℓ+ 1)!
zℓ, nℓ → −(2ℓ)!

2ℓ ℓ!

1

zℓ+1
, for z ≪ 1. (5.67)

For small z, nℓ(z) is much larger than jℓ(z), so

jℓ(z)

h
(1)
ℓ (z)

=
jℓ(z)

jℓ(z) + i nℓ(z)
≈ −i jℓ(z)

nℓ(z)

≈ i
2ℓ ℓ!

(2ℓ+ 1)!
zℓ

2ℓ ℓ!

(2ℓ)!

zℓ+1

1
=

i

(2ℓ+ 1)

(
2ℓ ℓ!

(2ℓ)!

)2

z2ℓ+1. (5.68)

Therefore

σ ≈ 4π

k2

∞∑
ℓ=0

1

(2ℓ+ 1)

(
2ℓ ℓ!

(2ℓ)!

)4

(kR)4ℓ+2. (5.69)
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For kR ≪ 1 we can afford to neglect higher powers of kR. This tells us that in the low energy
approximation the scattering is dominated by the ℓ = 0 term and the differential cross-section
is independent of θ, as in the classical case. Retaining only ℓ = 0 we find

σ ≈ 4πR2. (5.70)

Remember that for the classical hard-sphere scattering problem we obtained a total cross-section
which is equal to the geometrical cross-section of the sphere (equation 5.8), whereas in the
quantum domain the result is four times larger. This is a characteristic result of long-wavelength
scattering, and arises in optics as well.

One might think that going to the high enery limit case we should get the geometric cross
section. Let’s see if this is true. For kR ≫ 1 the asymptotic behaviour of the Bessel and
Neumann spherical functions is

jℓ(kR) ≈
1

kR
sin

(
kR− ℓπ

2

)
, and nℓ(kR) ≈ − 1

kR
cos

(
kR− ℓπ

2

)
.

Therefore

|aℓ|2 =

∣∣∣∣∣i jℓ(kR)

k h
(1)
ℓ (kR)

∣∣∣∣∣
2

=
1

k2

∣∣∣∣ jℓ(kR)

jℓ(kR) + inℓ(kR)

∣∣∣∣2

≈ 1

k2

∣∣∣∣∣ sin
(
kR− ℓπ

2

)
sin
(
kR− ℓπ

2

)
− i cos

(
kR− ℓπ

2

)∣∣∣∣∣
2

=
1

k2
sin2

(
kR− ℓπ

2

)
. (5.71)

At high energies, many values of ℓ contribute to the cross-section, but there is a maximum value
above which the cross-section vanishes. This can be estimated to be ℓmax ≈ kR, since ℏkR is
the magnitude of the angular momentum of the incident particle with respect to the scattering
center when it is coming with an impact parameter of b ≈ R, while for b > R the particle misses
the target. The cross-section is then

σ ≈ 4π

k2

kR∑
ℓ=0

(2ℓ+ 1) sin2
(
kR− ℓπ

2

)
=

4π

k2

kR∑
ℓ=0

(2ℓ+ 1) sin2 δℓ. (5.72)

The parameter δℓ = (kR− ℓπ/2) is called a phase shift. The physical meaning of δℓ is discussed
in the next section, but for the time being take it just as a shorthand for (kR− ℓπ/2). Note that
δℓ decreases by π/2 every time ℓ increases by one unit, therefore for an adjacent pair of partial
waves we have

sin2 δℓ + sin2 δℓ+1 = sin2 δℓ + sin2
(
δℓ −

π

2

)
= sin2 δℓ + cos2 δℓ = 1. (5.73)

kR∑
ℓ=0

sin2 δℓ =

kR
2
−1∑

ℓ=0

(
sin2 δ2ℓ + sin2 δ2ℓ+1

)
=
kR

2
. (5.74)

Also, since there are so many values of ℓ contributing to the cross-section, it is permissible to
replace sin2 δℓ by its average value (1/2) in the following sum8

kR∑
ℓ=0

2ℓ sin2 δℓ ≈
kR∑
ℓ=0

ℓ =
1

2
kR(kR+ 1) =

(kR)2

2
+
kR

2
. (5.75)

8In the limit that a is very large we have

1

a

∫ a

0

sin2 xdx =
1

a

(
a

2
− 1

2
sin a cos a

)
−→ 1

2
.
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Figure 5.7: One-dimensional scattering from a localized potential bounded by an infinite wall.

Finally, neglecting terms linear in kR,

σ ≈ 4π

k2

kR∑
ℓ=0

(2ℓ+ 1) sin2 δℓ ≈
4π

k2

[
(kR)2

2
+ kR

]
≈ 2πR2. (5.76)

This is twice the geometric cross-section, which looks a bit surprising. One might have expected
that high-energy spheres in the center-of-mass frame experience some reaction only if they
approach each other along lines separated by no more than a distance R, the range of their
interaction. In this case, the asymptotic value of the total cross section would be πR2, not
2πR2. However, this larger cross-section can be attributed to elastic scattering due to the
diffraction that takes place when two particles approach each other at distances a little larger
than R. If you think twice, this is not so surprising after all, since we know that objects in the
quantum domain exhibit a wavelike behaviour and a sort of Fraunhofer diffraction has to occur
because each sphere is an obstacle for the other.9

5.5 Phase shifts.

Consider a one-dimensional problem with the potential

V (x) =

{
0, if x < 0

∞, if x ≥ 0
(5.77)

Conservation of probability tells us that a wave incident from the left, ψi(x) = Aeikx, will be
entirely reflected into ψr(x) = Be−ikx = −Ae−ikx. The condition B = −A = eiπA ensures hat
the total wave function (incident plus reflected) vanishes at the origin (as it should, because
there is a wall of infinite potential),

ψ0(x = 0) = A
(
eikx − e−ikx

)
= 0. (5.78)

Suppose now that there is a small localized region with a non-zero potential between x = −a
and x = 0, such as (see figure 5.7)

V (x) =


0, if x ≤ −a
−V0, if − a < x < 0

∞, if x ≥ 0

(5.79)

9Fraunhofer diffraction occurs when light waves are directed to a small hole in a piece of paper, or just to a
small obstacle.
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Conservation of probability again forces the amplitude of the reflected wave for x < −a to be
the same as that of the incident wave (|B| = |A|), but the phase-change will depend on the exact
form of the little potential well, so in general we should write B = Aei2δ. Indeed, changing the
phase of the wave is the only thing the potential can do in elastic scattering. The total wave
function for x < −a takes now the form

ψ(x) = A
(
eikx − e−i(2δ−kx)

)
. (5.80)

The δ parameter is called phase shift, and its determination for all relevant partial waves com-
pletely solves the scattering problem. This is done by solving the Schrödinger equation in the
scattering region (−a < x < 0) and imposing suitable boundary conditions. The factor of 2 in
B = Aei2δ is purely conventional. We may think of the incident wave as being phase shifted
once on the way in, and again in the way out, so that δ would be a one-way phase shift and 2δ
the total phase shift.

In the three-dimensional case the incident plane wave Aeikz, although it carries no angular
momentum in the z direction (there are no terms withm ̸= 0 in the Rayleigh’s formula), includes
all values of the total angular momentum (ℓ = 0, 1, 2, . . .). In a spherically symmetric potential
the angular momentum of the scattered particle does not change, therefore each partial wave
(labelled by a particular ℓ) scatters independently with no change in amplitude (only in phase).
If there were no potential then we would only have the original plane wave function, ψ0 = Aeikz,
and according to equation (5.49) the ℓ-th partial wave would be

ψ
(ℓ)
0 = Aiℓ(2ℓ+ 1) jℓ(kr)Pℓ(cos θ). (5.81)

Let’s find the asymptotic behaviour of ψ
(ℓ)
0 for large kr. From equations (5.37) and (5.40) we

see that

jℓ(z) =
1

2

[
h
(1)
ℓ (z) + h

(2)
ℓ (z)

]
≈ 1

2z

[
(−i)ℓ+1eiz + (i)ℓ+1e−iz

]
, for |z| ≫ 1. (5.82)

Therefore for large kr and no potential we would have

ψ
(ℓ)
0 ≈ A

(2ℓ+ 1)

2ikr

[
eikr − (−1)ℓe−ikr

]
Pℓ(cos θ), (V (r) = 0). (5.83)

Now we should think about how the addition of a scattering potential modifies this expression.
The second term in the square brackets, which goes as (−1)ℓe−ikr, represents an incoming
spherical wave and cannot be affected by the presence of a potential. The first term is an
outgoing spherical wave. This is the term that gets changed by the scattering potential, which
introduces a phase shift δℓ. Therefore we should write

ψ(ℓ) ≈ A
(2ℓ+ 1)

2ikr

[
ei(kr+2δℓ) − (−1)ℓe−ikr

]
Pℓ(cos θ), (V (r) ̸= 0). (5.84)

To find a relation between the partial wave amplitudes, aℓ, and the phase shifts, δℓ, we need
to compare this last equation with the asymptotic behaviour of equation (5.60) for large kr.
Paying attention only to the ℓ-wave, this is

ψ(ℓ) ≈ A(2ℓ+ 1)

2ikr

[
(1 + 2ikaℓ)e

ikr − (−1)ℓe−ikr
]
Pℓ(cos θ). (5.85)

By comparing the coefficients that go with the eikr term we see that ei2δℓ = 1 + 2ikaℓ, or

aℓ =
1

2ik

(
ei2δℓ − 1

)
=

1

k
eiδℓ sin δℓ =

1

k cot δℓ − ik
. (5.86)

Alternatively, we could have arrived at this by using directly (5.52) and making the identification
(1 + 2ikaℓ) = ei2δℓ . Note that both aℓ and δℓ are just parameters10 and the relation obtained

10They have an energy dependency (functions of k) but are independent of r.
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Figure 5.8: Argand diagram for kaℓ. The length of the segment OP is the magnitude of kaℓ.
The center of the circle is at C = (0, 1/2). Figure adapted from Sakurai and Napolitano [13].

between them is exact even though we have used the asymptotic form of the wave functions to
derive it. Inserting this in equation (5.48), the scattering amplitude becomes

f(θ) =
1

k

∞∑
ℓ=0

(2ℓ+ 1) eiδℓ sin(δℓ)Pℓ(cos θ), (5.87)

which can also be written as

f(θ) =
1

2ik

∞∑
ℓ=0

(2ℓ+ 1) (e2iδℓ − 1)Pℓ(cos θ). (5.88)

The total cross-section is

σ = 4π
∞∑
ℓ=0

(2ℓ+ 1) |aℓ|2 =
4π

k2

∞∑
ℓ=0

(2ℓ+ 1) sin2(δℓ). (5.89)

The phase shift formalism exploits conservation of angular momentum to reduce the complex
parameter aℓ to a single real one, δℓ.

As a function of energy (or k) both δ(k) and aℓ(k) change, but they do it in a precisely
related manner. This can be conveniently shown by drawing an Argand diagram for kaℓ in the
complex plane. From the relation aℓ = (ei2δℓ − 1)/2ik we have

kaℓ =
i

2
+

1

2
e−i(

π
2
+2δℓ). (5.90)

This is a circle of radius 1/2, known as the unitary circle,11 centered at i/2 (see figure 5.8).
Note that if δℓ is small, then aℓ must stay near the bottom of the circle. It can be positive or
negative, but aℓ is almost purely real because

aℓ =
1

k
eiδℓ sin δℓ ≈

1

k
(1 + iδℓ)δℓ ≈

δℓ
k
. (5.91)

On the other hand, if δℓ is near π/2, then kaℓ is almost purely imaginary, kaℓ ≈ i, with maximal
magnitude. Under such condition the ℓ-partial wave may be in resonance, a concept which
we discuss in the next section. Note that equation (5.89) tells us that the maximum partial
cross-section is achieved when sin2 δℓ = 1,

σ(ℓ)max =
4π

k2
(2ℓ+ 1). (5.92)

11It is given this name because it can be shown to follow from the unitarity condition (or probability conserva-
tion) of the scattering process.
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5.6 The optical theorem.

Since the Lengendre polynomials satisfy Pℓ(1) = 1, from equation (5.87) we see that the forward
(θ = 0) scattering amplitude is

f(0) =
1

k

∞∑
ℓ=0

(2ℓ+ 1) eiδℓ sin(δℓ), (5.93)

therefore

Im
[
f(0)

]
=

1

k

∞∑
ℓ=0

(2ℓ+ 1) sin2(δℓ). (5.94)

Comparing this result with equation (5.89) we arrive at a relation between the total cross-section
and the imaginary part of the forward scattering amplitude, known as the optical theorem,12

σ =
4π

k
Im
[
f(0)

]
. (5.95)

Another instructive derivation of this theorem can be given in terms of the probability density
current, which is defined below and satisfies a continuity equation

j(r, t) =
ℏ

2mi
[Ψ∗(∇Ψ)− (∇Ψ∗)Ψ] , ∇j+

∂|Ψ|2

∂t
= 0. (5.96)

If Ψ is a stationary state, Ψ(r, t) = ψ(r) exp(−iEt/ℏ), that verifies the Schrödinger equation
with a real potential, it is easy to show that the divergence of the current vanishes13

∇j =
ℏ

2mi
∇ [ψ∗(∇ψ)− (∇ψ∗)ψ] = 0. (5.97)

Using Gauss’s theorem over a spherical surface we must have then∫
∇j d3r =

∮
j d2s =

∮
j r̂d2s = r2

∫ π

0
sin θ dθ

∫ 2π

0
j r̂dφ = 0, (5.98)

where d2s is a two-dimensional differential element and r̂ is a unit vector orthogonal to the
surface. This result, together with the continuity equation, means that the outgoing flux of
particles must be equal to the incoming flux. To calculate j r̂ we need the gradient operator in
spherical coordinates

∇ =
∂

∂r
r̂+

1

r

∂

∂θ
θ̂ +

1

r sin θ

∂

∂φ
φ̂. (5.99)

Since r̂θ̂ = r̂φ̂ = 0, only the radial derivative of the gradient operator contributes, and

j r̂ =
ℏ

2mi
[ψ∗(∇ψ)− (∇Ψ∗)ψ] r̂ =

ℏ
2mi

(
ψ∗∂ψ

∂r
− ∂ψ∗

∂r
ψ

)
. (5.100)

Therefore, for a sphere of any radius r,

0 = r2
∫ π

0
sin θ dθ

∫ 2π

0
dφ

(
ψ∗∂ψ

∂r
− ∂ψ∗

∂r
ψ

)
. (5.101)

In particular, we can take r large enough to use for ψ the asymptotic formula (5.47),

ψ = A

(
eikz + f(θ)

eikr

r

)
. (5.47)

12This theorem was first found by Lord Rayleigh in classical electrodynamics as a relation between the absorption
of light and the imaginary part of the index of refraction.

13In fact, for a stationary state ∂|Ψ|2/∂t = 0, so the continuity equation implies ∇j = 0.
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Upon inserting this expression into (5.101) and performing the integrals, it follows the optical
theorem.14

This discussion shows that the optical theorem is closely related to the conservation of
probability.15 In elastic scattering the total number of particles entering the scattering region
per unit time must be equal to the number leaving it per unit time in all directions. It is clear
that, because of the scattering process, the intensity (flux) of the incident beam must decrease
by an amount proportional to the total cross-section. As stated before, this decrease is due to
the interference between the two terms in equation (5.47), which is proportional to Im

[
f(0)

]
.

The exact relation between the total cross-section and Im
[
f(0)

]
is given by the optical theorem.

5.7 Resonance scattering.

In some cases, the scattering cross-section for a given partial wave exhibits a pronounced peak
in a certain energy interval. This is usually indicative of an underlying resonance process. There
are numerous examples of such processes in atomic, nuclear and particle physics. For a brief
elementary description consider a finite-range potential V (r), where the appropriate effective
potential for the radial wave function of the ℓ-th partial wave is

Veff = V (r) +
ℏ2

2m

ℓ(ℓ+ 1)

r2
. (5.102)

The centrifugal barrier, given by the second term, is always repulsive (positive). Therefore, when
V (r) itself is attractive (in some region) we may have a situation where the effective potential
has an attractive well followed by a repulsive barrier at larger distances. Figure (5.9) shows
a cross-section along the z-axis of such a potential (not to scale). The potential has a high
value much larger than the energy of the incident particle E in a thick shell around the origin,
surrounding an inner region where the potential is much smaller. If the barrier were infinitely
high we could have a particle trapped inside forming a stationary bound state. In practice, of
course, the barrier is finite and the particle can escape through a quantum-mechanical tunnel
effect. We may call it a quasi-bound state of resonance energy Er.

Now, if we send particles to the scattering center at various energies E, the corresponding
scattering phase shifts δℓ will rise through the value π/2 as the incident particle energy rises
through that of the quasi-bound state Er. At the same time, the partial-wave cross-section
passes through its maximum possible value of 4π(2ℓ + 1)/k2. It can be seen that such a sharp
rise in the phase shift is, in the time-dependent Shcrödinger equation, associated with a delay
of the emergence of the trapped particle.

Let’s see how the scattering amplitudes vary in the vicinity of the resonance energy. If the
scattering cross section σ(ℓ) = 4π(2ℓ + 1) |aℓ|2 for the partial wave ℓ becomes large at energies
close to Er, then the phase shift δℓ must go through π/2. Since aℓ = 1/(k cot δℓ − ik) and
cot δℓ ≈ 0 near the resonance energy (in fact cot δℓ(Er) = cotπ/2 = 0), we may attempt to
expand δℓ as follows

cot δℓ(E) = cot δℓ(Er) + (E − Er)

(
d cot δℓ
dE

)
E=Er

+ . . . ≈ (E − Er)

(
d cot δℓ
dE

)
E=Er

.

The derivative of cot δℓ evaluated at E = Er is just the negative of the phase shift derivative,(
d cot δℓ
dE

)
E=Er

=

(
− 1

sin2 δℓ

dδℓ
dE

)
E=Er

= −
(
dδℓ
dE

)
E=Er

= − 2

Γ
,

14Although the calculation is not very lengthy, we omit the details here. The interested reader is referred to
section 7.3 of [15].

15In quantum mechanics a process that conserves probability is also said that conserves or satisfies unitarity,
since transformations in the Hilbert space that keep transition probabilities invariant are implemented by unitary
operators.
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Figure 5.9: Example of Veff versus z. For ℓ ̸= 0 the barrier can be due to ℏ2
2m

ℓ(ℓ+1)
r2

. For ℓ = 0
the barrier must be due to V (r) itself.

where we have defined the width Γ through the relation

1

Γ
=

1

2

(
dδℓ
dE

)
E=Er

. (5.103)

So

cot δℓ(E) ≈ −2(E − Er)

Γ
(5.104)

For a given partial wave the scattering cross-section becomes

σ(ℓ) = 4π(2ℓ+ 1) |aℓ|2 =
4π(2ℓ+ 1)

k2

∣∣∣∣ 1

cot δℓ − i

∣∣∣∣2 = 4π(2ℓ+ 1)

k2
1

cot2 δℓ + 1

≈ 4π(2ℓ+ 1)

k2
(Γ/2)2

(E − Er)2 + (Γ/2)2
.

σ(ℓ) ≈ 4π(2ℓ+ 1)

k2
(Γ/2)2

(E − Er)2 + (Γ/2)2
. (5.105)

This formula tells us that we are justified to have defined Γ as the full width at half-maximum,
provided the resonance is reasonably narrow so that the variation in 1/k2 can be ignored.

There are situations in nuclear physics where the potential barrier is so thick that the decay
rate of the quasi-bound states Γ is very small. So small that nuclei in these states can be found
in nature rather than as resonances in scattering processes. A prototypical example is provided
by nuclei that are unstable against the emission of alpha particles. In transitions in which the
α particle is emitted in an s wave, such as 238U → 234Th+α or 226Ra → 222Rn+α, the barrier
arises purely from the Coulomb potential, which in alpha decay is V (r) = 2Ze2/r, where Z is
the atomic number of the final nucleus. For the 238U alpha decay the barrier is so high and
thick that leads to a lifetime of 4.47× 109 years.

5.8 The Born approximation.

The Born approximation uses the integral form of the Schrödinger equation, which we will derive
now. First, note that the time-independent Schrödinger equation,

− ℏ2

2m
∇2ψ + V ψ = Eψ, (5.106)
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can be written in a compact way as (
∇2 + k2

)
ψ = Q, (5.107)

where

k =

√
2mE

ℏ
, and Q =

2m

ℏ2
V ψ. (5.108)

This looks like a Helmholtz equation, but the inhomogeneous term itself, Q, depends on ψ. The
solution can be written as

ψ(r) =

∫
G(r− r0)Q(r0) d

3r0, (5.109)

where G(r) is the Green function that satisfies the Helmholtz equation with a delta source(
∇2 + k2

)
G(r) = δ3(r). (5.110)

This can be easily verified by showing that
(
∇2 + k2

)
ψ = Q holds. Indeed,

(
∇2 + k2

)
ψ(r) =

∫ [ (
∇2 + k2

)
G(r− r0)

]
Q(r0) d

3r0

=

∫
δ3(r− r0)Q(r0) d

3r0 = Q(r). (5.111)

To find G(r) it is easier to work with its Fourier transform, so that the differential equation
(5.110) transforms into an algebraic equation. Let

G(r) =
1

(2π)3/2

∫
eis·rg(s) d3s. (5.112)

Then (
∇2 + k2

)
G(r) =

1

(2π)3/2

∫ [ (
∇2 + k2

)
eis·r

]
g(s) d3s. (5.113)

Using now the relations

∇2eis·r = −s2eis·r, and δ3(r) =
1

(2π)3

∫
eis·r d3s, (5.114)

the equation
(
∇2 + k2

)
G(r) = δ3(r) transforms into

1

(2π)3/2

∫ (
−s2 + k2

)
eis·rg(s) d3s =

1

(2π)3

∫
eis·r d3s. (5.115)

From this we conclude that

g(s) =
1

(2π)3/2(k2 − s2)
, (5.116)

and inserting this in the Fourier transform we have

G(r) =
1

(2π)3

∫
eis·r

(k2 − s2)
d3s. (5.117)

We do this integral using spherical coordinates (s, θ, φ), with the polar axis running along r
(see figure 5.10), so that s · r = sr cos θ (r is fixed in the integral over s). The φ integral is just
2π and the one over θ is∫ π

0
eisr cos θ sin θ dθ = −e

isr cos θ

isr

∣∣∣∣π
0

=
1

isr

(
eisr − e−isr

)
=

2 sin(sr)

sr
. (5.118)
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𝐬
𝜃

𝜑

𝐫

Figure 5.10: Coordinate frame to do the integral (5.117).

Therefore

G(r) =
2π

(2π)3
2

r

∫ ∞

0

sin(sr)

s(k2 − s2)
s2ds =

1

4π2r

∫ ∞

−∞

s sin(sr)

k2 − s2
ds. (5.119)

We have extended the integration range to (−∞,+∞) and divided by 2, since the function to
be integrated is even. The last expression can be written in the following form

G(r) =
i

8π2r

[∫ ∞

−∞

seisr

(s− k)(s+ k)
ds −

∫ ∞

−∞

se−isr

(s− k)(s+ k)
ds

]
=

i

8π2r
(I1 − I2). (5.120)

These two integrals can be evaluated using Cauchy’s integral formula, which says that∮
C

f(z)

(z − z0)
dz = 2πi f(z0), (5.121)

for any f(z) analytic inside and on a simple closed curve C on the complex plane that encloses
the pole z = z0. In our case, the integrations are along the real axis and go over two pole
singularities at z0 = ±k. To evaluate I1 we choose the contour C1 shown in the first plot of
figure (5.11) and let the radius of the semicircle go to infinity. In that case, the factor eisr goes
to zero when s has a large positive imaginary part and the integral in the semicircle becomes
zero. The contour C1 encloses only the singularity at s = +k, so

I1 =

∮
C1

(
seisr

s+ k

)
1

s− k
ds = 2πi

(
seisr

s+ k

)
s=k

= iπeikr. (5.122)

For the I2 integral we choose the contour C2, which encloses the pole s = −k and goes around
in the clockwise direction, thereby picking up a minus sign, so

I2 = −
∮
C2

(
se−isr

s− k

)
1

s+ k
ds = −2πi

(
se−isr

s− k

)
s=−k

= −iπeikr. (5.123)

Finally, the Green function for the Helmholtz equation is

G(r) =
i

8π2r

[
iπeikr −

(
−iπeikr

)]
= −e

ikr

4πr
. (5.124)

This is a solution to the equation
(
∇2 + k2

)
G(r) = δ3(r). Other acceptable solutions would

be found by choosing different ways of going around the poles in the contour integrations.
Remember that we can add to G(r) any function that satisfies the homogeneous Helmholtz
equation,

(
∇2 + k2

)
G0(r) = 0, and the result (G+G0) will still be an acceptable solution.
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C1 C2

Figure 5.11: Closing the contour for the integrations in equation (5.120).

Figure 5.12: The blue line indicates the trajectory of a particle scattered by a localized potential.

Now we can go back to equation (5.109), ψ(r) =
∫
G(r−r0)Q(r0) d

3r0, and write the general
solution to the Schrödinger equation as

ψ(r) = ψ0(r)−
m

2πℏ2

∫
eik|r−r0|

|r− r0|
V (r0)ψ(r0) d

3r0, (5.125)

where ψ0 satisfies the free-particle Schrödinger equation,
(
∇2 + k2

)
ψ0 = 0. Equation (5.125) is

the integral form of the Schrödinger equation and it is entirely equivalent to the more familiar
differential form. Note that the wave function we are looking for appears in both sides of the
equation (ψ(r) and ψ(r0)), so we cannot do explicitly the integral unless we already know the
solution. Nevertheless, this integral equation can be solved using an iterative procedure in a
way that is very well suited to study scattering problems.

5.8.1 The first Born approximation.

In a scattering problem the potential V (r0) is localized about some given point, for example
around r0 = 0, and goes to zero far away. Our goal is to calculate ψ(r) in the asymptotic region
where |r| ≫ |r0| and |r− r0| can be approximated as

|r− r0|2 = r2 + r20 − 2r · r0 ≈ r2 − 2r · r0 = r2
(
1− 2

r · r0
r2

)
= r2

(
1− 2

r̂ · r0
r

)
. (5.126)

Therefore16

|r− r0| ≈ r − r̂ · r0 = r − k

k
· r0, (5.127)

where k ≡ kr̂ is the wave vector (momentum ℏk) of the scattered particle. See Figs. 5.12 and
5.13. We have then

eik|r−r0| ≈ eikre−ik·r0 ,
eik|r−r0|

|r− r0|
≈ eikr

r
e−ik·r0 . (5.128)

16Using
√
1− 2x ≈ 1− x for small x.
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In the denominator of the last expression we have made the stronger approximation |r−r0| ≈ r.
This is appropriate for an expansion in powers of the small quantity r0/r, while keeping only the
lowest order term. Now we take ψ0(r) = Aeikz to be the incident plane wave and use equation
(5.125) to write, for large r,

ψ(r) ≈ Aeikz − m

2πℏ2
eikr

r

∫
e−ik·r0V (r0)ψ(r0) d

3r0. (5.129)

By comparing this with ψ ≈ A[eikz + f(θ, φ)eikr/r] we can identify the scattering amplitude as

f(θ, φ) = − m

2πℏ2A

∫
e−ik·r0V (r0)ψ(r0) d

3r0. (5.130)

This last expression is exact in the sense that provides the scattering amplitude for the out-
going wave far away from the scattering center without assuming anything else than a localized
potential. Now we introduce the Born approximation, which is obtained by treating the potential
V (r0) as a small perturbation and assuming that the incoming plane wave is not substantially
altered by the potential. In such a case we may write inside the integral

ψ(r0) ≈ ψ0(r0) = Aeikz0 = Aeik
′·r0 , where k′ ≡ kẑ. (5.131)

This represents a weak potential approximation compared to the incident energy, so that the
deflection of the particle by the potential is very small. The scattering amplitude in the Born
approximation is then proportional to the Fourier transform of the potential

f(θ, φ) ≈ − m

2πℏ2

∫
ei(k

′−k)·r0 V (r0) d
3r0. (5.132)

Both k′ and k have magnitude k, but k′ points in the direction of the incident beam, while k
points in the direction of the scattered particle (figure 5.13). Denoting κ = k′−k, the momentum
transfer in the process is ℏκ = ℏ(k′ − k). Note that for θ = 0 we have k′ = k, therefore
ei(k

′−k)·r0 = 1 and Eq. (5.132) implies that Im
[
f(0)

]
= 0. According to the optical theorem,

this can only be strictly true if the total cross-section vanishes. In fact, the Born approximation
violates unitarity and the optical theorem, but the size of the violation is negligible in the cases
where the Born approximation is applicable.

The Born approximation is valid when either of the two following conditions holds:

1. ⟨V ⟩ ≪ ℏ2

ma2
.

2. ⟨V ⟩ ≪ ℏ2

ma2
ka.

Where a is the range of the potential and ⟨V ⟩ is the averaged potential defined as

⟨V ⟩ = 1

4πa2

∫
V (r)

r
d3r. (5.133)

When the first condition is satisfied, the Born approximation is valid for all energies. The
second condition shows that the approximation is always applicable for sufficiently high-energy
particles. Since this condition is weaker than the first one, if the potential can be regarded as a
small perturbation at low energies, then at high-energies it can still be assumed to be a small
perturbation and the Born approximation to hold. The opposite is not necessarily true: the
validity of the Born approximation at high energy for a specific potential does not imply its
validity at low energy.

For low energy (long wavelength) scattering, the exponential factor inside the integral can
be taken to be constant over the scattering region, which is very small compared to wavelength
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𝐤 = 𝑘$𝐫

𝐤& = 𝑘$𝐳
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𝜃

Figure 5.13: The wave vector k pointing in the scattered direction, and k′ pointing in the incident
direction. The momentum transfer in the process is ℏκ = ℏ(k′ − k). Since |k′| = |k| = k, we
have κ = 2k sin(θ/2).

associated with the incident particle. In this case, we have ei(k
′−k)·r0 ≈ 1 and the Born approx-

imation simplifies to

f(θ, φ) ≈ − m

2πℏ2

∫
V (r) d3r, (low energy). (5.134)

Let’s take, as an example, low-energy soft-sphere17 scattering,

V (r) =

{
V0, if r ≤ a,

0, if r > a.
(5.135)

where V0 is a small parameter. The low-energy scattering amplitude would be

f(θ, φ) ≈ − m

2πℏ2
V0

(
4

3
πa3
)
. (5.136)

The differential and the total cross-sections are

dσ

dΩ
= |f(θ, φ)|2 ≈

(
2mV0a

3

3ℏ2

)2

, σ ≈ 4π

(
2mV0a

3

3ℏ2

)2

. (5.137)

If the potential is spherically symmetric, V (r) = V (r), the Born approximation can be
written in a simpler form. Recalling that κ = k′ − k, and taking the polar axis for the r0
integral to lie along κ we have

(k′ − k) · r0 = κr0 cos θ0. (5.138)

Therefore

f(θ) ≈ − m

2πℏ2

∫
eiκr0 cos θ0 V (r0) r

2
0 sin θ0 dr0 dθ0 dφ0. (5.139)

The integral over φ gives a factor of 2π, and that over θ0 has already appeared in equation
(5.118). Dropping the subscript on r0 we are left with the following scattering amplitude for
spherically symmetric potentials in the Born approximation (but not necessarily low energy),

f(θ) ≈ − 2m

ℏ2κ

∫ ∞

0
rV (r) sin(κr) dr. (5.140)

Note that the angular dependence goes in the κ factor, κ = 2k sin(θ/2).

17Of course, hard-sphere scattering, where V0 = ∞, is not a weak potential and cannot be treated with the
Born approximation.
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A historically important example of spherical potential is the Yukawa potential, which was
first used as a crude model for the binding force in atomic nuclei. It is written as

V (r) = β
e−µr

r
, (5.141)

where β and µ are constants. The Born approximation gives18

f(θ) ≈ −2mβ

ℏ2κ

∫ ∞

0
e−µr sin(κr) dr = − 2mβ

ℏ2(µ2 + κ2)
. (5.142)

If we set µ = 0 and β = q1q2/(4πε0), the Yukawa potential reduces to the Coulomb potential.
The scattering amplitude would be

f(θ) ≈ − 2mq1q2
4πε0ℏ2κ2

. (5.143)

Recalling that κ = 2k sin(θ/2) and k =
√
2mE/ℏ, this can be written as

f(θ) = − q1q2

16πε0E sin2(θ/2)
. (5.144)

The differential cross-section is

dσ

dΩ
= |f(θ)|2 =

(
q1q2

16πε0E sin2(θ/2)

)2

. (5.145)

This is the famous Rutherford formula. It is notorious that for the Coulomb potential, classical
mechanics, the Born approximation and quantum field theory all yield the same result for the
differential cross-section.

5.8.2 The Born series.

Let us write the integral form of the Schrödinger equation as

ψ(r) = ψ0(r) +

∫
g(r− r0)V (r0)ψ(r0) d

3r0, (5.146)

where ψ0 is the incident wave, V is the scattering potential and

g(r) = − m

2πℏ2
eikr

r
(5.147)

is the Green’s function. Schematically,

ψ = ψ0 +

∫
gV ψ. (5.148)

We may take, as a first approximation, ψ ≈ ψ0 and insert it in the previous equation to get
ψ = ψ0 +

∫
gV ψ0. After this first step, we could try to plug the result again under the integral

sign to obtain a (presumably) better approximation:

ψ = ψ0 +

∫
gV

(
ψ0 +

∫
gV ψ0

)
= ψ0 +

∫
gV ψ0 +

∫ ∫
gV gV ψ0. (5.149)

Iterating this procedure we obtain a formal series for ψ:

ψ = ψ0 +

∫
gV ψ0 +

∫ ∫
gV gV ψ0 +

∫ ∫ ∫
gV gV gV ψ0 + . . . (5.150)

18This will be shown in one of the problems of this chapter.
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Figure 5.14: Diagrammatic interpretation of the Born series (taken from Griffiths [7]).

Scattering center

b

𝜃
𝐹#

Figure 5.15: The impulse approximation in classical scattering. The actual trajectory followed
by the particle is shown by the blue line. It emerges at an angle θ which is estimated as
θ = arctan(I/p), where p is the momentum, I =

∫
F⊥ dt is the transverse impulse and F⊥ is

the perpendicular component of the force exerted by the potential on the particle. The integral∫
F⊥ dt is computed along the dashed straight line that the particle would follow if there were

no potential.

This is the Born series, which can be diagrammatically represented as shown in figure (5.14).
The zeroth order corresponds to no scattering at all, so that the incident wave goes by unscathed.
In the first-order approximation, the effect of the potential is assumed to originate from a single
modification of the wave function at a localized point, and afterward the particle continues in
a different direction without interacting again. This holds some similarity with the impulse
approximation in classical scattering theory. In that approximation, the scattering angle is
computed using the transverse impulse that the potential would deliver to the particle if it
followed a straight line without deflection (see figure 5.15).

The second Born approximation arises from truncating the Born series (5.150) after the
third term. In this case, the particle suffers a first interaction at a given point, it propagates
as a free particle to a new location to interact again before leaving the potential region. This
procedure can in principle be continued as long as desired with the hope that the emerging
series will converge to the exact solution of the problem. In this context the Green’s function
is often called the propagator, because it describes how the disturbance propagates between one
interaction and the next. The Born series was the inspiration for Feynman’s formulation of
relativistic quantum mechanics, which is expressed entirely in terms of vertex factors (V ) and
propagators (g), connected together in Feynman diagrams.

5.9 Scattering by a complex potential. Absorption processes.

In the preceding sections we have considered only the elastic scattering between two spinless
particles by a real potential. Remember that the wave number k =

√
2mE/ℏ was treated always

as a constant: the initial particle comes in with the same value of k as it goes scattered away. In
general, however, when a particle collides with a target, non-elastic scattering may occur. For
example, when electrons with sufficient kinetic energy collide with atoms in the ground state,
excitations of the atoms are possible in addition to elastic scattering. If an inelastic process such
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as this takes place, it means that a fraction of the incident particles are removed from the elastic
channel. The electron looses some energy in the process of exciting the atom and goes out with
a different wave number k′ =

√
2mE′/ℏ. It is also said that the particles are absorbed (partial

absorption of the elastic channel), even if they are scattered with a different energy and not
really absorbed by the target in a literal sense. The different physical processes that may take
place in a scattering collision are referred to as the various channels of the reaction/collision.
Thus, we have generically the inelastic channel and the elastic channel. The inelastic category
can be subdivided into several channels for different inelastic processes.

It is easy to see that the absorption of particles can be represented in a phenomenological way
by introducing a complex potential (also called optical potential) having a negative imaginary
part

V (r) = VR(r) + iVI(r). (5.151)

As usual, we look for stationary solutions of the time-dependent Schrödinger equation having
the form Ψ(r, t) = ψ(r)exp(−iEt/ℏ), where E = ℏ2k2/(2m). The wave function ψ(r) satisfies
the time-independent Schrödinger equation(

− ℏ2

2m
∇2 + VR(r) + iVI(r)

)
ψ(r) = Eψ(r), (5.152)

while its complex conjugate ψ∗(r) satisfies(
− ℏ2

2m
∇2 + VR(r)− iVI(r)

)
ψ∗(r) = Eψ∗(r), (5.153)

Using these two equations we find that the divergence of the probability current density is
proportional to the product of the imaginary part of the potential and the probability density
|Ψ|2 = |ψ|2,

∇j =
ℏ

2mi
∇ [ψ∗(∇ψ)− (∇ψ∗)ψ] =

ℏ
2mi

[
ψ∗(∇2ψ)− (∇2ψ∗)ψ

]
=

2

ℏ
VI |ψ|2. (5.154)

A non-zero divergence means that, if VI < 0, there is a local absorption of the incident beam.
The rate of absorption of incident particles per unit time per unit volume at the point r is
2VI(r)/ℏ. The total number of particles absorbed per unit time within the volume V is

Nabs =
2

ℏ

∫
V
VI |ψ|2 d3r.

We consider now the case of a central complex potential, V (r) = VR(r)+iVI(r). It is possible
to make a partial wave analysis of the problem, as we did for a central real potential, but we
will skip the details and jump to the main results.19 It turns out that, for the elastic scattering
amplitude, fel, we can directly take equation (5.88) and extend the phase shift δℓ to be a complex
number,

δℓ = Re(δℓ) + i Im(δℓ).

Thus, the elastic amplitude can be written as

fel(k, θ) =
1

2ik

∞∑
ℓ=0

(2ℓ+ 1) [Sℓ(k)− 1]Pℓ(cos θ), (5.155)

where
Sℓ(k) = e2iδℓ(k) = e2iRe(δℓ(k))e−2Im(δℓ(k)), (5.156)

is the so-called S-matrix element and δℓ(k) is a complex phase shift for the ℓ-wave. In this
context, the S-matrix element is related to the amplitude of the outgoing elastic wave and,

19For a more extensive treatment see section 12.8 of [2].
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since particles can be removed from the incident (elastic) channel, its modulus must satisfy the
relation |Sℓ(k)| ≤ 1, which implies that Im(δℓ(k)) ≥ 0. If only elastic scattering occurs (VI = 0)
we have |Sℓ(k)| = 1 and Im(δℓ(k)) = 0. It is common to introduce an absorption factor, also
called inelasticity, defined as

ηℓ(k) = e−2Im(δℓ(k)), (5.157)

so that the S-matrix element takes the form

Sℓ(k) = ηℓ(k) e
2iRe(δℓ(k)). (5.158)

The absorption factor satisfies the relation 0 ≤ ηℓ(k) ≤ 1. The case ηℓ = 1 corresponds to
pure elastic scattering. The partial amplitude for elastic scattering with angular momentum ℓ
is written in terms of Sℓ as

aℓ =
1

2ik

(
e2iδℓ − 1

)
=

1

2ik

(
Sℓ − 1

)
. (5.159)

The total and differential elastic cross-sections are given by

dσel
dΩ

= |fel|2, σeltot = 4π
∞∑
ℓ=0

(2ℓ+ 1)|aℓ|2. (5.160)

In terms of Sℓ, the elastic differential cross-section is

dσel
dΩ

= |fel|2, (5.161)

and the total elastic cross-section is

σeltot =
π

k2

∞∑
ℓ=0

(2ℓ+ 1) |1− Sℓ|2 =
π

k2

∞∑
ℓ=0

(2ℓ+ 1)
∣∣∣1− ηℓ e

2iRe(δℓ)
∣∣∣2 = ∞∑

ℓ=0

σelℓ , (5.162)

where the partial elastic cross-sections are

σelℓ =
π

k2
(2ℓ+ 1) |1− Sℓ|2 ≤

4π(2ℓ+ 1)

k2
. (5.163)

The total inelastic cross-section (also called absorption cross-section) can be obtained from
the ratio of the outgoing radial flux and the incident (plane wave) flux. The result is

σabstot =
π

k2

∞∑
ℓ=0

(2ℓ+ 1)(1− |Sℓ|2) =
π

k2

∞∑
ℓ=0

(2ℓ+ 1)(1− η2ℓ ) =
∞∑
ℓ=0

σabsℓ , (5.164)

where

σabsℓ =
π

k2
(2ℓ+ 1)(1− η2ℓ ) ≤

π(2ℓ+ 1)

k2
. (5.165)

The total cross-section is the sum of the elastic and inelastic cross-sections,

σtot = σeltot + σabstot =
2π

k2

∞∑
ℓ=0

(2ℓ+ 1)
[
1− Re

(
Sℓ
)]

=
2π

k2

∞∑
ℓ=0

(2ℓ+ 1)
[
1− ηℓ cos(2Re(δℓ))

]
=

∞∑
ℓ=0

σℓ, (5.166)

where

σℓ =
2π

k2
(2ℓ+ 1)

[
1− ηℓ cos(2Re(δℓ))

]
≤ 4π

k2
(2ℓ+ 1). (5.167)
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Figure 5.16: Elastic scattering of identical particles. We cannot tell which particle flies away
with polar scattering angle θ and which one with π− θ. The left and right configurations in this
figure are indistinguishable.

Let us collect the three different partial cross-sections for the ℓ wave

σelℓ =
π

k2
(2ℓ+ 1)

∣∣1− Sℓ
∣∣2, (5.168)

σabsℓ =
π

k2
(2ℓ+ 1)

(
1− |Sℓ|2

)
, (5.169)

σℓ =
2π

k2
(2ℓ+ 1)

[
1− Re

(
Sℓ
)]
. (5.170)

The pure elastic scattering for the ℓ-th partial wave corresponds to |Sℓ| = ηℓ = 1, in which
case σabsℓ = 0. Note that, although the inelastic scattering can be zero, elastic scattering is
always present. In other words, we cannot have only inelastic scattering, because this is always
accompanied by elastic scattering.

From equations (5.155) and (5.166) it can be seen that the optical theorem takes now the
generalised form

σtot =
4π

k
Im
[
fel(k, θ = 0)

]
. (5.171)

This formula relates the total cross-section to the imaginary part of the elastic scattering am-
plitude in the forward direction.

5.10 Scattering of identical particles.

Let us consider the elastic scattering of two identical particles in the center of mass frame, and
assume the cross section depends only on the polar scattering angle θ (central potential). In
classical mechanics the cross section would be given by the sum of two terms, σcl(θ)+σcl(π−θ),
but in quantum mechanics it is not possible to distinguish which particle scatters at an angle θ
from the one that scatters at π−θ (see Figure 5.16).20 If the particles are bosons, the scattering
amplitude must be symmetric with respect to the interchange of angles θ and π − θ,

fboson(θ) = f(θ) + f(π − θ). (5.172)

Therefore the differential cross section is

dσ

dΩ

∣∣∣∣
boson

= |f(θ) + f(π − θ)|2 = |f(θ)|2 + |f(π − θ)|2 + 2Re
[
f(θ)∗f(π − θ)

]
. (5.173)

20Don’t be confused by the figure in two dimensions, which seems to suggest that one of the scattering angles
is π + θ. The polar scattering angle is always in the interval 0 ≤ θ ≤ π.
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The key difference between this equation and its classical counterpart is the interference term

2Re
[
f(θ)∗f(π − θ)

]
. In particular, for θ = π/2 we have

dσ(θ = π/2)

dΩ

∣∣∣∣
boson

= 4 |f(π/2)|2 , (5.174)

which is twice as large as the classical equation, since the latter does not have the interference
term.

Consider now the elastic scattering of two identical spin 1/2 particles. The total wave
function of the system must be antisymmetric, therefore when the two particles are in a spin
singlet state (antisymmetric), the scattering amplitude must be symmetric and the differential
cross section is given by

dσS
dΩ

= |f(θ) + f(π − θ)|2 = |f(θ)|2 + |f(π − θ)|2 + 2Re
[
f(θ)∗f(π − θ)

]
. (5.175)

However, if the two particles are in a spin triple state (symmetric), the spatial wave function
must be antisymmetric and the cross section is

dσA
dΩ

= |f(θ)− f(π − θ)|2 = |f(θ)|2 + |f(π − θ)|2 − 2Re
[
f(θ)∗f(π − θ)

]
. (5.176)

If the incident particles are unpolarized the various spin states are equally likely, so the triplet
state will be three times as likely as the singlet, therefore

dσ

dΩ

∣∣∣∣
fermion

=
3

4

dσA
dΩ

+
1

4

dσS
dΩ

=
3

4

∣∣∣f(θ)− f(π − θ)
∣∣∣2 + 1

4

∣∣∣f(θ) + f(π − θ)
∣∣∣2

= |f(θ)|2 + |f(π − θ)|2 − Re
[
f(θ)∗f(π − θ)

]
. (5.177)

For θ = π/2 this equation gives

dσ(θ = π/2)

dΩ

∣∣∣∣
fermion

= |f(π/2)|2 , (5.178)

which is half the classical expression, (dσ/dΩ)cl = 2|f(π/2)|2, and four times smaller than the
expression corresponding to the scattering of two identical bosons, (dσ/dΩ)boson = 4|f(π/2)|2 .

The partial wave analysis of elastic scattering of identical particles can be simplified by
noting the following property of the Legendre polynomials

Pℓ
(
cos(π − θ)

)
= Pℓ

(
− cos θ

)
= (−1)ℓPℓ(cos θ), (5.179)

which we can insert in Eq. (5.87) to get

f(π − θ) =
1

k

∞∑
ℓ=0

(2ℓ+ 1) eiδℓ sin(δℓ)Pℓ(π − cos θ)

=
1

k

∞∑
ℓ=0

(−1)ℓ(2ℓ+ 1) eiδℓ sin(δℓ)Pℓ(cos θ).

(5.180)

Therefore

f(θ)± f(π − θ) =
1

k

∞∑
ℓ=0

[
1± (−1)ℓ

]
(2ℓ+ 1) eiδℓ sin(δℓ)Pℓ(cos θ). (5.181)
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5.11 Problems

1. Rutherford scattering. An incident particle of charge q1 and kinetic energy E
scatters off a heavy stationary particle of charge q2. Given the formula relating the
impact parameter to the scattering angle

b =
q1q2
8πϵ0E

cot(θ/2).

(a) Determine the differential scattering cross-section.

(b) Show that the total cross-section for Rutherford scattering is infinite. We say
that 1/r has infinite range; you can not scape from a Coulomb force.

2. In the limit of large r the solution to the Schrödinger equation in a three-dimensional
scattering problem has the form

ψ(r, θ) ≈ A

{
eikz + f(θ)

eikr

r

}
, for large r.

Construct the analogs of this equation for one-dimensional and two-dimensional scat-
tering.

3. Show that the Wronskian

W = jℓ(x)n
′
ℓ(x)− nℓ(x)j

′
ℓ(x),

where jℓ(x) and nℓ(x) are the spherical Bessel and Neumann functions, defined in
(5.36), satisfies the differential equation

dW

dx
= −2

x
W.

Solve this equation and use the behaviour of jℓ(x), nℓ(x) for small x to fix the
constant of integration and get

W =
1

x2
.

The fact that W ̸= 0 proves that the linear combinations of jℓ(kr) and nℓ(kr) are
the general solution of the radial equation for a free particle with given k and ℓ.
Hints:

• It is helpful to use the differential equations[
d2

dx2
+

2

x

d

dx
+ 1− ℓ(ℓ+ 1)

x2

]
jℓ(x) = 0,

[
d2

dx2
+

2

x

d

dx
+ 1− ℓ(ℓ+ 1)

x2

]
nℓ(x) = 0.

• To determine the constant of integration you might find useful to consider the asymp-
totic behaviour of the spherical Bessel and Neumann functions for x≪ 1

jℓ →
2ℓℓ!

(2ℓ+ 1)!
xℓ, nℓ → − (2ℓ)!

2ℓℓ!

1

xℓ+1
.
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4. Show that the radial contributions to the partial waves in equation (5.58),

Rkℓ(r) =
ukℓ(r)

r
= Aℓ

[
jℓ(kr) + ik aℓ h

(1)
ℓ (kr)

]
,

that provide the solution to Schrödinger equation outside the scattering region, can
also be expressed as

Rkℓ = Bℓ [cos δℓ jℓ(kr)− sin δℓ nℓ(kr)] ,

where Bℓ = eiδℓAℓ. Now, consider the asymptotic form of the spherical Bessel and
Neumann functions

lim
x→∞

jℓ(x) =
1

x
sin
(
x− ℓ

π

2

)
, lim

x→∞
nℓ(x) = −1

x
cos
(
x− ℓ

π

2

)
,

and deduce that
lim
r→∞

ukℓ(r) ∝ sin
(
kr + δℓ − ℓ

π

2

)
.

5. Consider the potential

V (r) = V0
a2

r2
, V0 > 0.

and take its corresponding radial equation

− ℏ2

2m

d2u

dr2
+

[
V0
a2

r2
+

ℏ2

2m

ℓ(ℓ+ 1)

r2

]
u = Eu.

a) Show that if you propose solutions of the form: u(r) ∝
√
xy(x), where x = kr

and k2 = 2mE/(ℏ2), y fulfils the Bessel equation,

x2
d2y

dx2
+ x

dy

dx
+ (x2 − α2)y = 0,

with

α2 =
2mV0a

2

ℏ2
+

(
ℓ+

1

2

)2

.

You can find detailed information on the solutions to this equation in
https://en.wikipedia.org/wiki/Bessel_function.

b) The solutions to the Schrödinger equation have to be finite at the origin, which
in this case means that only Bessel functions of the first kind are admissible.
The asymptotic behaviour of these functions for x≫ |α2 − 1/4| is

Jα(x) ≈
√

2

πx
cos
(
x− α

π

2
− π

4

)
.

Use this result and the one derived in problem 4 to conclude that in the scat-
tering of particles by the given potential the phase shifts are

δℓ =

[
(ℓ+ 1/2)−

√
(ℓ+ 1/2)2 +

2mV0a2

ℏ2

]
π

2
.

c) Show that for a fixed angle the cross section dependence on the energy of the
scattered particle is

dσ

dΩ
∝ 1

E

∣∣∣∣
θ=const

.

This is a consequence of δℓ being independent on k for this problem potential.

https://en.wikipedia.org/wiki/Bessel_function
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d) Show that, if 2mV0/ℏ2 ≪ 1 then

δℓ = −π
2

mV0a
2

ℏ2
(
ℓ+ 1

2

) ≪ 1.

Use this result and the generating function of Legendre polynomials

∞∑
ℓ=0

Pℓ(x)t
ℓ =

1√
1− 2tx+ t2

,

to demonstrate that in that regime the differential cross section is

dσ

dθ
=

π3

2ℏ2
V 2
0 ma

4

E
cot

(
θ

2

)
.

e) For V (r) calculate the differential cross section in the Born approximation and
compare it with the result obtained in d). You might need the next definite
integral ∫ ∞

0

sinx

x
dx =

π

2
.

6. Scattering of the s and p waves by a hard sphere. We wish to study the phase shifts
δ0(k) and δ1(k) produced by a hard-sphere potential,

V (r) =

{
∞, if r ≤ R,

0, if r > R,

on incident s (ℓ = 0) and p (ℓ = 1) waves. In particular, we want to verify that δ1(k)
becomes negligible compared to δ0(k) at low energy.

a) Write the radial equation for the function ukl(r) for r > R and consider the
particular cases with ℓ = 0, 1. Show that for ℓ = 0 the general solution is of
the form

uk0 = B sin k(r −R),

while for ℓ = 1 the solution is

uk1 = C

[
sin kr

kr
− cos kr + a

(
cos kr

kr
+ sin kr

)]
,

where B, C and a are constants.

b) Deduce that δ0(k) = −kR and a = tan δ1(k).

Hint: You may wish to use the asymptotic result deduced in problem 4.

c) Determine the constant a from the condition imposed on uk1(r) at r = R and
conclude that δ1(k) = arctan(kR)− kR.

d) Show that, as k approaches zero, δ1(k) behaves like (kR)3, which makes it
negligible compared to δ0(k). This result is true in general: for any potential
of finite range R, the phase shift δℓ(k) behaves like (kR)2ℓ+1 at low energies.
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7. Square Spherical Well: Bound States and Scattering Resonances.
Consider the central potential

V (r) =

{
−V0 for r < r0,

0, for r > r0,

where V0 is a positive constant. Set:

k0 =

√
2mV0
ℏ2

.

We shall confine ourselves to the study of the s wave (ℓ = 0).

a) Bound states (E < 0).

i) Write the radial equation in the two regions r > r0 and r < r0, as well as
the condition at the origin. Show that, if one sets

ρ =

√
−2mE

ℏ2
and K =

√
k20 − ρ2 =

√
2m

ℏ2
(V0 + E),

the solution of the radial equation, uℓ(r), takes necessarily the following
form for ℓ = 0,

u0(r) =

{
Ae−ρr for r > r0,

B sinKr for r < r0.

ii) Write the matching conditions at r = r0. Deduce from them that the only
possible values for ρ are those that satisfy the condition:

tanKr0 = −K
ρ
.

iii) Discuss this equation: indicate the number of bound states, s, as a func-
tion of the depth of the well (for fixed r0) and show, in particular, that
there are no bound states if this depth is too small.

b) Scattering resonances (E > 0).

i) Again write the radial equation, this time setting

k =

√
2mE

ℏ2
and K ′ =

√
k20 + k2.

Denoting the solutions as ukℓ(r), show that uk0(r) is of the form:

uk0(r) =

{
A sin(kr + δ0) for r > r0,

B sinK ′r for r < r0.

ii) Choose A = 1. Show, using the continuity conditions at r = r0, that the
constant B and the phase shift δ0 are given by:

B2 =
k2

k2 + k20 cos
2K ′r0

and δ0 = −kr0 + α(k),

with

tanα(k) =
k

K ′ tanK
′r0.
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iii) Plot the curve representing B2 as a function of k. This curve clearly
shows resonances, for which B2 is a maximum. What are the values of
k associated with these resonances? What is then the value of α(k)?
Show that, if there exists such a resonance for a small energy (kr0 ≪ 1),
the corresponding contribution of the s wave to the total cross section is
practically maximal.

c) Relation between bound states and scattering resonances.

Assume that k0r0 is very close to (2n+ 1)π2 , where n is an integer, and set:

k0r0 = (2n+ 1)
π

2
+ ϵ, with |ϵ| ≪ 1.

i) Show that, if ϵ is positive, there exists a bound state whose binding energy
E = −ℏ2ρ2/2m is given by the condition:

ρ ≃ ϵk0

ii) Show that if, on the other hand, ϵ is negative, there exists a scattering
resonance at energy E = ℏ2k2/2m such that:

k2 ≃ −2k0ϵ

r0
.

iii) Deduce from this that if the depth of the well is gradually decreased (for
fixed r0), the bound state which disappears when k0r0 passes through
and odd multiple of π/2 gives rise to a low energy scattering resonance.

8. Consider the potential given by the spherical delta-function shell

V (r) = −V0δ(r − a),

where V0 and a are positive constants.

a) Show that the S-wave phase shift satisfies the relation

tan δ0 =
sin2 ka

ℏ2k
2mV0

− sin ka cos ka
.

b) Demonstrate that if ℏ2/(2m) < V0a the S-wave presents a resonance. In par-
ticular, show that for V0 = ℏ2π/(4am) the resonance happens at an energy
given by

ER =
ℏ2π2

32ma2
,

and that its lifetime is

τ =
8ma2

ℏπ2
.

c) In the low energy limit ka ≪ 1, where only the S-wave has to be considered
show that the scattering amplitude, f(θ), is given by,

f(θ) ≈ a
ℏ2

2mV0a
− 1

,
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and calculate the differential and total cross-sections under this hypothesis.

d) Obtain the scattering amplitude for V (r) in the first Born approximation. Once
obtained, extrapolate the result to the low-energy limit, ka≪ 1, and show that
it coincides with the one obtained in c) if V0a≪ ℏ2/(2m), where no resonances
are present.

Hint: Solve exactly the time-independent Schrödinger radial equation for ℓ = 0 and consider
the two cases r < a and r > a. By integrating the equation from r = a − ϵ to r = a + ϵ
(where 0 < ϵ≪ 1), show that[

du

dr

∣∣∣∣
a+ϵ

− du

dr

∣∣∣∣
a−ϵ

]
= −2mV0

ℏ2
u(a).

Inserting into this equation the explicit solutions for u(r) in the regions r < a and r > a,

you should be able to determine the S-wave shift.

9. Consider the following scattering amplitude:

f(θ) =
1

4k

[
(2 + 2i) + 3(

√
3 + i) cos θ

]
.

a) Find the S-wave, P-wave and D-wave amplitudes for this scattering amplitude.

b) Find δ0 and δ1, the S- and P-wave phase shifts.

c) Demonstrate that f(θ) fulfills the optical theorem.

σtot =
4π

k
Imf(0).

10. Neutrons (mnc
2 ≈ 940MeV) with kinetic energy E = 0.2MeV are scattered elasti-

cally off a repulsive central potential. It is known that the total elastic cross-section
is σ = 2.75 barn, and that the s-wave phase shift is δ0 = −0.42 rad. Compute the
p-wave phase shift assuming that partial waves with ℓ > 2 can be neglected.

11. Neutrons with kinetic energy E = 4 MeV are scattered by a thin layer of heavy nuclei.
Three significant phase shifts are observed: δ0 = 26.1o, δ1 = 7.6o and δ2 = 0.3o. The
neutron flux is 1011 cm−2s−1, the transversal area of the neutron beam is Abe = 1 cm2

and the target density is 1021 nuclei cm−2 (thin target approximation). Determine:

a) The total cross section.

b) The differential cross section.

c) The average number of neutrons detected by a detector of 10−5 sr placed at
90o with respect to the beam direction.

12. The analysis of the scattering of particles from a potential of characteristic length a
shows that the low-energy phase shifts are given by

sin(δℓ) = −
√
ℓ(ak)2ℓ+1√
(2ℓ+ 1)

,
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where k =
√
2mE/ℏ, m is the mass of the particles and E their energy.

a) Prove that the total cross section at low energy is

σ = 4πa2
(

2mEa2/ℏ2

1− (2mEa2/ℏ2)2

)2

. (1⋆)

Hint: you will need the following sum, valid for |x| < 1,

x

(1− x)2
=

∞∑
ℓ=0

ℓxℓ.

b) Using the phase shifts prove that, up to order (ak)4, the differential cross
section is

dσ

dΩ
= 3a2(ak)4 cos2 θ. (2⋆)

You will only need to take into account the p wave.

c) Compute the total cross section using equation (2⋆). Compare the result with
the total cross section given by equation (1⋆) and discuss their compatibility.

d) Assume that (2⋆) is the appropriate differential cross section for neutrons in-
cident upon a specific target and take a = 40 femtometers (fm). A neutron
beam of energy 1.3 eV and flux L = 1036 cm−2s−1 is aimed at that target.
Compute the number of neutrons scattered per second into a cone of 4π×10−3

steradians around the incident beam direction.

Data: Neutron mass: m = 939.6 MeV/c2, ℏc = 197 MeV·fm.

13. The analysis of the scattering of particles of mass m and energy E from a potential
of characteristic length a shows that the low energy cross-section is

σ = 4πa2 exp

(
2a2mE

ℏ2

)2

= 4πa2 e(ka)
4
. (1⋆)

a) Prove that this cross-section is compatible with the following expression for the
phase shifts.

sin(δℓ) = − (ka)2ℓ+1√
(2ℓ+ 1)(ℓ!)

. (2⋆)

b) Using those phase-shifts prove that the cross-section up to order (ka)2 is

dσ

dΩ
= a2

(
1 +

√
12(ka)2 cos θ

)
.

You only need to take into account s and p waves.

c) Determine the total cross-section using the result obtained in part b). Compare
it with the cross-section given by equation (1⋆) and discuss the compatibility
of both results.

d) Using the phase-shifts of equation (2⋆), prove that the scattering amplitude
which accounts for all the partial wave contributions and the cross-section
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given in equation (1⋆) verify the optical theorem:

σ =
4π

k
Imf(0).

Remember that Pℓ(1) = 1.

14. The Yukawa potential has the form,

V (r) = β
e−µr

r
,

where β and µ are constants. Demonstrate that, in the first Born approximation,
the scattering amplitude is given by

f(θ) = − 2mβ

ℏ2(µ2 + 4k2 sin2(θ/2))
.

By setting β = q1q2/(4πϵ0) and µ = 0 the Yukawa potential becomes Coulomb
potential. Check that the differential cross section obtained with these substitutions
is precisely Rutherford’s formula,

dσ

dΩ
=

[
q1q2

16πϵ0E sin2(θ/2)

]2
.

Although the quoted expression for the scattering amplitude is only valid in the first
Born approximation, it is possible to show that higher-order corrections only change
f(θ) by a phase factor when µ = 0 (see [15], section 7.9). Since this has no effect
on the differential cross section, it turns out that the Rutherford formula holds even
beyond the first Born approximation.

15. Use the Born approximation to determine the total cross-section for scattering from
a gaussian potential,

V (r) = Ae−µr
2
.

Express your answer in terms of the constants A, µ, and m (the mass of the incident
particle), and k =

√
2mE/ℏ, where E is the incident particle energy.

16. Consider the scattering of particles of mass m and energy E by a potential V (r) =
V0e

−r/a, where V0 and a have constant value.

a) Show that in the first Born approximation the scattering amplitude is:

fB(θ) = − 4mV0a
3

ℏ2(1 + 4a2k2sen2(θ/2))2
,

where k =
√
2mE/ℏ.

b) Employing fB(θ) find the S-wave amplitude a0 and the scattering amplitude
considering only this wave.

c) Compare this last scattering amplitude with fB(θ) and discuss the validity of
their compatibility.
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17. Let’s suppose that, in a very simple model, an atom with Z electrons can be viewed
as an homogeneous spherical distribution of charge −Ze and radius R, with a point-
like nucleus of charge Ze. Consider now an scattering experiment where a beam
of electrons of mass m and wave number k is sent onto a target of such simplified
atoms.

• Focus on the scattering of one of the electrons by one of the atoms. Take the
origin of coordinates to be at the center of the atom and use the Gauss theorem
to prove that the incident electron sees an electrostatic potential energy given
by

V (r) =

{
0, if r > R,

− Ze2

8πϵ0

(
2
r −

3
R + r2

R3

)
, if r ≤ R.

• Prove that the scattering amplitude in the first Born approximation is

fB(θ) =
2m

ℏ2κ
Ze2

4πϵ0
R

[
1

κR
+ 3

cos(κR)

(κR)3
− 3

sin(κR)

(κR)4

]
,

where κ = 2k sin(θ/2).

• Prove that for electrons with wavelength much larger than R the previous
expression can be approximated as

fB(θ) ≈ ZR2

5a0
,

where a0 is the Bohr radius, so that in this case the total cross section is

σ ≈ 4πR2

(
ZR

5a0

)2

.

Comment on this result for the hydrogen atom taking Z = 1 and R = a0.

18. Consider a particle (a) in a bound state |φ0⟩ described by the wave function φ0(ra),
localized about a point O. Towards this particle is directed a beam of particles (b)
of mass m, momentum ℏki, energy Ei = ℏk2

i /2m and wave function eiki·rb/(2π)3/2.
Each particle of the beam (b) interacts with the bound particle (a). The potential
energy W which describes this interaction depends only on the relative position of
the two particles, rb − ra.

a) Calculate the matrix element

⟨a : φ0; b : kf |W (rb − ra)|a : φ0; b : ki⟩,

where particle (a) remains in its initial bound state |φ0⟩ and particle (b) tran-
sitions from the initial state |ki⟩ to the final state |kf ⟩. The expression for this
matrix element should include the Fourier transform W (k) of the W (rb − ra)
potential,

W (rb − ra) =
1

(2π)3/2

∫
W (k)eik·(rb−ra)d3k.

b) Consider the process in which, under the effect of the interaction W , particle
(b) is scattered in a certain direction, with particle (a) remaining in the same
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quantum state |φ0⟩ after the scattering process (elastic scattering). Calculate,
in the Born approximation, the cross section for the elastic scattering of particle
(b) by particle (a) in the state |φ0⟩. You should obtain a result which is equal
to the scattering cross section by the potentialW (r), multiplied by a term that
characterizes the |φ0⟩ bound state, called the form factor.

Hint: Start from equation (5.132) in braket notation,

f(θ, φ) ≈ − m

2πℏ2

∫
ei(ki−kf )·r0 V (r0) d

3r0 = − (2π)2m

ℏ
⟨kf |V (r)|ki⟩,

and transform it to get an expression appropriate for the scattering of a free-particle
off a bound-particle by simply making the replacement

⟨kf |V (r)|ki⟩ → ⟨a : φ0; b : kf |W (rb − ra)|a : φ0; b : ki⟩.

19. Study the elastic scattering of fast electrons by Hydrogen atoms in the ground state
following the next steps.

(a) The effective (average) potential, U(r), created by a Hydrogen atom in its
ground state can be computed using the charge density eρ(r) = eδ(r)−e|ψ(r)|2,
where the first term describes the point-like nucleus (at the origin of coor-
dinates) and the second describes the electron cloud given by the ground-
state wave function ψ(r) = e−r/a0/

√
πa30. Prove that the Poisson equation,

∇2U = −4πeρ, takes the following form for r ̸= 0,

d2χ

dr2
=

4er

a30
e−2r/a0 ,

where χ(r) = rU(r).

(b) Integrate the previous equation using the boundary conditions χ(∞) =
χ′(∞) = 0 to obtain

χ(r) =
4e

a30

∫ ∞

r
dr1

∫ ∞

r1

r2 e
−2r2/a0 dr2.

From this you should be able to get

U(r) =
χ(r)

r
= e

(
1

r
+

1

a0

)
e−2r/a0 .

Study how U(r) behaves for r → 0 and r → ∞. Explain, in physical terms,
why the asymptotic expressions you have obtained make sense.

(c) Use the first Born approximation to compute the scattering amplitude, f(θ),
which describes the elastic scattering of fast electrons by Hydrogen atoms. You
should get

f(κ) = 2a0
8 + κ2a20

(4 + κ2a20)
2
,

where κ = 2k sin(θ/2).

(d) Prove that the total scattering cross section is

σ =
7π

3k2

[
1− 3k4a40 + 9k2a20 + 7

7(1 + k2a20)
3

]
.

This shows that in the limiting case of ka0 ≫ 1 the cross section does not
depend on the value of a0.
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e) Compute the cross section, in barns, for 10MeV/c electrons.

20. A particle is scattered by a completely absorptive (black) sphere of radius a which
is large compared to the de Broglie wavelength λ = 2π/k of the incident particle.
Following a semiclassical reasoning, we would expect that if the particle approaches
the black sphere with an impact parameter b > a, no interaction (scattering) takes
place. On the other hand, for b < a the particle is absorbed by the sphere. According
to this, compute the total elastic cross-section and the total inelastic cross-section
(you may use the approximation

∑N
n=0(2n+1) ≈ N2 for largeN). Give the numerical

values of the three cross-sections for a = 1 fm.

21. Let Ψ(r, t) = ψ(r)exp(−iEt/ℏ) be a stationary-state solution of the Schrödinger
equation with a real potential V . The current density is

j(r, t) =
ℏ

2mi
[Ψ∗(∇Ψ)− (∇Ψ∗)Ψ] =

ℏ
2mi

[ψ∗(∇ψ)− (∇Ψ∗)ψ] .

Prove that the divergence of this current vanishes,

∇j =
ℏ

2mi
∇ [ψ∗(∇ψ)− (∇ψ∗)ψ] = 0.

Using Gauss’s theorem,
∫
∇j d3r =

∮
j d2s, prove that the following integral is zero

for any value of the radius r,

0 = r2
∫ π

0
sin θ dθ

∫ 2π

0

(
ψ∗∂ψ

∂r
− ∂ψ∗

∂r
ψ

)
dφ.

Next, take the limit of r very large and use the asymptotic form

ψ = A
(
eikz + f(θ) (eikr/r)

)
in the previous equation to derive the optical theorem.

Hints: Use the gradient operator in spherical coordinates. When computing the integrals
you will encounter terms containing the exponential factor e±ikr(1−cos θ), like∫ π

0

∫ 2π

0

eikr(1−cos θ)g(θ) sin θ dθdφ = 2π

∫ +1

−1

g(ω)eikr(1−ω) dω

where g(ω) is any smooth function of ω ≡ cos θ. Use repeatedly the technique of integration

by parts in the previous expression to get an asymptotic expansion in powers of 1/r. Since

we are only interested in the limit r → ∞, all terms except the first one in the expansion

can be discarded, which then can be taken to be the result of the integral. You may read

also pages 133 and 134 of Schiff’s textbook on Quantum Mechanics (McGraw-Hill, 1968).



Appendix A

Additional problems.

A.1 Chapter 1.

1. Let Ψ(r, t) be a solution of the (time-dependent) Schrödinger equation for a free
particle of charge q,

p2

2m
Ψ = iℏ

∂Ψ

∂t
.

Check that if we make a global change on the phase of Ψ to get Ψ′(r, t) =
eiqα/ℏΨ(r, t), where α is a constant, the new Ψ′(r, t) is still a solution of the same
Schrödinger equation. Allow now α to be a function of space and time, so that Ψ
transforms as

Ψ(r, t) −→ Ψ′(r, t) = eiqα(r,t)/ℏΨ(r, t).

Check that this new Ψ′(r, t) is no longer a solution of the Schrödinger equation
stated before. It may seem strange to you that Nature should be limited to accept
the same phase at all locations and at all times. Perhaps we should ask ourselves
how to modify the free particle Schrödinger equation to make it invariant under local
gauge transformations. The remarkable answer to this question is that we need to
introduce an electromagnetic field that interacts with charged particles precisely as
described by the Maxwell equations. Consider the Schrödinger equation given by[

1

2m

(
p− q

c
A
)2

+ qϕ

]
Ψ = iℏ

∂Ψ

∂t
,

where A is a vector field and ϕ is a scalar field. Prove that if Ψ is a solution to this
equation, then Ψ′(r, t) = eiqα(r,t)/ℏΨ(r, t) is a solution of[

1

2m

(
p− q

c
A′
)2

+ qϕ′
]
Ψ′ = iℏ

∂Ψ′

∂t
,

provided the vector field A and the scalar field ϕ transform as

A −→ A′ = A+
c

q
∇α, ϕ −→ ϕ′ = ϕ− ∂α

∂t
.

In a sense, Maxwell electrodynamics could be rediscovered by demanding our the-
ory to be invariant under space-time-dependent phase transformations. By invoking
this local gauge invariance principle, properly generalized and implemented in quan-
tum field theory, is how the electroweak and the strong interactions emerge in the
Standard Model of particle physics.
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Hint: the main burden is to prove(
−iℏ∇− q

c
A−∇α

)2
(eiqα/ℏ Ψ) = eiqα/ℏ

(
−iℏ∇− q

c
A
)2

Ψ.

You need to handle carefully the operators. Note, for example, that by applying the chain

rule for differentiation you get (iℏ∇)AΨ = iℏ(∇A)Ψ + iℏA(∇Ψ).

Solution: (Disclaimer: some ℏ factors are missing in this solution, since it was first written assuming
ℏ = 1 and the modifications to make the ℏ’s explicit are not finished). What you need to prove is
that the following equation holds[

1

2m

(
p− q

c
A−∇α

)2
+ qϕ− q

∂α

∂t

]
eiqα/ℏΨ = iℏ

∂

∂t
(eiqα/ℏΨ).

[
1

2m

(
−iℏ∇− q

c
A−∇α

)2
+ qϕ− q

∂α

∂t

]
eiqα/ℏΨ = −q

(
∂α

∂t

)
eiqα/ℏ Ψ+ iℏ eiqα/ℏ

(
∂Ψ

∂t

)
.

1

2m

(
−iℏ∇− q

c
A−∇α

)2
(eiqα/ℏΨ) + qϕeiqα/ℏΨ = iℏ eiqα/ℏ

∂Ψ

∂t
. (A.1)

The terms containing the time derivative of α cancel each other out. Now

(
−iℏ∇− q

c
A−∇α

)2
=
(
−iℏ∇− q

c
A−∇α

)(
−iℏ∇− q

c
A−∇α

)
= −ℏ2∇2 + iℏ

q

c
(∇A) + iℏ

q

c
A∇+ iℏ(∇2α) + iℏ(∇α)∇

+ iℏ
q

c
A∇+

q2

c2
A2 +

q

c
A(∇α)

+ iℏ(∇α)∇+
q

c
(∇α)A+ (∇α)2.

(
−iℏ∇− q

c
A−∇α

)2
= −ℏ2∇2 +

q2

c2
A2 + (∇α)2

+ 2iℏ
q

c
A∇+ 2iℏ

q

c
(∇α)∇+ 2

q

c
(∇α)A+ iℏ

q

c
(∇A) + iℏ(∇2α).

Before applying this operator to Ψ′ = eiqα/ℏΨ it is convenient to evaluate separately several parts.
First, note that

∇2(Ψ1Ψ2) = (∇2Ψ1)Ψ2 +Ψ1(∇2Ψ2) + 2(∇Ψ1)(∇Ψ2),

and

∇2eiqα/ℏ = ∇(∇eiqα/ℏ) = ∇
(
iq

ℏ
(∇α)eiqα/ℏ

)
=
iq

ℏ
(∇2α)eiqα/ℏ − q2

ℏ2
(∇α)2eiqα/ℏ

Therefore

− ℏ2∇2(eiqα/ℏΨ) = −ℏ2(∇2eiqα/ℏ)Ψ− ℏ2eiqα/ℏ(∇2Ψ)− 2ℏ2(∇eiqα/ℏ)(∇Ψ)

= −iqℏ2(∇2α)eiqα/ℏΨ+ q2ℏ2(∇α)2eiqα/ℏΨ− ℏ2eiqα(∇2Ψ)− 2iqℏ2(∇α)eiqα/ℏ(∇Ψ)

Also

∇(eiqαΨ) = (∇eiqα)Ψ + eiqα∇Ψ = iq(∇α)eiqαΨ+ eiqα∇Ψ

We are now ready to compute (−iℏ∇− qA− q∇α)2eiqαΨ

(−iℏ∇− qA− q∇α)2(eiqαΨ) = −ℏ2∇2(eiqαΨ) + q2A2(eiqαΨ) + q2(∇α)2(eiqαΨ)

+ 2iqℏA∇(eiqαΨ) + 2iqℏ(∇α)∇(eiqαΨ) + 2q2(∇α)A(eiqαΨ)

+ iqℏ(∇A)(eiqαΨ) + iqℏ(∇2α)(eiqαΨ)
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(−iℏ∇− qA− q∇α)2(eiqαΨ) = −iqℏ2(∇2α)eiqαΨ+ q2ℏ2(∇α)2eiqαΨ

− ℏ2eiqα(∇2Ψ)− 2iqℏ2(∇α)eiqα(∇Ψ) + q2A2(eiqαΨ) + q2(∇α)2(eiqαΨ)

− 2q2ℏA(∇α)eiqαΨ+ 2iqℏAeiqα∇Ψ− 2q2ℏ(∇α)2eiqαΨ+ 2iqℏ(∇α)eiqα∇Ψ

+ 2q2(∇α)A(eiqαΨ) + iqℏ(∇A)(eiqαΨ) + iqℏ(∇2α)(eiqαΨ)

e−iqα(−iℏ∇− qA− q∇α)2(eiqαΨ) = −iqℏ2(∇2α)Ψ + q2ℏ2(∇α)2Ψ

− ℏ2(∇2Ψ)− 2iqℏ2(∇α)(∇Ψ) + q2A2(Ψ) + q2(∇α)2(Ψ)− 2q2ℏA(∇α)Ψ

+ 2iqℏA∇Ψ− 2q2ℏ(∇α)2Ψ+ 2iqℏ(∇α)∇Ψ+ 2q2(∇α)A(Ψ)

+ iqℏ(∇A)(Ψ) + iqℏ(∇2α)(Ψ)

Reordering and painting with the same color terms which cancel each other out we get

e−iqα(−iℏ∇− qA− q∇α)2(eiqαΨ) =

− ℏ2(∇2Ψ) + iqℏ(∇A)(Ψ) + 2iqℏA(∇Ψ) + q2A2(Ψ)

−iqℏ2(∇2α)Ψ+q2ℏ2(∇α)2Ψ−2iqℏ2(∇α)(∇Ψ)+q2(∇α)2(Ψ)−2q2ℏA(∇α)Ψ

−2q2ℏ(∇α)2Ψ+2iqℏ(∇α)∇Ψ+2q2(∇α)AΨ+iqℏ(∇2α)Ψ

(−iℏ∇− qA− q∇α)2(eiqαΨ) =

eiqα
[
− ℏ2(∇2Ψ) + iqℏ(∇A)(Ψ) + 2iqℏA(∇Ψ) + q2A2(Ψ)

]
But

(−iℏ∇− qA)2 = −ℏ2∇2 + iqℏ(∇A) + iqℏA∇+ iqℏA∇+ q2A2.

(−iℏ∇− qA)2Ψ = −ℏ2∇2Ψ+ iqℏ(∇A)Ψ + 2iqℏA(∇Ψ) + q2A2Ψ.

Therefore (
− iℏ∇− qA− q∇α

)2
(eiqαΨ) = eiqα

(
− iℏ∇− qA

)2
Ψ

Taking this into account, the Schrödinger equation (A.1) transforms into

1

2m
eiqα

(
− iℏ∇− qA

)2
Ψ+ qϕeiqαΨ = iℏ eiqα

∂Ψ

∂t
.

Now we can eliminate the eiqα phase to get

1

2m

(
− iℏ∇− qA

)2
Ψ+ qϕΨ = iℏ

∂Ψ

∂t
,

which is the original assumption we started from. What follows is a little extra material that might
be useful to avoid easy mistakes.

It is usual to define the so-called covariant derivatives as (we set now ℏ = 1)

D = ∇− iqA, D0 =
∂

∂t
+ iqϕ.

The Schrödinger equation containing interaction terms with the electromagnetic field can be written
as

1

2m
(−iD)2Ψ = iD0Ψ.

It is not difficult to show that

D′Ψ′ = eiqαDΨ, D0′Ψ′ = eiqαD0Ψ.

(D′)2Ψ′ = eiqαD2Ψ, (D0′)2Ψ′ = eiqα(D0)2Ψ.

However, be careful to note that the extra iqA term in the covariant derivative spoils the ordinary
chain derivative rule that one might be tempted to use

D(Ψ1Ψ2) ̸= (DΨ1)Ψ2 +Ψ1(DΨ2).
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The correct expression is

D(Ψ1Ψ2) = (∇− iqA)(Ψ1Ψ2) = ∇(Ψ1Ψ2)− iqAΨ1Ψ2

= (∇Ψ1)Ψ2 +Ψ1(∇Ψ2)− iqAΨ1Ψ2

= (∇Ψ1)Ψ2 − iqAΨ1Ψ2︸ ︷︷ ︸
(DΨ1)Ψ2

+Ψ1(∇Ψ2)− iqAΨ1Ψ2︸ ︷︷ ︸
Ψ1(DΨ2)

+iqAΨ1Ψ2

So
D(Ψ1Ψ2) = (DΨ1)Ψ2 +Ψ1(DΨ2) + iqAΨ1Ψ2 (A.2)

2. In this problem you are going to try to derive the Hamiltonian for the spin-orbit
interaction in the Hydrogen atom using classical electrodynamics. Start by assuming
that the electron and the proton can be treated as classical point charged particles
describing an orbital circular motion of radius r around each other. In the rest frame
of the electron, the proton looks like a circular current of intensity I = e/T , where T
is the orbital period. According to the Biot–Savart law, the magnetic field generated
by such a circular current is B = µ0I/2r = µ0e/2rT . By noting that the orbital
angular momentum of the electron is L = rmv = 2πr2/T , express the magnetic field
B in terms of L. Next, consider the electron as if it were a tiny circulating current
around a ring of mass m and radius re. The magnetic moment of this model can
then be written as µ = qπr2e/Te, with Te the rotation period and q the charge of
the electron smeared over the ring. From classical mechanics we know that Te can
be related to the electron spinning angular momentum using its moment of inertia,
S = 2πIe/Te, (Ie = mr2e for a ring). Write then µ in terms of S and multiply it by
the magnetic field B to get Hso = −µB. Compare your result with equation (1.159)
and comment on the differences, if any. (Note that 1/c2 = ϵ0µ0).

Solution: In the electron rest frame the proton could be pictured as a continuous circular current
loop. According to the Biot-Savart law, the magnetic field generated by such a current is

B =
µ0I

2r
=
µ0e

2rT
=

1

2ϵ0

e

c2rT
=

1

4πϵ0

ev

c2r2
,

where ϵ0µ0 = 1/c2 and the effective current is given by I = e/T , being T = 2πr/v the period of
the orbit and r its radius. We can write the previous expression in terms of the orbital angular
momentum L of the electron (in the rest frame of the nucleus) by noting that its classical velocity
would be v = 2πr/T and L = rmv = 2πmr2/T . Furthermore, B and L point in the same direction,
therefore

B =
1

4πϵ0

e

mc2r3
L.

According to classical electrodynamics, a spinning charge creates a magnetic dipole moment pro-
portional to its (spin) angular momentum. Let’s see how this comes out for a charge q smeared
over a ring of radius re and mass m which rotates with a period Te. In this situation, the magnetic
moment is defined in classical electrodynamics as the current (q/Te) multiplied by the area πr2e ,

µ =
qπr2e
Te

.

From classical mechanics we know that the (spin) angular moment of the ring is obtained by
multiplying its moment of inertia (mr2e) by its angular velocity (2π/Te),

S =
2π

Te
mr2e , therefore µ =

q

2m
S, or µ =

q

2m
S.

The gyromagnetic ratio for this simple classical model comes out then as µ/S = q/2m, which is
independent of re and Te. The preceding reasoning is valid for any charge distribution having a
shape given by a figure of revolution. The electron magnetic moment in this model would be then

µe = − e

2m
S.
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Putting everything together, we get the following Hamiltonian for the spin-orbit interaction

H = −µB =
e2

4πϵ0

1

2m2c2r3
LS, or, in Gaussian units H =

e2

2m2c2r3
LS.

This is the same result we got from the Dirac equation. However, all our classical reasoning has
been made in the rest frame of the electron, which is not an inertial system. This means that
we should have applied the appropriate kinematic correction originating from the effect known as
Thomas precession.1 It can be shown that in this case the Thomas precession gives an extra factor
of 1/2. With this factor, the Hamiltonian for the spin-orbit interaction would be

H =
e2

4m2c2r3
LS,

a result that is half the correct value. Of course, you have probably noticed that by modeling

the electron as a classical tiny current loop gives only half of its true magnetic moment, which

is µe = − e

m
S. Using this expression we would get the correct Hamiltonian for the spin-orbit

interaction. It is interesting to note that, coincidentally, the extra factor of 1/2 due to the Thomas

precession cancels the factor 2 in the (quantum) modified gyromagnetic ratio for the electron.

3. We have computed the relativistic correction to the energy levels of hydrogenic atoms
using the next-to-leading term (the second) in the following power expansion,

T =
p2

2m
− p4

8m3c2
+

p6

16m5c4
+ . . .

Compute now the correction due to the third term, but do it only for the hydrogen
ground state. Give also the ratio of the third-term to the second-term correction.
Hint: write p6/(16m5c4) using H0 = p2/(2m) − Ze2/r and proceed as we did when
computing the correction due to the second term. At a given point you will need to
compute the matrix element

〈
ψ
∣∣ 1
rp

2 1
r

∣∣ψ〉, where ψ is the hydrogen ground state.

Solution: Let’s denote

H(3)
r =

p6

16m5c4
=

1

2m2c4

(
p2

2m

)3

.

Using H0 =
p2

2m
− Ze2

r
we may write,

H(3)
r =

1

2m2c4

(
H0 +

Ze2

r

)3

=
1

2m2c4

[
H2

0 + Ze2
(
H0

1

r
+

1

r
H0

)
+

(Ze2)2

r2

](
H0 +

Ze2

r

)
.

2m2c4H(3)
r = H3

0 + Ze2H0
1

r
H0 + Ze2

1

r
H2

0 +
(Ze2)2

r2
H0

+H2
0

Ze2

r
+ Ze2H0

1

r

Ze2

r
+ Ze2

1

r
H0

Ze2

r
+

(Ze2)3

r3
.

2m2c4H(3)
r = H3

0 + Ze2
(
H0

1

r
H0

)
+ Ze2

(
1

r
H2

0

)
+ (Ze2)2

(
1

r2
H0

)
+ Ze2

(
H2

0

1

r

)
+ (Ze2)2

(
H0

1

r2

)
+ (Ze2)2

(
1

r
H0

1

r

)
+

(Ze2)3

r3
.

Since H0 is hermitian,〈
1

r
H2

0

〉
=

〈
H2

0

1

r

〉
=
(
E(0)
n

)2〈1

r

〉
,

〈
1

r2
H2

0

〉
=

〈
H2

0

1

r2

〉
=
(
E(0)
n

)2〈 1

r2

〉
,

1The Thomas precession is a kinematic effect that arises when making calculations in a non-inertial (accel-
erated) system. It is due to the fact that the product of two relativistic boosts with non-parallel velocities is
equivalent, rather surprisingly, to a single boost plus a rotation.
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and

〈
H0

1

r
H0

〉
=
(
E(0)
n

)2〈1

r

〉
.

The expectation value

〈
1

r
H0

1

r

〉
is more difficult to handle. Still, some simplification can be done

since 〈
1

r
H0

1

r

〉
=

〈
1

r

(
p2

2m
− Ze2

r

)
1

r

〉
=

1

2m

〈
1

r
p2

1

r

〉
− Ze2

〈
1

r3

〉
.

So,

2m2c4
〈
H(3)
r

〉
=
(
E(0)
n

)3
+ 3Ze2

(
E(0)
n

)2〈1

r

〉
+ 2(Ze2)2

(
E(0)
n

)〈 1

r2

〉
+

(Ze2)2

2m

〈
1

r
p2

1

r

〉
− (Ze2)3

〈
1

r3

〉
+ (Ze2)3

〈
1

r3

〉
.

2m2c4
〈
H(3)
r

〉
=
(
E(0)
n

)3
+ 3Ze2

(
E(0)
n

)2〈1

r

〉
+ 2(Ze2)2

(
E(0)
n

)〈 1

r2

〉
+

(Ze2)2

2m

〈
1

r
p2

1

r

〉
.

Therefore〈
H(3)
r

〉
=

(
E

(0)
n

)2
2m2c4

[
E(0)
n + 3Ze2

〈
1

r

〉
+

2(Ze2)2(
E

(0)
n

) 〈 1

r2

〉
+

(Ze2)2

2m
(
E

(0)
n

)2 〈1

r
p2

1

r

〉]
. (A.3)

For hydrogenic atoms 〈
1

r

〉
=
Z

a0

1

n2
,

〈
1

r2

〉
=
Z2

a20

1

n3(ℓ+ 1
2 )
.

In particular, for the hydrogen ground state we have ⟨1/r⟩ = 1/a0 and
〈
1/r2

〉
= 2/a20. We still

have to compute

〈
ψ

∣∣∣∣ 1r p2 1r
∣∣∣∣ψ〉 for the hydrogen ground state wave function, which is

ψ(r) =

(
1

a0

)3/2
1√
π
e−r/a0 = b e−r/a0 .

We need the following relations

p2
(
1

r
ψ

)
= −ℏ2∇2

(
1

r
ψ

)
= −ℏ2

[
1

r

(
∇2ψ

)
+ ψ

(
∇2 1

r

)
+ 2

(
∇1

r

)
(∇ψ)

]
.

∇1

r
=

∂(1/r)

∂r
r̂ = − 1

r2
r̂ = − 1

r3
r, ∇2 1

r
= −4πδ(r),

∇ψ =
∂(b e−r/a0)

∂r
r̂ = − b

a0
e−r/a0 r̂ = − b

a0

1

r
e−r/a0 r,

∇2ψ(r) =
1

r2
∂

∂r

(
r2
∂ψ

∂r

)
=

1

r2

(
2r
∂ψ

∂r
+ r2

∂2ψ

∂r2

)
=

2

r

∂ψ

∂r
+
∂2ψ

∂r2
,

∇2
(
b e−r/a0

)
=

2

r

(
− b

a0
e−r/a0

)
+

b

a20
e−r/a0 .

Collecting everything,

p2
(
1

r
ψ

)
= −ℏ2

[
− 2b

r2a0
e−r/a0 +

b

ra20
e−r/a0 − 4πb e−r/a0 δ(r) + 2

(
− 1

r3
r

)(
− b

a0

1

r
e−r/a0 r

)]
= −ℏ2b e−r/a0

[
− 2

r2a0
+

1

ra20
− 4π δ(r) +

2

r3
r

(
1

ra0
r

)]
= ℏ2b e−r/a0

[
2

r2a0
− 1

ra20
+ 4π δ(r)− 2

r2a0

]
= ℏ2b e−r/a0

[
4π δ(r)− 1

ra20

]
.

(
1

r
p2

1

r

)
ψ = 4πbℏ2

1

r
e−r/a0 δ(r)− ℏ2b

a20

1

r2
e−r/a0 .
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So the expectation value we are looking for is〈
ψ

∣∣∣∣ 1r p2 1r
∣∣∣∣ψ〉 = 4πb2ℏ2

∫
1

r
e−2r/a0 δ(r) dτ − ℏ2b2

a20

∫
1

r2
e−2r/a0 dτ,

where dτ = r2 dr dΩ is the volume differential element. The angular integrals give just a 4π factor,
and for the radial part we get〈

ψ

∣∣∣∣ 1r p2 1r
∣∣∣∣ψ〉 = (4πb)2ℏ2

∫ ∞

0

1

r
e−2r/a0 δ(r) r2 dr − 4πℏ2b2

a20

∫ ∞

0

1

r2
e−2r/a0 r2 dr

= −4πℏ2b2

a20

∫ ∞

0

e−2r/a0 dr = −4πℏ2b2

a20

a0
2

= −2πℏ2

a0
b2 = −2πℏ2

a0

(
1

a0

)3
1

π
= −2ℏ2

a40
.

Using a0 = −e2/(2E(0)
1 ) = −e2/(2E1) (let’s write from now on E

(0)
1 = E1, to simplify the notation),

and remembering that ℏ2 = a0me
2, the last term within the brackets of equation (A.3) becomes

(for hydrogen)

e4

2mE2
1

〈
1

r
p2

1

r

〉
= − e4

2mE2
1

2ℏ2

a40
= − e4

2mE2
1

2a0me
2

a40
= − e4

E2
1

e2

a30
= − e6

E2
1

8E3
1

e6
= −8E1.

Therefore the energy correction for the hydrogen ground state is (e2/a0 = −2E1)〈
H(3)
r

〉
=

E2
1

2m2c4

[
E1 + 3e2

〈
1

r

〉
+

2(e2)2

E1

〈
1

r2

〉
− 8E1

]
=

E2
1

2m2c4

[
E1 +

3e2

a0
+

2(e2)2

E1

2

a20
− 8E1

]
=

E2
1

2m2c4

[
E1 +

3e2

a0
+

2(e2)2

E1

2

a20
− 8E1

]
=

E2
1

2m2c4

[
E1 − 6E1 + 16E1 − 8E1

]
=

3E3
1

2m2c4
.

Equation (1.202) gives us the correction due to the second term of the kinetic energy expansion,
which is −5E2

1/(2mc
2) for the hydrogen ground state. Let’s display both corrections〈

H(2)
r

〉
= − 5E2

1

2mc2
,

〈
H(3)
r

〉
=

3E3
1

2m2c4
.

The ratio we are asked to compute is∣∣∣∣∣∣
〈
H(3)
r

〉
〈
H(2)
r

〉
∣∣∣∣∣∣ = 3E3

1

2m2c4
2mc2

5E2
1

=
3

5

E1

mc2
=

3

5

13.606 eV

0.511× 106 eV
= 1.6× 10−5.

4. You may probably recall, from your Classical Mechanics course, that energy and an-
gular momentum are not the only constants of motion in a Kepler problem (attractive
1/r potential). Since the classical solutions have closed orbits, the vector pointing
from the origin along the semi-major axis of the orbit, called the Runge-Lenz vector,
is also a constant of motion. This fact can be used to give an algebraic derivation of
the hydrogen spectrum, first published by Pauli in 1926, but in this problem we will
only prove some properties of the Runge-Lenz vector.
Consider the Hydrogen atom with its well-known Hamiltonian

H =
p2

2m
− e2

r
.

For Hydrogen the Runge-Lenz vector is given bya

R =
1

2m
(p× L− L× p)− e2

r

r
.

The accidental degeneracy of the Hydrogen atom is due to the fact that this vector,
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along with angular momentum, is conserved. In this assignment it will be useful to
express the Runge-Lenz vector components in tensor form

Ri =
1

2m
ϵijk (pjLk − Ljpk)− e2

xi
r
,

where the Einstein convention of summing over repeated indices is applied. Remem-
ber that the Levi-Civita antisymmetric tensor symbol is given by:

ϵijk =


1, if ijk is an even permutation of 123,

−1, if ijk is an odd permutation of 123,
0, if any two of ijk are equal.

a) Use the tensor form to verify that R is hermitian.

b) Demonstrate that [
pj ,

1

r

]
= −iℏ ∂j

(
1

r

)
= iℏ

xj
r3
.

You will use this result in c). Hint: use a dummy wave-function.

c) In preparation for d) show that

[Ri, H] = − e2

2m

{
ϵijk

([
pj ,

1

r

]
Lk − Lj

[
pk,

1

r

])
+
[xi
r
, p2
]}

.

Hint: The commutators [pj , p
2] = 0, [Lk, p

2] = 0 and [Lk, r] = 0 will be useful.

d) Starting from the expresion of c), show that [R,H] = 0. This proves that R is
a constant of motion in this Quantum Mechanics problem.

Hint: use the tensor form to demonstrate that [Ri, H] = 0 for each component of R.

You will need the commutator of item b) and the relation ϵijkϵmnk = δimδjn−δinδjm.

aNote that in classical mechanics there is no difference between p × L and −L × p, but it is
the average of these operators that it is used in the quantum treatment, because this average is
hermitian.

Solution:

a) For any two operators we have (AB)† = B†A†. Therefore, since L and p are hermitian
operators,

R†
i =

1

2m
ϵijk (Lkpj − pkLj)− e2

xi
r

=
1

2m
(−ϵikj) (Lkpj − pkLj)− e2

xi
r

=
1

2m
ϵikj (pkLj − Lkpj)− e2

xi
r

= Ri

b) As suggested, we see how the commutator operates on a generic wave-function:[
pj ,

1

r

]
ψ =

[
−iℏ∂j ,

1

r

]
ψ = −iℏ∂j

(
1

r
ψ

)
+ iℏ

1

r
∂j (ψ)

= −iℏψ∂j
(
1

r

)
− iℏ

1

r
∂j (ψ) + iℏ

1

r
∂j (ψ) = −iℏψ∂j

(
1

r

)
= iℏ

xj
r3
ψ.

c) The commutator [pj , p
2] = 0 is evident. Since the Lk operators in spherical coordinates have

only angular derivatives, if follows that [Lk, r] = 0. Furthermore, recalling that [AB,C] =
A[B,C] + [A,C]B, we have

[Lk, p
2] = [Lk, pipi] = pi[Lk, pi] + [Lk, pi]pi.
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[Lk, pi] = ϵklm[xlpm, pi] = ϵklm

(
xl[pm, pi] + [xl, pi]pm

)
= iℏϵklmδlipm = iℏϵkimpm.

Thus
[Lk, p

2] = iℏ
(
ϵkimpipm + ϵkimpmpi

)
= 0.

These commutators lead to

[pjLk, p
2] = pj [Lk, p

2] + [pj , p
2]Lk = 0,[

pjLk,
1

r

]
= pj

[
Lk,

1

r

]
+

[
pj ,

1

r

]
Lk =

[
pj ,

1

r

]
Lk, etc.

Therefore,

[Ri, H] =

[
1

2m
ϵijk (pjLk − Ljpk)− e2

xi
r
,
p2

2m
− e2

r

]
=

− e2

2m

{
ϵijk

([
pj ,

1

r

]
Lk − Lj

[
pk,

1

r

])
+
[xi
r
, p2
]}

.

d) Using ϵijkϵmnk = δimδjn − δinδjm we can see that:

ϵijk

([
pj ,

1

r

]
Lk − Lj

[
pk,

1

r

])
= iℏ

xj
r3
ϵijkϵkmnxmpn − iℏ ϵijkϵjmnxmpn

xk
r3

= iℏ
xj
r3

(δimδjn − δinδjm)xmpn − iℏ (δinδkm − δimδkn)xmpn
xk
r3

= iℏ
xj
r3

(xipj − xjpi)− iℏ (xkpi − xipk)
xk
r3

= iℏ
xj
r3

(xipj − xjpi) + iℏ (xipk − xkpi)
xk
r3

= iℏ
xj
r3

(xipj − xjpi) + iℏ (xipj − xjpi)
xj
r3

= iℏ
1

r3
xjxipj − iℏ

1

r3
xjxjpi + iℏxipjxj

1

r3
− iℏxjpixj

1

r3

= iℏ

 1

r3
xjxipj −

1

r
pi + xipjxj

1

r3
−

xjpixj︷ ︸︸ ︷
(pir

2 + iℏδijxj)
1

r3


= iℏ

(
1

r3
xjxipj −

1

r
pi + xipjxj

1

r3
− pi

1

r
− iℏ

xi
r3

)

= iℏ

 1

r3
xjxipj −

1

r
pi +

xipjxj︷ ︸︸ ︷
(pjxjxi + iℏδijxj)

1

r3
− pi

1

r
− iℏ

xi
r3


= iℏ

(
1

r3
xjxipj −

1

r
pi + (pjxjxi + iℏxi)

1

r3
− pi

1

r
− iℏ

xi
r3

)
= iℏ

(
1

r3
xjxipj −

1

r
pi + pjxjxi

1

r3
− pi

1

r

)
. (A)

Besides, [xi
r
, p2
]
=
[xi
r
, pjpj

]
= pj

[xi
r
, pj

]
+
[xi
r
, pj

]
pj ,[xi

r
, pj

]
=

1

r
[xi, pj ] +

[
1

r
, pj

]
xi = iℏ

1

r
δij − iℏ

1

r3
xjxi.

So[xi
r
, p2
]
= iℏpj

1

r
δij − iℏpj

1

r3
xjxi + iℏ

1

r
pjδij − iℏ

1

r3
xjxipj

= iℏ
(
pi
1

r
− pjxjxi

1

r3
+

1

r
pi −

1

r3
xjxipj

)
. (B)

It is evident that (A) + (B) = 0 and this cancels the expresion obtained in item c).
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5. This problem shows an algebraic method to solve the hydrogen atom. Consider the
dimensionless radial equation (1.106) of chapter 1 for Z = 1, namely

d2u(r)

dr2
+

[
E +

2

r
− ℓ(ℓ+ 1)

r2

]
u(r) = 0, (1)

and define the following operators

a−ℓ =
d

dr
+
ℓ+ 1

r
− 1

ℓ+ 1
, a+ℓ =

d

dr
− ℓ+ 1

r
+

1

ℓ+ 1
. (2)

(a) Compute a−ℓ a
+
ℓ and show that the radial equation (1) can be written as

(
a−ℓ a

+
ℓ

)
uℓ =

(
−E − 1

(ℓ+ 1)2

)
uℓ. (3)

(b) Show that

a+ℓ a
−
ℓ = a−ℓ+1a

+
ℓ+1 +

1

(ℓ+ 2)2
− 1

(ℓ+ 1)2
. (4)

By multiplying equation (3) by a+ℓ , show that a+ℓ uℓ(r) satisfies the radial equa-
tion with the same eigenvalue E, but for an angular momentum ℓ′ = ℓ+ 1.

(c) Similarly, show that a−ℓ−1uℓ(r) satisfies the radial equation with the same eigen-
value E, but for an angular momentum ℓ′ = ℓ− 1.

(d) Integrate by parts the expectation value of a−ℓ a
+
ℓ , using the operators defined

in (2) and the boundary condition u(r) → 0 for r → 0 and r → ∞, to show
that∫ ∞

0
u∗ℓ
(
a−ℓ a

+
ℓ

)
uℓ dr = −

∫ ∞

0

[
du∗ℓ
dr

duℓ
dr

+

(
ℓ(ℓ+ 1)

r2
− 2

r
+

1

(ℓ+ 1)2

)
|uℓ|2

]
dr.

Next, integrate also by parts
∫
|a+ℓ uℓ|

2 dr using the definition of a+ℓ to find that
you obtain the same expression as before with a minus sign. This leads to∫ ∞

0
u∗ℓ
(
a−ℓ a

+
ℓ

)
uℓ dr = −

∫ ∞

0
|a+ℓ uℓ|

2 dr. (5)

Use this result and equation (3) to prove the relation −E ≤ 1/(ℓ+ 1)2.

(e) Show that, for a given value of E, there exists a maximum value of the angular
momentum ℓ (call it ℓmax) such that E = −1/(ℓmax + 1)2 ≡ −1/n2, where we
define n = ℓmax+1. In this way we find the hydrogen energy levels. Show that
the radial wave function uℓmax(r) satisfies the following differential equation(

d

dr
− n

r
+

1

n

)
uℓmax(r) = 0. (6)

(f) Using equation (6) and the results proven in this problem, find the hydrogen
radial wave functions u(r) for n = 3, up to a proportionality factor.

Solution:
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(a) Calling Pℓ =
ℓ+ 1

r
− 1

ℓ+ 1
, we have

(
a−ℓ a

+
ℓ

)
u = (∂r + Pℓ) (∂r − Pℓ)u = (∂r + Pℓ) (∂ru− Pℓu)

= ∂2ru− (∂rPℓ)u+ Pℓ(∂ru)− Pℓ(∂ru)− P 2
ℓ u = (∂2r − ∂rPℓ − P 2

ℓ )u

=

[
∂2r +

(ℓ+ 1)

r2
− (ℓ+ 1)2

r2
− 1

(ℓ+ 1)2
+

2

r

]
u.

Therefore

a−ℓ a
+
ℓ =

d2

dr2
− ℓ(ℓ+ 1)

r2
+

2

r
− 1

(ℓ+ 1)2
. (7)

It is now straightforward to show that the radial equation can be written as

(
a−ℓ a

+
ℓ

)
uℓ =

(
−E − 1

(ℓ+ 1)2

)
uℓ.

(b) Similarly, for a+ℓ a
−
ℓ we find

a+ℓ a
−
ℓ =

d2

dr2
− (ℓ+ 1)(ℓ+ 2)

r2
+

2

r
− 1

(ℓ+ 1)2
, (8)

Therefore

a+ℓ a
−
ℓ = a−ℓ+1a

+
ℓ+1 +

1

(ℓ+ 2)2
− 1

(ℓ+ 1)2
.

By multiplying equation (3) by a+ℓ we obtain

a+ℓ (a
−
ℓ a

+
ℓ )uℓ = (a+ℓ a

−
ℓ )a

+
ℓ uℓ =

(
−E − 1

(ℓ+ 1)2

)
a+ℓ uℓ(r),

which, using (8), can also be written as[
d2

dr2
− (ℓ+ 1)(ℓ+ 2)

r2
+

2

r
− 1

(ℓ+ 1)2

]
a+ℓ uℓ(r) =

(
−E − 1

(ℓ+ 1)2

)
a+ℓ uℓ(r),

[
d2

dr2
− (ℓ+ 1)(ℓ+ 2)

r2
+

2

r

]
a+ℓ uℓ(r) = −Ea+ℓ uℓ(r).

Therefore it is found that a+ℓ uℓ(r) satisfies the radial equation with the same eigenvalue, E,
but for an angular momentum ℓ′ = ℓ+ 1.

(c) From expression (8) we find that the radial equation can be written as

(a+ℓ−1a
−
ℓ−1)uℓ =

[
d2

dr2
− ℓ(ℓ+ 1)

r2
+

2

r
− 1

ℓ2

]
uℓ =

(
−E − 1

ℓ2

)
uℓ.

Multiplying the previous equation by a−ℓ−1 we have

a−ℓ−1(a
+
ℓ−1a

−
ℓ−1)uℓ = (a−ℓ−1a

+
ℓ−1)a

−
ℓ−1uℓ =

(
−E − 1

ℓ2

)
a−ℓ−1uℓ,

[
d2

dr2
− ℓ(ℓ− 1)

r2
+

2

r
− 1

ℓ2

]
a−ℓ−1uℓ =

(
−E − 1

ℓ2

)
a−ℓ−1uℓ,[

d2

dr2
− ℓ(ℓ− 1)

r2
+

2

r

]
a−ℓ−1uℓ = −Ea−ℓ−1uℓ.

Therefore a−ℓ−1uℓ(r) satisfies the radial equation with the same eigenvalue E, but for an
angular momentum ℓ′ = ℓ− 1.
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(d) Using expression (7), the expectation value of
(
a−ℓ a

+
ℓ

)
computed with the radial function u(r)

can be written as∫ ∞

0

u∗ℓ
(
a−ℓ a

+
ℓ

)
uℓ dr =

∫ ∞

0

u∗ℓ

(
d2

dr2
− ℓ(ℓ+ 1)

r2
+

2

r
− 1

(ℓ+ 1)2

)
uℓ dr.

The integration by parts of the first term gives∫ ∞

0

u∗ℓ
d2uℓ
dr2

dr = u∗ℓ
duℓ
dr

∣∣∣∣∞
0

−
∫ ∞

0

du∗ℓ
dr

duℓ
dr

dr = −
∫ ∞

0

du∗ℓ
dr

duℓ
dr

dr,

where we have used that, because of boundary conditions, limr→∞ uℓ = 0 and limr→0
uℓ

r is
finite (therefore limr→0 uℓ = 0). We can then conclude that∫ ∞

0

u∗ℓ
(
a−ℓ a

+
ℓ

)
uℓ dr =

∫ ∞

0

[
−du∗ℓ

dr

duℓ
dr

+

(
−ℓ(ℓ+ 1)

r2
+

2

r
− 1

(ℓ+ 1)2

)
|uℓ|2

]
dr

Let us now calculate∫ ∞

0

|a+ℓ uℓ|
2 dr =

∫ ∞

0

(a+ℓ uℓ)
∗(a+ℓ uℓ) dr =∫ ∞

0

(
duℓ
dr

− ℓ+ 1

r
uℓ +

1

ℓ+ 1
uℓ

)∗(
duℓ
dr

− ℓ+ 1

r
uℓ +

1

ℓ+ 1
uℓ

)
dr =∫ ∞

0

[
du∗ℓ
dr

duℓ
dr

−
(
ℓ+ 1

r
− 1

ℓ+ 1

)(
du∗ℓ
dr

uℓ + u∗ℓ
duℓ
dr

)
+

(
ℓ+ 1

r
− 1

ℓ+ 1

)2

|uℓ|2
]
dr =

∫ ∞

0

[
du∗ℓ
dr

duℓ
dr

−
(
ℓ+ 1

r
− 1

ℓ+ 1

)
d|uℓ|2

dr
+

(
ℓ+ 1

r
− 1

ℓ+ 1

)2

|uℓ|2
]
dr.

The middle term is∫ ∞

0

(
ℓ+ 1

r
− 1

ℓ+ 1

)
d|uℓ|2

dr
dr =(

ℓ+ 1

r
− 1

ℓ+ 1

)
|uℓ|2

∣∣∣∣∞
0

+

∫ ∞

0

(
ℓ+ 1

r2

)
|uℓ|2 dr =

∫ ∞

0

(
ℓ+ 1

r2

)
|uℓ|2 dr,

where we have used integration by parts and, again, the fact that limr→0
uℓ

r is finite. Going
back to the previous expression we have that

∫ ∞

0

|a+ℓ uℓ|
2 dr =

∫ ∞

0

[
du∗ℓ
dr

duℓ
dr

−
(
ℓ+ 1

r2

)
|uℓ|2 +

(
ℓ+ 1

r
− 1

ℓ+ 1

)2

|uℓ|2
]
dr =∫ ∞

0

[
du∗ℓ
dr

duℓ
dr

+

(
ℓ(ℓ+ 1)

r2
− 2

r
+

1

(ℓ+ 1)2

)
|uℓ|2

]
dr.

Therefore ∫ ∞

0

u∗ℓ
(
a−ℓ a

+
ℓ

)
uℓ dr = −

∫ ∞

0

|a+ℓ uℓ|
2 dr ≤ 0,

which is what we were asked to prove.

From equation (3) we see that the expectation value of
(
a−ℓ a

+
ℓ

)
can also be written as∫ ∞

0

u∗ℓ
(
a−ℓ a

+
ℓ

)
uℓ dr =

(
−Eℓ −

1

(ℓ+ 1)2

)∫ ∞

0

|uℓ|2 dr.

Comparing the previous two equation we deduce(
−Eℓ −

1

(ℓ+ 1)2

)
≤ 0 =⇒ −E ≤ 1

(ℓ+ 1)2
.
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(e) By repeatedly applying a+ℓ to u(r) we increase the value of ℓ by one integer. This process is
limited from above because we must have −Eℓ ≤ 1/(ℓ + 1)2, so there must be a maximum
value of ℓ, call it ℓmax, such that

−Eℓ =
1

(ℓmax + 1)2
≡ 1

n2
.

The function a+ℓmax
uℓmax must be identically zero, therefore uℓmax satisfies(

d

dr
− ℓmax + 1

r
+

1

ℓmax + 1

)
uℓmax

(r) =

(
d

dr
− n

r
+

1

n

)
uℓmax

(r) = 0.

(f) The energy levels are En = −1/n2 in Rydberg units. The radial equation for uℓmax
(r) can be

solved doing
du

dr
=

(
n

r
− 1

n

)
u =⇒ du

u
=

(
n

r
− 1

n

)
dr,

log(u) = n log(r)− r

n
+ C =⇒ uℓmax

= Anℓmax
rn e−r/n,

where Anℓmax
is a normalization constant for the state with n and ℓmax quantum numbers.

For n = 3 we have ℓ = 0, 1, 2, so ℓmax = 2 and

uℓmax = u2 = A32 r
3 e−r/3 = A32 r

3 e−r
√
E .

By repeatedly applying the a−ℓ−1 operator we can work out the other solutions of the same
energy, that is for ℓ = 1, 0.

uℓ−1 = a−ℓ−1uℓ =

(
d

dr
+

(ℓ− 1) + 1

r
− 1

(ℓ− 1) + 1

)
uℓ =

(
d

dr
+
ℓ

r
− 1

ℓ

)
uℓ.

u1 = a−1 u2 =

(
d

dr
+

2

r
− 1

2

)
u2 =

(
d

dr
+

2

r
− 1

2

)
A32 r

3 e−r/3

= 5A32 r
2
(
1− r

6

)
e−r/3 = A31 r

2
(
1− r

6

)
e−r/3.

u0 = a−0 u1 =

(
d

dr
+

1

r
− 1

)
u1 =

(
d

dr
+

1

r
− 1

)
A31 r

2
(
1− r

6

)
e−r/3

= A31 3r

(
1− 2

3
r +

2

27
r2
)
e−r/3 = A30 r

(
1− 2

3
r +

2

27
r2
)
e−r/3.

Let’s collect all results we got:

u32 = A32 r
3 e−r/3, u31 = A31 r

2
(
1− r

6

)
e−r/3, u30 = A30 r

(
1− 2r

3
+

2r2

27

)
e−r/3,

and compare them with the corresponding expressions quoted in chapter 1 of the lecture
notes,

u32(r) =

(
Z

a0

)3/2
4

81
√
30

Z2r3

a20
e−Zr/3a0 ,

u31(r) =

(
Z

a0

)3/2
8

27
√
6

Zr2

a0

(
1− Zr

6a0

)
e−Zr/3a0 ,

u30(r) =

(
Z

a0

)3/2
2r

3
√
3

[
1− 2Zr

3a0
+

2

27

(
Zr

a0

)2
]
e−Zr/3a0 .

It is clear that, setting Z = a0 = 1, and leaving aside the normalization constants, we have
reproduced the same radial functions.
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A.2 Chapter 2.

1. Check that for a uniform magnetic field B we can choose the vector potential to be
A = 1

2B× r. (Hint: all you need to do is to verify that ∇×A = B).

Solution: all we need to do is verify that ∇×A = B. Incidentally, we can show that the relation
∇A = 0 also holds. Using the rule ∇(A×B) = B(∇×A)−A(∇×B), we have

∇A =
1

2
∇(B× r) =

1

2

[
r(∇×B)−B(∇× r)

]
= 0,

because ∇×B = 0 (B is uniform) and ∇× r = 0. Next, we need to use the rule ∇× (A×B) =
(B∇)A− (A∇)B+A(∇B)−B(∇A), to find

∇×A =
1

2
∇× (B× r) =

1

2

[
(r∇)B− (B∇)r+B(∇r)− r(∇B)

]
.

But, since B is uniform, (r∇)B = 0 and r(∇B) = 0. Furthermore ∇r = ∂x
∂x + ∂y

∂y + ∂z
∂z = 3. And

for the remaining term we have

(B∇)r =

(
Bx

∂

∂x
+By

∂

∂y
+Bz

∂

∂z
+

)
(xêx + yêy + zêz) = Bxêx +Byêy +Bzêz = B.

So finally

∇×A =
1

2

(
−B+ 3B

)
= B.

2. The muonium is an electromagnetic bound state of an electron and a positive muon,
µ+e−. This system has received considerable attention (theoretical and experimen-
tal) to test the validity of quantum electrodynamics. In particular, very precise in-
formation can be obtained from the study of the hyperfine structure of its 1s ground
state. Here we will perform a simplified analysis.

a) Compute the hyperfine interaction for the muonium ground state in the pres-
ence of a constant external magnetic field along the z-axis, B = (0, 0, B). Use
the uncoupled basis and show all algebraic steps in the process of getting the
matrix elements.

b) Repeat the calculations of the previous point in the coupled basis, showing
again all needed algebraic steps.

c) Study the energy shifts as a function the magnetic field amplitude, paying
attention to the low and high magnetic field regimes. Draw a sketch (not
necessarily to scale) showing the energy of the four levels versus B.

d) Find the possible points where the curves E1(B), E2(B), E3(B), E4(B) inter-
sect with one another. Taking ℏ2AF = 1.846× 10−5 eV for muonium, compute
the values of B (in Gauss and Tesla) of the intersection points (ignore the
intersection point at B = 0 and take always B > 0).

Hints: Take equation (2.180), namely

H =
geµB

ℏ
BS + AF IS − gNµN

ℏ
BI,

and make the substitutions

S → S1, I → S2, µN → me

mµ
µB, gN → ge ≈ 2,

2µB

ℏ
B = ω1,

me

mµ

2µB

ℏ
B = ω2,
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to get

H =
2µB

ℏ
BS1 −

me

mµ

2µB

ℏ
BS2 + AFS1S2 = ω1S1z − ω2S2z + AFS1S2,

where S1 and S2 are the spin operators for the electron and muon, respectively. The states

of the uncoupled basis are |S1, S2,ms1,ms2⟩ ≡ |ms1,ms2⟩, while the states of the coupled

basis are |S1, S2, F,mF ⟩ ≡ |F,mF ⟩, where F = S1 + S2. Use a table of CG-coefficients to

relate the elements of one basis to the elements of the other.

Solution:

a) To compute the H matrix elements in the uncoupled basis, |ms1,ms2⟩, write H as

H = ω1S1z − ω2S2z +AF
[
− (S1)+1(S2)−1 + (S1)0(S2)0 − (S1)−1(S2)+1

]
,

and use the relations

J±1 |jm⟩ = ∓ℏ
√

1
2 [j(j + 1)−m(m± 1)] |j, (m± 1)⟩ , J0 |jm⟩ = mℏ |jm⟩ ,

to find the following matrix elements (we omit here the detailed calculations that the student
should do)

∣∣ 1
2
1
2

〉 ∣∣ 1
2 − 1

2

〉 ∣∣− 1
2
1
2

〉 ∣∣− 1
2 − 1

2

〉〈
1
2
1
2

∣∣ ℏ
2 (ω1 − ω2) +

ℏ2

4 AF〈
1
2 − 1

2

∣∣ ℏ
2 (ω1 + ω2)− ℏ2

4 AF
ℏ2

2 AF〈
− 1

2
1
2

∣∣ ℏ2

2 AF −ℏ
2 (ω1 + ω2)− ℏ2

4 AF〈
− 1

2 − 1
2

∣∣ −ℏ
2 (ω1 − ω2)

ℏ2

4 +AF

Two of the eigenvalues are obvious

E1 =
ℏ
2
(ω1 − ω2) +

ℏ2

4
AF , E2 = −ℏ

2
(ω1 − ω2) +

ℏ2

4
AF .

The remaining two are obtained solving a quadratic equation. They are

E3 = −ℏ2

4
AF +

√
1

4
ℏ4A2

F +
1

4
ℏ2(ω1 + ω2)2,

E4 = −ℏ2

4
AF −

√
1

4
ℏ4A2

F +
1

4
ℏ2(ω1 + ω2)2.

b) To compute the matrix elements in the coupled basis, |FmF ⟩ = {|1, 1⟩ , |1,−1⟩ , |1, 0⟩ , |0, 0⟩},
it is convenient to use the relations

F 2 = S2
1 + S2

2 + 2S1S2, S1S2 =
1

2
(F 2 − S2

1 − S2
2),

to write H as

H = ω1S1z − ω2S2z +
1

2
AF

(
F 2 − S2

1 − S2
2

)
.

Using the CG-table of appendix B.5.3 we find

|1, 1⟩ =
∣∣∣∣12 , 12

〉
, |1,−1⟩ =

∣∣∣∣−1

2
,−1

2

〉
.

|1, 0⟩ = 1√
2

∣∣∣∣12 ,−1

2

〉
+

1√
2

∣∣∣∣−1

2
,
1

2

〉
, |0, 0⟩ = 1√

2

∣∣∣∣12 ,−1

2

〉
− 1√

2

∣∣∣∣−1

2
,
1

2

〉
.

Therefore

(ω1S1z − ω2S2z) |1, 1⟩ =
ℏ
2
(ω1 − ω2) |1, 1⟩ .
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(ω1S1z − ω2S2z) |1,−1⟩ = −ℏ
2
(ω1 − ω2) |1,−1⟩ .

(ω1S1z−ω2S2z) |1, 0⟩ =
ℏ

2
√
2
(ω1+ω2)

∣∣∣∣12 ,−1

2

〉
− ℏ

2
√
2
(ω1+ω2)

∣∣∣∣−1

2
,
1

2

〉
=

ℏ
2
(ω1+ω2) |0, 0⟩ .

(ω1S1z−ω2S2z) |0, 0⟩ =
ℏ

2
√
2
(ω1+ω2)

∣∣∣∣12 ,−1

2

〉
+

ℏ
2
√
2
(ω1+ω2)

∣∣∣∣−1

2
,
1

2

〉
=

ℏ
2
(ω1+ω2) |1, 0⟩ .

So the matrix elements of this part of the Hamiltonian are

|1, 1⟩ |1,−1⟩ |1, 0⟩ |0, 0⟩
⟨1, 1| ℏ

2 (ω1 − ω2)
⟨1,−1| −ℏ

2 (ω1 − ω2)
⟨1, 0| ℏ

2 (ω1 + ω2)
⟨0, 0| ℏ

2 (ω1 + ω2)

The matrix elements of the remaing part are diagonal〈
1, 1

∣∣∣∣ 12AF(F 2 − S2
1 − S2

2

) ∣∣∣∣ 1, 1〉 =
ℏ2

2
AF

(
2− 3

4
− 3

4

)
=

ℏ2

4
AF .

〈
1,−1

∣∣∣∣ 12AF(F 2 − S2
1 − S2

2

) ∣∣∣∣ 1,−1

〉
=

〈
1, 0

∣∣∣∣ 12AF(F 2 − S2
1 − S2

2

) ∣∣∣∣ 1, 0〉 =
ℏ2

4
AF .

〈
0, 0

∣∣∣∣ 12AF(F 2 − S2
1 − S2

2

) ∣∣∣∣ 0, 0〉 =
ℏ2

2
AF

(
0− 3

4
− 3

4

)
= −3ℏ2

4
AF .

|1, 1⟩ |1,−1⟩ |1, 0⟩ |0, 0⟩
⟨1, 1| ℏ2

4 AF
⟨1,−1| ℏ2

4 AF
⟨1, 0| ℏ2

4 AF
⟨0, 0| − 3ℏ2

4 AF

The matrix elements of the full Hamiltonian are then

|1, 1⟩ |1,−1⟩ |1, 0⟩ |0, 0⟩
⟨1, 1| ℏ

2 (ω1 − ω2) +
ℏ2

4 AF
⟨1,−1| −ℏ

2 (ω1 − ω2) +
ℏ2

4 AF
⟨1, 0| ℏ2

4 AF
ℏ
2 (ω1 + ω2)

⟨0, 0| ℏ
2 (ω1 + ω2) − 3ℏ2

4 AF

It is easy to see that we get the same eigenvalues as before. They can be written in a more
convenient way defining the ratio κ = me/mµ and ω ≡ ω1,

ω ≡ ω1 =
2µB

ℏ
B, ω2 =

me

mµ

2µB

ℏ
B =

me

mµ
ω1 = κω.

E1 =
ℏ2

4
AF +

ℏ
2
ω(1− κ), E2 =

ℏ2

4
AF − ℏ

2
ω(1− κ),

E3 = −ℏ2

4
AF+

1

2

√
(ℏ2AF )2 + ℏ2ω2(1 + κ)2, E4 = −ℏ2

4
AF−

1

2

√
(ℏ2AF )2 + ℏ2ω2(1 + κ)2.

c) Since ω is proportional to B, we can just as well study the dependency of the previous energies
with respect to ω. Both E1 and E2 are linear functions of ω, the first one increases with a
slope given by ℏ(1 − κ)/2, and the second decreases with the same slope. E3 and E4 are
not linear functions of ω(B) at small values of ω(B), but become linear at high values. The
following plot shows the B-dependence of the energy levels for B < 0.4 Tesla.



Quantum Physics III. Monday 7th September, 2026, 11:08. 243

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
B (Tesla)

30

20

10

0

10

20

30

En
er

gi
es

 (m
icr

o-
eV

)

E1

E3

E2

E4

E1
E2
E3
E4

d) Given the sign of the slopes, the only combination of curves that can intersect are E1(ω) with
E3(ω), and E2(ω) with E4(ω). Let’s study first E1(ω) with E3(ω).

Solving the equation which arises from imposing E1 = E3,

ℏ2

4
AF +

ℏ
2
ω(1− κ) = −ℏ2

4
AF +

1

2

√
(ℏ2AF )2 + ℏ2ω2(1 + κ)2,

we get

ω =
ℏ
2
AF

(
1

κ
− 1

)
, or B =

ℏ2AF
4µB

(
mµ

me
− 1

)
.

Putting numbers,

B =
1.846× 10−5 eV

4× 5.788× 10−5 eV · Tesla−1

(
105.66

0.511
− 1

)
= 16.41Tesla = 1.641× 105 Gauss.

For the condition E2 = E4 we get

B =
ℏ2AF
4µB

(
1− mµ

me

)
< 0,

but this is discarded since we are assuming B > 0.

3. In this exercise we shall study the modification of the energy spectrum of a hydrogen
atom placed in crossed static electric and magnetic fields in perturbation theory. To
simplify things we will consider that the electron is spinless and neglect also
fine structure effects.
In a famous 1925–1926 work on the hydrogen atom, Wolfgang Pauli was able to
calculate the splitting of the levels in an electric field (Stark effect) or in a magnetic
field (Zeeman effect). Pauli also noticed that he could obtain a simple and compact
formula for the level splitting in a superposition of a magnetic field B and an electric
field E both static and uniform, and perpendicular to each other. In this case, he
found that a level with principal quantum number n is split into 2n − 1 sublevels

En + δE
(k)
n with

δE(k)
n = ℏk(ω2

m + n2ω2
e)

1/2, (1)

where k is an integer ranging from −(n−1) to n−1, while ωm and ωe are proportional
to B and E , respectively .

(a) Consider the n = 2 levels of the hydrogen atom (remember to neglect spin
effects). Assume B is along the z axis. Use first-order perturbation theory to
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obtain the energy levels and the corresponding eigenstates in the presence of
B only. Check that (1) is valid in this case and give the value of ωm.

(b) Now assume that, alongside B along the z axis, E is established along the x
axis and find, in first-order perturbation theory for the n = 2 levels of the
hydrogen atom, the corresponding energy shifts. Check that (1) is also valid
in this case and give the value of ωe.

Solution:

(a) For a spinless particle the interaction with an external magnetic field aligned with the z-axis,
given by eq. (2.17) of the handouts, reduces to

Hm =
1

ℏ
µBLzB =

e

2m
LzB.

Since [Hm, Lz] = 0 both Hm and Lz are diagonal in the uncoupled basis and the calculation of the
splitting of the energy levels in this basis (Paschen-Bach regime) is trivial:

∆E = ⟨2ℓmℓ|Hm|2ℓmℓ⟩ =
e

2m
B ⟨2ℓmℓ|Lz|2ℓmℓ⟩ =

eℏ
2m

Bmℓ = ℏωmmℓ,

where we can identify that

ωm =
eB

2m
.

The eigenstates and energy levels are those of the uncoupled basis and, of course, equation (1) is
accomplished with ωe = 0 and k = mℓ.

For n = 2 the hamiltonian matrix is:

⟨2ℓ′m′
ℓ|Hm|2ℓmℓ⟩ = ℏωm

|00⟩ |11̄⟩ |10⟩ |11⟩
⟨00|
⟨11̄|
⟨10|
⟨11|


0 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 1

.

(b) In the presence of E only, the perturbing Hamiltonian is the electric dipole term
Hs = eEr = eEx (remember the electric field is parallel to the x-axis). Write the
matrix representing Hs in the 4-dimensional n = 2 subspace under consideration.
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A.3 Chapter 3.

1. Consider two hydrogen atoms with the relative positions of the two protons and the
two electrons as shown in this figure,

Assume the protons to be static in their positions. The hamiltonian of the system is
then

H = H0 +H′,

H0 =
p21
2m

+
p22
2m

− e2

r1
− e2

r2
,

H′ =
e2

R
+

e2

|R+ r2 − r1|
− e2

|R− r1|
− e2

|R+ r2|
.

a) Show that for R≫ r1 and R≫ r2

H′ ≈
(
e2

R3

)(
r1 · r2 − 3

(
r1 · R̂

)(
r2 · R̂

))
,

where R̂ = R/R.

Consider that the approximation to H′ given in part a) can be treated as a pertur-

bation to H0 and to its ground state, |ψ(0)
0 ⟩ = |ϕ1sϕ1s⟩, with unperturbed energy of

E
(0)
0 = −e2/a0 = −2 Ry.a

b) Let Pk be the parity operator that, acting on a n-particle state, applies parity
transformation only to the k-th particle state and leaves all the other par-
ticle states unchanged. The total parity operator can then be written as
P =

∏n
k=1 Pk. Consider an operator F (r1, ..., rk, ..., rn) such that

PkFPk = F (r1, ...,−rk, ..., rn) = (−1)πFkF (r1, ..., rk, ..., rn).

Show that for initial |ϕi⟩ = |ϕi1, ..., ϕik, ..., ϕin⟩ and final |ϕf ⟩ =
|ϕf1, ..., ϕfk, ..., ϕfn⟩ states verifying Pk |ϕi⟩ = (−1)πik |ϕi⟩ and Pk |ϕf ⟩ =
(−1)πfk |ϕf ⟩, we have the identity ⟨ϕf |F |ϕi⟩ = 0 unless 1 = (−1)πfk+πFk+πik ,
for k = 1, ..., n. This means that for the F operator there are conservation laws
not only for the global parity but also for the parity of k-particle state. Use
this to demonstrate that, to first order in perturbation theory, the energy shift

is zero, ∆E
(1)
0 = ⟨ψ(0)

0 |H′|ψ(0)
0 ⟩ = 0.

c) Show, using the demonstration of part b), that if |ψ(0)
n ⟩ is an excited state of H0

with principal quantum numbers n1 = 1 and n2 = n, or n1 = n and n2 = 1, we

have ⟨ψ(0)
n |H′|ψ(0)

0 ⟩ = 0. This means that the lowest-energy excited states for

which ⟨ψ(0)
e |H′|ψ(0)

0 ⟩ ̸= 0 are those with n1 = n2 = 2 and energy E
(0)
e = E

(0)
0 /4.
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d) In the discussion of the quadratic Stark effect, eq. (2.82) to eq. (2.86) in the
lecture notes, a lower bound was found for the energy shift of the hydrogen
ground state. For the two hydrogen atoms system use the same strategy to
demonstrate that a lower bound of the energy shift produced by H′ is

∆E
(2)
0 =

∑
k ̸=0

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉∣∣∣2
E

(0)
0 − E

(0)
k

>
1

E
(0)
0 − E

(0)
e

∑
k ̸=0

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉∣∣∣2 ,
8
(a0
R

)6
E

(0)
0 < ∆E

(2)
0 .

aThe prescription that the order in the ket applies to the dynamical variables is used. For
instance, for |ϕi1ϕi2⟩ the corresponding spatial wave function is ϕi1(r1)ϕi2(r2).

Solution:

a) We can make the usual approximation, which coincides with the multipolar expansion, up to
1
RO

(
r3

R3

)
,

1

|R+ r|
=

1√
(R+ r)

2
=

1√
R2 + r2 + 2R · r

=
1

R

1√
1 + r2

R2 + 2R·r
R2

≈ 1

R

1√
1 + r2

R2 + 2R·r
R2

≈ 1

R

[
1− 1

2

(
r2

R2
+ 2

R · r
R2

)
+

3

8

(
r2

R2
+ 2

R · r
R2

)2
]
≈ 1

R

[
1− 1

2

(
r2

R2
+ 2

R · r
R2

)
+

3

2

(
R · r
R2

)2
]

=
1

R
− R · r

R3
+

3 (R · r)2 − r2R2

2R5
.

Applying this to r = r2 − r1, r = −r1 and r = r2,

1

e2
H′ =

1

R
+

1

|R+ r2 − r1|
− 1

|R− r1|
− 1

|R+ r2|
≈

�
��1

R
+
�
��1

R
−�������R · r2 −R · r1

R3

+
3 (R · (r2 − r1))

2 − (r2 − r1)
2R2

2R5
−
�
��1

R
+
�
�
�R · r1

R3
−3 (R · r1)2 − r21R

2

2R5
−
�
��1

R
+
�
�
�R · r2

R3
−3 (R · r2)2 − r22R

2

2R5

= �����3(R · r2)2 +�����3(R · r1)2 − 6(R · r2)(R · r1)−���r22R
2 −���r21R

2 + 2(r1 · r2)R2

2R5
−�����
3 (R · r1)2 −���r21R

2

2R5

−�����
3 (R · r2)2 −���r22R

2

2R5
=

r1 · r2
R3

− 3
(R · r2)(R · r1)

R5
.

b) It is worth recalling that P 2
k = 1, therefore Pk is both hermitian and its own inverse, P †

k =
P−1
k = Pk. Since P

−1
k FPk = (−1)πFkF , we have

⟨ψf |F |ψi⟩ = (−1)πFk ⟨ψf |P−1
k FPk|ψi⟩ = (−1)πFk ⟨Pkψf |F |Pkψi⟩

= (−1)πFk (−1)πfk (−1)πik ⟨ψf |F |ψi⟩ = (−1)πFk
+πfk

+πik ⟨ψf |F |ψi⟩ .

This equation means that either (−1)πFk
+πfk

+πik = 1 or ⟨ψf |F |ψi⟩ = 0, which is what was
to be proven.

It is now straightforward to see that, since

H′(−r1, r2) = −H′(r1, r2), and ψ
(0)
0 (−r1, r2) = ψ

(0)
0 (r1, r2),

the relation we have just proved implies ⟨ψ(0)
0 |H′|ψ(0)

0 ⟩ = 0.

c) Let us assume that the electron with n = 1 (and consequently ℓ = 0 and m = 0) is the first
one. Since P−1

1 H′P1 = −H′ and P1 |ϕ100⟩ = |ϕ100⟩,

⟨ψ(0)
n |H′|ψ(0)

0 ⟩ = ⟨ϕ100ϕnℓm|H′|ϕ100ϕ100⟩ = (−1) ⟨ϕ100ϕnℓm|P−1
1 H′P1|ϕ100ϕ100⟩

= (−1) ⟨P1ϕ100ϕnℓm |H′ |P1ϕ100ϕ100⟩ = (−1) ⟨ϕ100ϕnℓm |H′ |ϕ100ϕ100⟩

= −⟨ψ(0)
n |H′|ψ(0)

0 ⟩ .
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We have arrived at the relation ⟨ψ(0)
n |H′|ψ(0)

0 ⟩ = −⟨ψ(0)
n |H′|ψ(0)

0 ⟩, therefore we conclude that

⟨ψ(0)
n |H′|ψ(0)

0 ⟩ = 0. The case when the electron staying in the same orbital is the second one
is proven in the same way.

d) The second order correction in perturbation theory is given by

∆E
(2)
0 =

∑
k ̸=0

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉∣∣∣2
E

(0)
0 − E

(0)
k

,

where k stands for all quantum numbers of the states {n1, ℓ1,m1, n2, ℓ2,m2}. As discussed

for the Stark effect, a lower limit for ∆E
(2)
0 can be obtained replacing the energy differences

E
(0)
0 − E

(0)
k by E

(0)
0 − E

(0)
1 . However, notice that using the result of part b) it can be seen

that the matrix elements for the first excited states, those with n1 = 1, n2 = 2 or n1 = 2,
n2 = 1, are zero. Therefore, the lowest energy states contributing to the sum are those with
n1 = n2 = 2 (labelled with the subscript e) for which,

E(0)
e = E

(0)
0

1

4
,

where, since there are two hydrogen atoms at play,

E
(0)
0 = − e

2

a0
= −2 Ry.

Thus

∆E
(2)
0 =

∑
k ̸=0

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉∣∣∣2
E

(0)
0 − E

(0)
k

>
1

E
(0)
0 − E

(0)
e

∑
k ̸=0

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉∣∣∣2
=

4

3E
(0)
0

∑
k ̸=0

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉∣∣∣2 .
To perform the summation we take into account that

〈
ψ
(0)
0

∣∣∣H′
∣∣∣ψ(0)

0

〉
= 0 and use the

completeness relation of the eigenstates of the system to obtain,

∑
k ̸=0

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉∣∣∣2 =
∑
k

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉∣∣∣2
=
∑
k

〈
ψ
(0)
0

∣∣∣H′
∣∣∣ψ(0)

k

〉〈
ψ
(0)
k

∣∣∣H′
∣∣∣ψ(0)

0

〉
=
〈
ψ
(0)
0

∣∣∣ (H′)2
∣∣∣ψ(0)

0

〉
.

Seeing that

(H′)2 ≈
(
e2

R3

)2(
(r1 · r2)2 + 9

(
r1 · R̂

)2 (
r2 · R̂

)2
− 6 (r1 · r2)

(
r1 · R̂

)(
r2 · R̂

))
,

let us compute

⟨ψ(0)
0 | (r1 · r2)2 |ψ(0)

0 ⟩ = ⟨ϕ1sϕ1s|xi1xi2x
j
1x
j
2|ϕ1sϕ1s⟩

= ⟨ϕ1s|xi1x
j
1|ϕ1s⟩ ⟨ϕ1s|xi2x

j
2|ϕ1s⟩ =

⟨r2⟩
3
δij

⟨r2⟩
3
δij =

(
⟨r2⟩

)2
9

δii =

(
⟨r2⟩

)2
3

,

〈
ψ
(0)
0

∣∣∣∣ (r1 · R̂)2 (r2 · R̂)2 ∣∣∣∣ψ(0)
0

〉
= ⟨ψ(0)

0 |xi1X̂ixj1X̂
jxk2X̂

kxm2 X̂
m|ψ(0)

0 ⟩

= X̂iX̂jX̂kX̂m ⟨ϕ1s|xixj |ϕ1s⟩ ⟨ϕ1s|xkxm|ϕ1s⟩

= X̂iX̂jX̂kX̂m ⟨r2⟩
3
δij

⟨r2⟩
3
δkm =

(
R̂
)2 (

R̂
)2 (⟨r2⟩)2

9
=

(
⟨r2⟩

)2
9

,
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〈
ψ
(0)
0

∣∣∣ (r1 · r2)(r1 · R̂)(r2 · R̂) ∣∣∣ψ(0)
0

〉
= ⟨ψ(0)

0 |xi1xi2x
j
1X̂

jxk2X̂
k|ψ(0)

0 ⟩ =

X̂jX̂k ⟨ϕ1s|xixj |ϕ1s⟩ ⟨ϕ1s|xixk|ϕ1s⟩ = X̂jX̂k ⟨r2⟩
3
δij

⟨r2⟩
3
δik =

(
⟨r2⟩

)2
9

.

Therefore 〈
ψ
(0)
0

∣∣∣ (H′)2
∣∣∣ψ(0)

0

〉
=

2

3

(
e2

R3

)2 (
⟨r2⟩

)2
= 6

(
e2a20
R3

)2

,

where we have used ⟨r2⟩ = 3a20, which can be obtained using formulae quoted in chapter 1.

We can now see that (remember E
(0)
0 = −e2/a0),

4

3E
(0)
0

∑
k ̸=0

∣∣∣〈ψ(0)
k

∣∣∣H′
∣∣∣ψ0

0

〉∣∣∣2 =
4

3E
(0)
0

6

(
e2a20
R3

)2

= 8
(a0
R

)6
E

(0)
0 < ∆E

(2)
0 .

2. The lowest excited states of helium have principal quantum numbers n1 = 1, n2 = 2
or n1 = 2, n2 = 1, for electron 1 and 2, respectively. We will treat the electrostatic
repulsion between the electrons, H′ = e2/r12, as a perturbation to the unperturbed
energies given by

En1,n2 = −4

[
1

2
α2mc2

(
1

n21
+

1

n22

)]
= −5

(
1

2
α2mc2

)
= −68.03 eV.

Since the n = 2 levels of a hydrogenlike atom are fourfold degenerate (we don’t take
into account the spin degree of freedom in this problem), the first excited unperturbed
energy level in this simplified treatment of helium is eightfold degenerate. The eight
unperturbed wave functions can be written as

ϕ
(0)
1 = 1s(1) 2s(2) ϕ

(0)
5 = 1s(1) 2py(2)

ϕ
(0)
2 = 2s(1) 1s(2) ϕ

(0)
6 = 2py(1) 1s(2)

ϕ
(0)
3 = 1s(1) 2px(2) ϕ

(0)
7 = 1s(1) 2pz(2)

ϕ
(0)
4 = 2px(1) 1s(2) ϕ

(0)
8 = 2pz(1) 1s(2)

where 1s(1) 2s(2) means the product of a hydrogenlike 1s function for electron 1 and a
hydrogenlike 2s function for electron 2, etc. Note that we are using real hydrogenlike
p orbitals, defined as px = 1√

2
(p+1 + p−1), py = 1

i
√
2
(p+1 − p−1) and pz = p0. The

secular determinant,∣∣H′
ij − Eδij

∣∣ = 0, where H′
ij =

〈
ϕ
(0)
i

∣∣∣H′
∣∣∣ϕ(0)j 〉

contains 64 elements.

(a) Using the hermiticity of H′, the real condition of the orbitals and parity con-
siderations, prove that the only non-zero H′

ij matrix elements are the diagonal
ones and H′

12 = H′
21, H′

34 = H′
43, H′

56 = H′
65, H′

78 = H′
87. Therefore the secular

determinant is block-diagonal and factorizes into four determinants of second
order.

(b) The first diagonal matrix element of H′ is an example of Coulomb integral, de-
scribing the electrostatic repulsion between an electron with probability density
function [1s]2 and an electron with probability density function [2s]2,

H′
11 =

∫
1s(1) 2s(2)

e2

r12
1s(1) 2s(2) dτ1 dτ2 ≡ J1s2s.
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The integral corresponding to H′
12, denoted as K1s2s, is an example of exchange

integral,

H′
12 =

∫
1s(1) 2s(2)

e2

r12
2s(1) 1s(2) dτ1 dτ2 ≡ K1s2s.

Compute J1s2s and K1s2s. To do the integrals use the Laplace expansion of
1/r12

1

r12
=

1

|r1 − r2|
= 4π

∞∑
ℓ=0

ℓ∑
m=−ℓ

1

2ℓ+ 1

rℓ<

rℓ+1
>

Y m∗
ℓ (θ1, φ1)Y

m
ℓ (θ2, φ2),

where r< means the smaller of r1 and r2, and r> the larger. Use also the
orthogonality relations of the spherical harmonics (hint: multiply and divide
inside the angular integrals by Y 0

0 Y
0∗
0 = 1/4π). You should obtain the following

results

J1s2s =
17

81

Ze2

a0
, K1s2s =

16

729

Ze2

a0
.

(c) Find the eigenvalues corresponding to the 2× 2 determinant of the first block
and use them to compute, in eV, the energy of the first two levels up to first-

order corrections, i.e., E1 = E
(0)
1 + E

(1)
1 and E2 = E

(0)
2 + E

(1)
2 , where E

(0)
1 =

E
(0)
2 = −68.03 eV. Find also the corresponding eigenfunctions.

Solution:

(a) From the hermiticity condition of H′ it follows that H′∗
ij = H′

ji. This, together with the fact
that H′ is real and that we are using real orbitals, implies that H′

ij = H′
ji, therefore the

secular determinant is symmetric about the principal diagonal.

To study in more detail the matrix elements we should first stablish the parity transformation
properties of the different orbitals and operators under consideration. First, all s hydrogenlike
orbitals are even under r → −r, as well as the operator e2/r12. Furthermore, the hydrogenlike
2px, 2py and 2pz orbitals are given by

ϕ2px =
1

4
√
2π

(
Z

a0

)5/2

x e−Zr/2a0 , ϕ2py =
1

4
√
2π

(
Z

a0

)5/2

y e−Zr/2a0 ,

ϕ2pz =
1√
π

(
Z

a0

)5/2

z e−Zr/2a0 .

Therefore they are odd under parity transformations. Having this in mind, let’s consider for
instance the H′

13 matrix element,

H′
13 =

∫
ϕ
(0)
1

e2

r12
ϕ
(0)
3 ) dτ1 dτ2 =

∫
1s(1) 2s(2)

e2

r12
2s(1) 2px(2) dτ1 dτ2.

Since one term in the integrand is odd under parity transformations (the 2px orbital), and
the remaining ones are even, we conclude that the integrand itself is odd and H′

13 = 0. The
same reasoning gives H′

14 = H′
15 = H′

16 = H′
17 = H′

18 = 0 and H′
23 = H′

24 = H′
25 = H′

26 =
H′

27 = H′
28 = 0.

Now consider H′
35,

H′
35 =

∫
1s(1) 2px(2)

e2

r12
1s(1) 2py(2) dτ1 dτ2.

If we invert the x coordinates x1 → −x1 and x2 → −x2, the 1s(1) and 2py(2) orbitals are
unaffected, as well as e2/r12, but the orbital 2px(2) changes sign, therefore the integrand is
odd and H′

35 = 0. Likewise H′
36 = H′

37 = H′
38 = 0 and H′

45 = H′
46 = H′

47 = H′
48 = 0. Finally,

by considering the transformations y1 → −y1 and y2 → −y2, we see that H′
57 = H′

58 = H′
67 =

H′
68 = 0. Note that, for an integral to be zero, one does not need to require the integrand to
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be an odd function of all variables. For example, let f be a function of m variables such that
it is odd only on a number k of them,

f(−x1,−x2, . . . ,−xk, xk+1, . . . , xm) = −f(x1, x2, . . . , xk, xk+1, . . . , xm).

Then we have∫
dx1 . . . dxm f(x1, . . . xm) =

∫ [∫
dx1 . . . dxk f(x1, . . . qk)

]
︸ ︷︷ ︸

=0

dxk+1 . . . dxm = 0.

We can write the secular equation as∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b11 H′
12 0 0 0 0 0 0

H′
12 b22 0 0 0 0 0 0
0 0 b33 H′

34 0 0 0 0
0 0 H′

34 b44 0 0 0 0
0 0 0 0 b55 H′

56 0 0
0 0 0 0 H′

56 b66 0 0
0 0 0 0 0 0 b77 H′

78

0 0 0 0 0 0 H′
78 b88

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0,

with bii = H′
ii − E(1), i = 1, 2, . . . 8, and E(1) the first-order correction to the energy.

(b) We have (setting a0 ≡ a)

J1s2s =

∫
1s(1) 2s(2)

e2

r12
1s(1) 2s(2) dτ1 dτ2 =

∫
[1s(1)]2 [2s(2)]2

e2

r12
dτ1 dτ2.

[1s(1)]2 =

[(
Z

a

)3/2
1√
π
e−Zr1/a

]2
=

Z3

πa3
e−2Zr1/a.

[2s(2)]2 =

[(
Z

a

)3/2
1√
32π

(
2− Zr2

a

)
e−Zr2/2a

]2
=

Z3

32πa3

(
2− Zr2

a

)2

e−Zr2/a.

J1s2s =
Z6

32π2a6

∫
dτ2 dτ1

e2

r12

(
2− Zr2

a

)2

e−Zr2/a e−2Zr1/a =

e2Z6

32π2a6

∫
dτ2 dτ1

(
2− Zr2

a

)2

e−Zr2/a e−2Zr1/a
∑
ℓ,m

4π

2ℓ+ 1

rℓ<
rℓ+1
>

Y m∗
ℓ (θ1, φ1)Y

m
ℓ (θ2, φ2).

To use the orthonormal property of the spherical harmonics,∫
dθ dφ sin θ Y m∗

ℓ (θ, φ)Y m
′

ℓ′ (θ, φ) = δℓℓ′δmm′ ,

we multiply and divide the integrand of J1s2s by Y 0
0 Y

0∗
0 = 1/4π. Thus

J1s2s =
e2Z6

32π2a6
1

Y 0
0 Y

0∗
0

∑
ℓ,m

∫
dr2 dr1 r

2
2r

2
1

(
2− Zr2

a

)2

e−Zr2/a e−2Zr1/a
rℓ<
rℓ+1
>

× 4π

2ℓ+ 1

∫
Y m∗
ℓ (θ1, φ1)Y

0
0 dΩ1︸ ︷︷ ︸

δℓ0δm0

∫
Y 0∗
0 Y mℓ (θ2, φ2) dΩ2︸ ︷︷ ︸

δℓ0δm0

=
e2Z6

2a6

∫
dr2 dr1 r

2
2r

2
1

1

r>

(
2− Zr2

a

)2

e−Zr2/a e−2Zr1/a.

We can integrate first over r1, taking care that in the range 0 ≤ r1 ≤ r2 we should set r> = r2,
and in the range r2 ≤ r1 ≤ ∞ we have r> = r1. Thus

J1s2s =
e2Z6

2a6

∫ ∞

0

dr2 r
2
2

(
2− Zr2

a

)2

e−Zr2/a
[∫ r2

0

dr1
r21
r2
e−2Zr1/a +

∫ ∞

r2

dr1
r21
r1
e−2Zr1/a

]
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The integrals can now be done in a straightforward way using the following primitives,∫
dxxebx =

(
x

b
− 1

b2

)
ebx,

∫
dxx2ebx =

(
x2

b
− 2x

b2
+

2

b3

)
ebx.

The result is

J1s2s =
17

81

Ze2

a
= 11.42 eV.

The K1s2s integral is done in a completely similar way and the result is

K1s2s =
16

729

Ze2

a
= 1.19eV.

(c) The 2× 2 first block of the secular equation gives (note that J1s2s = J2s1s)∣∣∣∣ b11 H′
12

H′
12 b22

∣∣∣∣ = ∣∣∣∣ J1s2s − E K1s2s

K1s2s J2s1s − E

∣∣∣∣ = (J1s2s − E)2 −K2
1s2s = 0.

The first-order corrections to levels E1 and E2 are then

E
(1)
1 = J1s2s −K1s2s, E

(1)
2 = J1s2s +K1s2s.

The eigenfunctions corresponding to these eigenvalues are found doing (calling J1s2s ≡ J and
K1s2s ≡ K to shorten the notation)(

J K
K J

)(
a
b

)
= (J −K)

(
a
b

)
=⇒ a = −b.

(
J K
K J

)(
a
b

)
= (J +K)

(
a
b

)
=⇒ a = b.

Therefore the normalized zero-order eigenfunctions for which the perturbation is diagonal are

ψ
(0)
1 =

1√
2

(
ϕ
(0)
1 − ϕ

(0)
2

)
, E1 = E

(0)
1 + E

(1)
1 = E

(0)
1 + J1s2s −K1s2s,

ψ
(0)
2 =

1√
2

(
ϕ
(0)
1 + ϕ

(0)
2

)
, E2 = E

(0)
2 + E

(1)
2 = E

(0)
1 + J1s2s +K1s2s.
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A.4 Chapter 4.

1. The photoelectric effect is the emission of electrons from a material caused by elec-
tromagnetic radiation. Electrons emitted in this manner are called photoelectrons.
In this assignment we shall obtain the photoelectric effect cross section for a 1s
hydrogen-like state.

a) Consider a hydrogen-like atom in a 1s initial state: |i⟩ = Z3/2√
πa30

e−Zr/a0 . Con-

sider a final state of a free electron: |f⟩ = 1√
V
eiq·r, where the electron momen-

tum is p = ℏq. Show that the matrix element involved in photon absorption
is

⟨f |eik·rêkλ · p|i⟩ =
8
√
π(a0Z)

3/2Zℏ√
V (Z2 + a20K

2)2
(êk · q) ,

where K = k− q.

b) Use the reference frame shown in
this figure to prove the relations

êkλ · q = q sin θ cosϕ,

K2 = k2 + q2 − 2kq cos θ.

c) If the photon energy is large compared with the binding energy of the electron in
the atom, but small compared to the rest mass of the electron, the final state
is that of a free electron and the necessity of a relativistic treatment is not
required. Both conditions are satisfied if ka0 ≈ Z. Under these assumptions
show that the energy of the absorbed photon is

E = Zαmc2,

where α is the fine-structure constant. This shows that the relation E ≪ mc2

holds, provided Z is not very high.

d) Check also that Z ≈ ka0 ≪ qa0. To do this you need to assume that the
ionization energy is negligible compared to the energy of the photon, therefore
the kinetic energy of the free electron is equal to the photon energy: ℏck =
mv2/2.

e) Use the result from d) to demonstrate that

Z2 + a20K
2 ≈ q2a20(1− β cos θ), (β = v/c),

and conclude that the result of a) can be approximated by:

⟨f |eik·rêkλ · p|i⟩ =
8
√
π(a0Z)

3/2Zℏq sin θ cosφ
√
V
[
q2a20(1− β cos θ)

]2 .



Quantum Physics III. Monday 7th September, 2026, 11:08. 253

f) The complete interaction matrix element is

Tif =
e

m

√
2πℏn
ωV

⟨f |eik·rêkλ · p|i⟩ ,

and the density of initial photons is

dN

dE
=

V

(2π)3
mq

ℏ2
dΩ,

where Ω is the solid angle of the absorbed photon and n is the number of
photons of energy ℏck.
According to Fermi’s golden rule, the probability per unit time for photoelectric
absorption (W ) and the differential absorption cross section are:

dW =
2π

ℏ
|Tif |2

dN

dE
,

dσ

dΩ
=
V

nc

dW

dΩ
.

Show that

dW =
n

V

e2

mc

32Z5 sin2 θ cos2 φ

q5a50k(1− β cos θ)4
dΩ,

dσ

dΩ
=

e2

mc2
32Z5

q5a50k

sin2 θ cos2 φ

(1− β cos θ)4
.

Solution:

a) We need to compute

⟨f |eik·rêkλ · p|i⟩ =
∫

1√
V
e−iq·reik·rêkλ · p

Z3/2√
πa30

e−Zr/a0dr

=
Z3/2√
V πa30

(êkλ ·p)
∫
eiK·re−Zr/a0dr =

Z3/2√
V πa30

(êkλ ·p)
∫
eiKr cos θe−Zr/a0r2 sin θdφdθdr.

The integral in φ is 2π whereas∫ π

0

eiKr cos θ sin θdθ =

∫ 1

−1

eiKrxdx =
eiKrx

iKr

]1
−1

= 2
sin(Kr)

Kr
.

Therefore,

⟨f |eik·rêkλ · p|i⟩ =
4π

K

Z3/2√
V πa30

(êkλ · p)
∫ ∞

0

sin(Kr)e−Zr/a0r dr =
4π

K

Z3/2√
V πa30

(êkλ · p)[
−
a0e

−Zr
a0

((
Z
(
K2a20 + Z2

)
r −K2a30 + Z2a0

)
sin (Kr) +Ka0

(
K2a20r + Z2r + 2Za0

)
cos (Kr)

)
(K2a20 + Z2)

2

]∞
0

=
8
√
π(a0Z)

3/2Z
√
V (K2a20 + Z2)

2 (êkλ · p) =
8
√
π(a0Z)

3/2Zℏ
√
V (K2a20 + Z2)

2 (êkλ · q).

b) With the suggested reference frame:

êkλ = ı̂,

q = q sin θ cos φ̂ı + q sin θ sin φ̂ȷ + q cos θk̂.

Therefore,
êkλ · q = q sin θ cosφ.

Also
K = k− q =⇒ K2 = (k− q)2 = k2 + q2 − 2k · q.

Since k is aligned with the z-axis k · q = kq cos θ.
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c) We have that Z ≈ ka0. Since the energy of the photon is

E = ℏck ≈ ℏc
Z

a0
= ℏc

Z

ℏ/(mcα)
= mc2Zα.

d) Since E = ℏck = mv2

2 and mv = p = ℏq, we have that

ℏck = E =
mv2

2
=
pv

2
= ℏq

v

2
=⇒ k

q
=

v

2c
≪ 1.

Also,

k ≈ Z/a0 =⇒ Z

qa0
≈ k

q
≪ 1 =⇒ Z ≪ qa0.

e) We see that

Z2 + a20K
2 = Z2 + a20(k

2 + q2 − 2kq cos θ) ≈ a20(q
2 − 2kq cos θ) = q2a20

(
1− 2

k

q
cos θ

)
= q2a20

(
1− 2

mv2/(2ℏc)
mv/ℏ

cos θ

)
= q2a20

(
1− v

c
cos θ

)
= q2a20 (1− β cos θ) .

With the result of b) and this last result, the result of a) can be worked out as

⟨f |eik·rêkλ · p|i⟩ =
8
√
π(a0Z)

3/2Zℏ√
V (Z2 + a20K

2)2
(êk · q) = 8

√
π(a0Z)

3/2Zℏq sin θ cosφ√
V [q2a20 (1− β cos θ)]2

.

f) The only thing to do is to introduce the matrix element and the density of states in the
probability of absorption:

dW =
2π

ℏ
|Tif |2

dN

dE
=

2π

ℏ

∣∣∣∣∣ em
√

2πℏn
ωV

⟨f |eik·rêkλ · p|i⟩

∣∣∣∣∣
2

V

(2π)3
mq

ℏ2
dΩ

=
e2nq

2πmωℏ2
∣∣⟨f |eik·rêkλ · p|i⟩∣∣2 dΩ.

Now we use the result of e) to get

dW =
e2nq

2πmωℏ2
∣∣⟨f |eik·rêkλ · p|i⟩∣∣2 dΩ =

e2nq

2πmωℏ2

∣∣∣∣∣8
√
π(a0Z)

3/2Zℏq sin θ cosφ√
V [q2a20 (1− β cos θ)]2

∣∣∣∣∣
2

dΩ

=
n

V

e2

mc

32Z5 sin2 θ cos2 φ

q5a50k(1− β cos θ)4
dΩ.

In the last step we have used that ω = ck. The differential cross-section is then

dσ

dΩ
=
V

nc

dW

dΩ
=

e2

mc2
32Z5

q5a50k

sin2 θ cos2 φ

(1− β cos θ)4
.

2. In this exercise we will develop a model for the interaction of a two-level atom with
the radiation field. The atomic energy levels are denoted as |−⟩ and |+⟩, with
E− < E+. Let’s assume, additionally, that |−⟩ and |+⟩ are parity eigenstates with
opposite parity.

(a) Compute the matrix elements of the atomic hamiltonian in this two-level basis
and show that the hamiltonian can be written as

Hatom = Ē1+
1

2
ℏω0σ3,

where 1 is the 2×2 identity matrix, σ3 is the third Pauli matrix, Ē = 0.5(E−+
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E+) and ℏω0 = E+ − E−.

(b) Show that for this two-level system the matrix expression of p is

p = −mω0 ⟨−|r|+⟩σ2,

and, consequently, in the electric-dipole approximation the matrix of Hint is

Hint = ℏ
∑
kλ

Ckλ

(
akλ + a†kλ

)
σ2,

where

Ckλ = −eω0

√
2π

V ℏωk
êkλ ⟨−|r|+⟩ .

(c) Show that σ2 can be factorized as σ2 = i
(
σ − σ†

)
, where σ |+⟩ = |−⟩, σ |−⟩ = 0,

σ† |+⟩ = 0 and σ† |−⟩ = |+⟩. The σ and σ† are the ladder operators of the
two-level atom.

Therefore, the total hamiltonian of the atom and radiation field is,

H = Ē1+
1

2
ℏω0σ3 +

∑
kλ

ℏωk
(
a†kλakλ +

1

2

)
+ iℏ

∑
kλ

Ckλ

(
akλ + a†kλ

)(
σ − σ†

)
.

The Ē1 +
∑

kλ ℏωk
1
2 term only adds a global constant (infinite in this case) and

is often disregarded. Also, if we consider coupling to a single radiation mode, the
hamiltonian becomes:

HR =
1

2
ℏω0σ3 + ℏωca†a+ iℏC

(
a+ a†

)(
σ − σ†

)
.

This is called the Rabi hamiltonian. If |C| ≪ ω0, ωc a further simplification can be
made,

iℏC
(
a+ a†

)(
σ − σ†

)
≈ iℏC

(
a†σ − aσ†

)
,

leading to the Jaynes–Cummings hamiltonian:

HJC =
1

2
ℏω0σ3 + ℏωca†a+ iℏC

(
a†σ − aσ†

)
,

which is very important in quantum optics.

(d) Consider the operator N = 1
2σ3 + a†a. Show that [N,HJC] = 0. What is the

physical meaning of N?

(e) Consider the 2-state subspace Hn = {|+, n⟩ |−, n+ 1⟩} and diagonalize HJC in
that subspace.

Solution:
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(a) With the name convention of the text and since Hatom |−⟩ = E− |−⟩ and Hatom |+⟩ = E+ |+⟩

Hatom =

(
⟨+|Hatom|+⟩ ⟨+|Hatom|−⟩
⟨−|Hatom|+⟩ ⟨−|Hatom|−⟩

)
=

(
E+ 0
0 E−

)
=(

0.5(E+ + E−) 0
0 0.5(E+ + E−)

)
+

1

2

(
(E+ − E−) 0

0 −(E+ − E−)

)
=

0.5(E+ + E−)

(
1 0
0 1

)
+

1

2
(E+ − E−)

(
1 0
0 −1

)
= Ē1+

1

2
ℏω0σ3

(b) To show that p = mω0 ⟨−|r|+⟩σ2 we proceed similarly:

p =

(
⟨+|p|+⟩ ⟨+|p|−⟩
⟨−|p|+⟩ ⟨−|p|−⟩

)
=

(
0 ⟨+|p|−⟩

⟨−|p|+⟩ 0

)
=

(
0 imω0 ⟨+|r|−⟩

−imω0 ⟨−|r|+⟩ 0

)
= −mω0 ⟨−|r|+⟩

(
0 −i
i 0

)
= −mω0 ⟨−|r|+⟩σ2,

where we have used the relations

⟨+|p|−⟩ = im

ℏ
(E+ − E−) ⟨+|r|−⟩ = imω0 ⟨+|r|−⟩ , ⟨−|p|+⟩ = ⟨+|p|−⟩∗ = −imω0 ⟨−|r|+⟩ ,

which are proved in the lecture notes. Note that, since the r matrix elements in the position
representation are real, we have ⟨+|r|−⟩ = ⟨−|r|+⟩. Furthermore, parity conservation demands
the diagonal elements to vanish.

From eq. (4.71) of the lecture notes and the definition of Ckλ in the text, it can be concluded that

Hint = ℏ
∑
kλ

Ckλ

(
akλ + a†kλ

)
σ2.

(c) This is an easy demonstration

σ2 =

(
0 −i
i 0

)
= i

(
0 0
1 0

)
− i

(
0 1
0 0

)
= i(σ − σ†).

(d) We need to show that N is a constant of motion:

[N,HJC] =

[
1

2
σ3 + a†a,

1

2
ℏω0σ3 + ℏωca†a+ iℏC

(
a†σ − aσ†)] =

iℏC
(
1

2

[
σ3,
(
a†σ − aσ†)]+ [a†a, (a†σ − aσ†)]) =

iℏC
(
a†

2
[σ3, σ]−

a

2
[σ3, σ

†] + [a†a, a†]σ − [a†a, a]σ†
)

=

iℏC
(
a†

2
[σ3, σ]−

a

2
[σ3, σ

†] + a†[a, a†]σ − [a†, a]aσ†
)

= iℏC
(
−a†σ − aσ† + a†σ + aσ†) = 0,

where we have used the easy to prove relations:

[σ3, σ] = −2σ, [σ3, σ
†] = 2σ†.

N has the physical meaning of the sum of the number of photons plus the excitation of the atom
state (0 in the ground |−⟩ state and 1 in the excited |+⟩ state).
(e) The hamiltonian HJC is diagonal in 2 × 2 blocks in the Hn subspaces. The matrix of HJC in
Hn is

HJC =

(
ℏ
(
nωc +

ω0

2

)
−iℏC

√
n+ 1

iℏC
√
n+ 1 ℏ

(
(n+ 1)ωc − ω0

2

)
.

)
After some calculation, solving the secular equation it can be found that the eigenvalues of this
matrix are:

λ± = ℏωc
(
n+

1

2

)
± ℏ

2

√
(ωc − ω0)2 + 4|C|2(n+ 1).
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A.5 Chapter 5.

1. A particle is scattered elastically by a hard-sphere type potential,

V (r) =

{
∞ if r < a,

0 if r > a.

The energy of the scattered particle satisfies ka = 1.

(a) Prove that the phase shifts satisfy the relation tan δℓ = jℓ(ka)/nℓ(ka) and
compute, in radians, the values of δℓ and sin δℓ for ℓ = 0, 1, 2.

(b) Calculate the differential cross-section, dσ/dΩ, for angles θ = 0,±π
2 , π, taking

into account only the partial waves ℓ = 0 and ℓ = 1. Leave the results as a
function of the phase shifts.

(c) Calculate the total cross-section, σ, taking into account only the partial waves
ℓ = 0 and ℓ = 1. Compare your result with the values 4πa2 and 2πa2, and
discuss if we are in the high-energy or low-energy regime.

(d) Compute the correction to σ that you would obtain by including the partial
wave with ℓ = 2. Do you expect large contributions to σ from partial-waves
with ℓ > 2?

You’ll need the following spherical Bessel functions

j0(x) =
sinx

x
, j1(x) =

sinx

x2
− cosx

x
, j2(x) =

(
3

x2
− 1

x

)
sinx− 3 cosx

x2
,

n0(x) = −cosx

x
, n1(x) = −cosx

x2
− sinx

x
, n2(x) = −

(
3

x2
− 1

x

)
cosx− 3 sinx

x2
.

Solution:

(a) This is a central potential and partial-wave analysis is suitable. Since V (r = a) = ∞, we
must have ψ(a, θ) = 0 for all values of θ. Therefore

∞∑
ℓ=0

iℓ(2ℓ+ 1)
[
jℓ(ka) + ik aℓ h

(1)
ℓ (ka)

]
Pℓ(cos θ) = 0.

Multiply this equation by Pℓ′(cos θ) sin θ dθ, integrate from 0 to π and use the orthogonality
relation of the Legendre polynomials to get

∞∑
ℓ=0

iℓ(2ℓ+ 1)
[
jℓ(kR) + ik aℓ h

(1)
ℓ (kR)

] ∫ π

0

Pℓ(cos θ)Pℓ′(cos θ) sin θ dθ

=

∞∑
ℓ=0

iℓ(2ℓ+ 1)
[
jℓ(kR) + ik aℓ h

(1)
ℓ (kR)

] ( 2

2ℓ+ 1

)
δℓℓ′

= 2iℓ
[
jℓ(kR) + ik aℓ h

(1)
ℓ (kR)

]
= 0.

From this it follows that

aℓ = i
jℓ(ka)

k h
(1)
ℓ (ka)

=
i

k

jℓ(ka)

jℓ(ka) + inℓ(ka)
.

The phase shifts are related to the partial-wave amplitudes through

aℓ =
1

k cot δℓ − ik
.
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From the two last equations we finally get

tan δℓ =
jℓ(ka)

nℓ(ka)
.

Using the given spherical functions for ka = 1 we obtain

δ0 = −1.00, δ1 = −0.21, δ2 = −0.02.

sin δ0 = −0.84, sin δ1 = −0.21, sin δ2 = −0.02.

(b) The differential cross-section is

dσ

dΩ
= |f(θ)|2 =

∣∣∣∣∣
∞∑
ℓ=0

(2ℓ+ 1) aℓ Pℓ(cos θ)

∣∣∣∣∣
2

=
1

k2

∣∣∣∣∣
∞∑
ℓ=0

(2ℓ+ 1) eiδℓ sin δℓ Pℓ(cos θ)

∣∣∣∣∣
2

.

For ℓ = 0, 1 and k = 1/a,

dσ

dΩ
= a2

∣∣∣eiδ0 sin δ0 + 3eiδ1 sin δ1 cos θ
∣∣∣2

= a2
(
sin2 δ0 + 6 sin δ0 sin δ1 cos(δ0 − δ1) cos θ + 9 sin2 δ1 cos

2 θ
)
.

Setting now θ = 0, π,±π
2 ,

dσ

dΩ

∣∣∣∣
θ=0

= a2
(
sin2 δ0 + 6 sin δ0 sin δ1 cos(δ0 − δ1) + 9 sin2 δ1

)
,

dσ

dΩ

∣∣∣∣
θ=π

= a2
(
sin2 δ0 − 6 sin δ0 sin δ1 cos(δ0 − δ1) + 9 sin2 δ1

)
.

dσ

dΩ

∣∣∣∣
θ=±π

2

= a2 sin2 δ0.

(c) The total cross section is given by

σ =
4π

k2

∞∑
ℓ=0

(2ℓ+ 1) sin2 δℓ.

For ℓ = 0, 1 and k = 1/a,

σ = 4πa2
(
sin2 δ0 + 3 sin2 δ1

)
≈ 0.844× 4πa2.

This value is close to what was obtained in the lecture notes under the assumption of low-
energy scattering (4πa2), and far from the value obtained for high-energy scattering (2πa2),
so we are here in the low-energy regime.

(d) Including in the cross section calculation the term with ℓ = 2 we get

σ ≈ (0.844 + 0.001) 4πa2.

We do not expect large contributions from partial waves with ℓ > 2. In fact, as a general
rule, σℓ′ < σℓ for ℓ

′ > ℓ.

2. Starting from the integral form of the Schrödinger equation, prove that the scattering
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amplitude in the second Born approximation is given by

f(θ, φ) = − m

2πℏ2

∫
ei(k

′−k)·r0 V (r0) d
3r0

+
( m

2πℏ2
)2 ∫

e−ik·r0 V (r0)

[∫
eik|r0−r1|

|r0 − r1|
V (r1) e

ikz1 d3r1

]
d3r0,

where k ≡ kr̂ is the wave vector of the scattered particle, and k′ = kẑ is the wave
vector of the incidente particle (for elastic scattering |k| = |k′| = k). Also, take
ψ0(r) = Aeikz to be the free-particle solution of the Schrödinger equation for the
incident particle. Apply this formula to the case of low-energy soft-sphere scattering,
where the potential is

V (r) =

{
V0, if r ≤ a,

0, if r > a,

with V0 very small, and obtain the corresponding scattering amplitude, f(θ).

Solution: The integral form of the Schrödinger equation is

ψ(r) = ψ0(r)−
m

2πℏ2

∫
eik|r−r0|

|r− r0|
V (r0)ψ(r0) d

3r0 = ψ0(r) +

∫
g(r− r0)V (r0)ψ0(r0) d

3r0,

where g(r − r0) is the Green’s function. The zero-th order solution is ψ0(r), while the first and
second order solutions are

ψ1(r) = ψ0(r) +

∫
g(r− r1)V (r1)ψ0(r1) d

3r1,

ψ2(r) = ψ0(r) +

∫
g(r− r2)V (r2)ψ1(r2) d

3r2.

Note very carefully that ψ1, when inserted in the previous expression for ψ2, must be evaluated at
r2. Thus

ψ1(r2) = ψ0(r2) +

∫
g(r2 − r1)V (r1)ψ0(r1) d

3r1.

The second-order Born approximation is then

ψ2(r) = ψ0(r) +

∫
g(r− r2)V (r2)

[
ψ0(r2) +

∫
g(r2 − r1)V (r1)ψ0(r1) d

3r1

]
d3r2

= ψ0(r)+

∫
g(r−r2)V (r2)ψ0(r2) d

3r2 +

∫
g(r−r2)V (r2)

[∫
g(r2 − r1)V (r1)ψ0(r1) d

3r1

]
d3r2.

Making explicit the Green’s function, and setting ψ0(r) = Aeikz, we have

ψ2(r) = Aeikz − mA

2πℏ2

∫
eik|r−r2|

|r− r2|
V (r2) e

ikz2 d3r2

+
( m

2πℏ2
)2
A

∫
eik|r−r2|

|r− r2|
V (r2)

[∫
eik|r2−r1|

|r2 − r1|
V (r1) e

ikz1 d3r1

]
d3r2.

In the asymptotic region r = |r| ≫ |r2| = r2, which leads to
eik|r−r2|

|r− r2|
≈ eikr

r
e−ik·r2 . Note, however,

that |r2 − r1| is not necessarily small. Therefore

1

A
ψ2(r) = eikz − m

2πℏ2
eikr

r

∫
e−ik·r2 V (r2) e

ikz2 d3r2

+
( m

2πℏ2
)2 eikr

r

∫
e−ik·r2 V (r2)

[∫
eik|r2−r1|

|r2 − r1|
V (r1) e

ikz1 d3r1

]
d3r2.
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This expression tells us that the scattering amplitude is

f(θ, φ) = − m

2πℏ2

∫
e−ik·r2 V (r2) e

ikz2 d3r2

+
( m

2πℏ2
)2 ∫

e−ik·r2 V (r2)

[∫
eik|r2−r1|

|r2 − r1|
V (r1) e

ikz1 d3r1

]
d3r2.

Since eikz2 = eik
′·r2 , we can also write

f(θ, φ) = − m

2πℏ2

∫
ei(k

′−k)·r2 V (r2) d
3r2

+
( m

2πℏ2
)2 ∫

e−ik·r2 V (r2)

[∫
eik|r2−r1|

|r2 − r1|
V (r1) e

ikz1 d3r1

]
d3r2.

For low-energy scattering the exponentials inside the integrals can be approximated to be 1, leading
to

f(θ, φ) = − m

2πℏ2

∫
V (r2) d

3r2 +
( m

2πℏ2
)2 ∫

V (r2)

[∫
1

|r2 − r1|
V (r1) d

3r1

]
d3r2.

Let’s do now the integrals for the specific case of low-energy soft-sphere scattering. Choose the z1
axis along r2, so that |r2 − r1|2 = r22 + r21 − 2r2r1 cos θ1, and∫

1

|r2 − r1|
V (r1) d

3r1 = V0

∫ a

0

1

|r2 − r1|
r21 sin θ1 dr1dθ1dφ1

= 2πV0

∫ a

0

r21

[∫ π

0

sin θ1 dθ1√
r22 + r21 − 2r2r1 cos θ1

]
dr1.

Furthermore,∫ π

0

sin θ1 dθ1√
r22 + r21 − 2r2r1 cos θ1

=
1

r2r1

√
r22 + r21 − 2r2r1 cos θ1

∣∣∣∣π
0

=
1

r2r1

[
(r2 + r1)− |r2 − r1|

]
=

{
2/r2, if r1 ≤ r2,

2/r1, if r1 > r2.

Note that we have always r1 < a due to the outer integral, therefore∫
1

|r2 − r1|
V (r1) d

3r1 = 4πV0

[∫ r2

0

r21
1

r2
dr1 +

∫ a

r2

r21
1

r1
dr1

]
= 2πV0

(
a2 − 1

3
r22

)
.

∫
V (r2)

[∫
1

|r2 − r1|
V (r1) d

3r1

]
d3r2 = 2πV 2

0 4π

∫ a

0

(
a2 − 1

3
r22

)
r22 dr2 =

32π2

15
V 2
0 a

5.

Finally, the scattering amplitude in the second Born approximation is

f(θ) = −mV0
2πℏ2

4

3
πa3 +

( m

2πℏ2
)2 32π2

15
V 2
0 a

5 = −
(
2mV0a

3

3ℏ2

) [
1− 4

5

(
mV0a

2

ℏ2

)]
.
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A.6 Exam problems from previous years.

1. Without fine-structure corrections the 2s and 2p Hydrogen levels have exactly the
same energy, E2s = E2p. However, the relativistic correction to the electron kinetic
energy modifies E2s and E2p in such a way that, after the correction, they are no
longer equal, E′

2s ̸= E′
2p. Compute the energy difference (∆E)RelCorr = E′

2s − E′
2p,

giving the result in eV. Compute the value of the electric field E (in V/cm) needed to
make the Stark splitting in the n = 2 Hydrogen levels to be the same as the splitting
(∆E)RelCorr due to the relativistic correction.

Solution: The relativistic correction to the kinetic energy is

Er = E(0)
n

(Zα)2

n

[
− 3

4n
+

1

(ℓ+ 1
2 )

]
,

where E
(0)
n is the uncorrected value of the level n energy. Therefore

(∆E)RelCorr = E′
2s − E′

2p = E
(0)
2

α2

2

[
1

1/2
− 1

3/2

]
=

2

3
α2E

(0)
2 =

2

3

(
1

137

)2
13.6 eV

4
= 1.2× 10−4 eV.

The Stark splitting in the n = 2 Hydrogen levels is (∆E)Stark = 3eEa0, so

3eEa0 = 1.2× 10−4 eV =⇒ 3Ea0 = 1.2× 10−4 V =⇒ E = 0.4× 10−4 V

a0
.

E =
0.4× 10−4

5.29× 10−9

V

cm
= 7.5× 103

V

cm
.

This is quite a high voltage to put across a centimeter, but it can be done. The breakdown voltage

in the air is about four times higher than this.

2. In a scattering experiment on a spherically symmetric potential, the incoming par-
ticles have an energy energy such that only the partial waves s and p need to be
considered. In these conditions:

(a) Show that the differential cross-section can be written in the form

dσ

dΩ
= a+ b cos θ + c cos2 θ.

Write the parameters a, b and c as functions of the phase shifts.

(b) Compute the total cross-section and show its dependence on the parameters a,
b and c. Check if this result verifies the optical theorem.

Help: P0(cos θ) = 1, P1(cos θ) = cos θ.

Solution:

(a) The scattering amplitude for a spherically symmetrical potential is given by, in terms of the
phase shifts, as

f(θ) =
1

k

∞∑
ℓ=0

(2ℓ+ 1) eiδℓ sin(δℓ)Pℓ(cos θ).

Since P0(cos θ) = 1, and P1(cos θ) = cos θ, for only s and p waves we have

f(θ) =
1

k

(
eiδ0 sin δ0 + 3eiδ1 sin δ1 cos θ

)
,
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k2|f(θ)|2 =
(
eiδ0 sin δ0 + 3eiδ1 sin δ1 cos θ

) (
e−iδ0 sin δ0 + 3e−iδ1 sin δ1 cos θ

)
= sin2 δ0 + 9 sin2 δ1 cos

2 θ + 3
[
ei(δ0−δ1) + e−i(δ0−δ1)

]
sin δ0 sin δ1 cos θ

= sin2 δ0 + 6 cos(δ0 − δ1) sin δ0 sin δ1 cos θ + 9 sin2 δ1 cos2 θ.

Therefore,

dσ

dΩ
= |f(θ)|2 =

1

k2
sin2 δ0 +

6

k2
cos(δ0 − δ1) sin δ0 sin δ1 cos θ +

9

k2
sin2 δ1 cos2 θ

= a+ b cos θ + c cos2 θ,

with

a =
1

k2
sin2 δ0, b =

6

k2
cos(δ0 − δ1) sin δ0 sin δ1, c =

9

k2
sin2 δ1.

(b) The total scattering cross-section is

σ =

∫
|f(θ)|2 dΩ = 2π

∫ +1

−1

(a+ b cos θ + c cos2 θ) d(cos θ) = 4πa+
4πc

3

=
4π

k2

(
sin2 δ0 + 3 sin2 δ1

)
.

The optical theorem says that

σ =
4π

k
Im[f(0)] =

4π

k2

(
sin2 δ0 + 3 sin2 δ1

)
,

giving the same cross-section as before.

3. Consider the five lowest-energy levels of doubly ionized Oxygen (Z = 8), O2+, that
are shown in this figure.

a) Determine the electronic configuration of O2+ and, un-
der LS coupling, write in the figure the atomic terms
with the quantum numbers corresponding to every en-
ergy level (draw your own figure if you want to take
away the exam sheet).

b) Determine the multipole nature of the 436.3 nm transi-
tion.

c) The green color of the Orion Nebula originates from the
495.9 nm and 500.7 nm transitions. The values of the
Einstein’s A coefficients are 6.2× 10−3 and 1.8× 10−2

s−1, respectively, whose magnitude indicate that they
are M1+E2 transitions. Discuss the compatibility of
this observation with the selection rules you know.

Solution: a) Since O2+ has six electrons its configuration, following Madelung’s rule, is that of
Carbon: (1s2)(2s2)(2p2). The first two shells are filled and, therefore, the terms are described with
the total spin and orbital angular momenta of the two equivalent electrons of the p shell (ℓ1 = 1
and ℓ2 = 1, s1 = 1/2 and s2 = 1/2). With the addition rules of angular momentum we have that

L = ℓ1 + ℓ2, ..., |ℓ1 − ℓ2| = 2, 1, 0.

And

S = s1 + s2, ..., |s1 − s2| = 1, 0.

Since these are two equivalent electrons only L+S even combinations give an antisymmetric wave
function according to Pauli’s principle. Therefore, the terms for this configuration are: 1D (L = 2
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and S = 0),1S (L = 0 and S = 0) and 3P (L = 1 and S = 1). From these terms we obtain the
levels by coupling the orbital and spin angular momenta: 1D2,

1S0,
3P2,

3P1 and 3P0.

Now, since we are under the hypothesis of LS coupling, to order these levels we follow Hund’s
rules:

(1) The term with the highest total spin, S, has the lowest energy.
Therefore, the 3P term is our lowest energy term. Since both the
1D and 1S terms have S = 0 this rule does not order them.

(2) For a given spin, S, the term with largest L has the lowest energy.
Therefore, the 1D term has lower energy than than the 1S term.

(3) The level with J = |L − S| or J = L + S has the lowest energy
depending, respectively, on whether the (sub)shell is less than, or
more than, half–full. The only term that splits into more than one
level is the 3P term. Since the p shell is less than half full the level
with J = |L−S| = 0 (3P0) is the least energy level followed by 3P1

and 3P2.

With all this information we deduce the quantum numbers shown on the
attached diagram.

b) Now that we have quantum numbers assigned to the different levels we can classify the transi-
tions. The first thing to note is that, since all these states share the same configuration, there is
no parity change between the initial and the final level. This excludes E1 transitions.

The 436.3 nm transition corresponds to 1S0 → 1D2. Therefore ∆J = 2, ∆S = 0 and ∆L = 2.
There is no change in electron configuration, nor parity change. This means that this is an E2
transition.

c) The 500.7 nm transition corresponds to 1D2 → 3P2. Therefore ∆J = 0, ∆S = 1 and ∆L = −1.
There is no change in electron configuration, nor parity change. To be clearly classified as an E2
transition in LS coupling it would require that ∆S = 0. However, this is not a rigorous rule and it
can be partially violated. Also, to be classified as a M1 transition in LS coupling it would require
∆S = 0, ∆L = 0 and ∆J = ±1. But again, these are only approximate rules that are violated in
this case, as indicated by the order of magnitude of the Einstein coefficient.

The 495.9 nm line corresponds to to 1D2 → 3P1. Therefore ∆J = −1, ∆S = 1 and ∆L = −1.
As for the 500.7 nm line, the ∆S = 0 selection rule of E2 and M1 transitions is violated. For M1
transitions the ∆L = 0 is also violated. Of course the rigorous selection rules shown in the first
three rows of table 4.1 in the lecture notes are satisfied.

Since O2+ has six electrons but Z = 8 deviation from pure LS coupling is stronger than for C, also

with six electrons but Z = 6, and it is not surprising that these transitions are observed.

4. a) The bound-state energies of hydrogen-like atoms are given by equation (1.112)
of the lecture notes

En = −1

2
α2µc2

Z2

n2
,

where α is the fine-structure constant, µ is the reduced mass of the electron-
nucleus system, c is the speed of light and Z is the number of protons in the
nucleus. Compute, in eV, the energy difference between the positronium bound
states with n = 1 and n = 2 (the positronium is a e+e− bound-state
system).

b) The hyperfine interaction in positronium is stronger than the fine interaction,
but the denomination hyperfine structure is still used in this case, by anal-
ogy with hydrogen. Consider the following Hamiltonian, which describes the
hyperfine interaction in the positronium states with n = 1:

HH = AH s1 · s2,



264

where AH = 7
12
mec2α4

ℏ2 , me is the electron’s mass and s1, s2 are the electron and
positron spin operators, respectively. Determine, using perturbation theory,
the hyperfine correction to the energy of the states n = 1 1S0 and n = 1 3S1.
Give your results in eV.

c) To first order, the positronium’s interaction with an external magnetic field
does not depend on the orbital angular momenta of the electron and the
positron. It only depends on their spin angular momenta and, for a magnetic
field aligned with the z axis, is described by the Hamiltonian

Hm = ge
µB
ℏ
B (s1z − s2z) ≈ 2

µB
ℏ
B (s1z − s2z) .

Compute the energy-splittings produced on the n = 1 states when Hm ∼ HH

(intermediate field intensity).

d) Draw the energy splittings (obtained in question c) as a function of the mag-
netic field intensity, paying special attention to the extreme cases of weak-field
µBB ≪ ℏ2AH (similar to the Zeeman effect) and strong-field ℏ2AH ≪ µBB
(similar to the Paschen-Back effect).

Hint: you can get inspiration from Table 2.3 of the lecture notes. You don’t need to repeat

similar calculations to those you can find in that section of the notes.

Solution:

a) It is kind of easy to see that, since for positronium µ = me/2 and Z = 1

En = −1

4
α2mec

2Z
2

n2
= − 1

2n2
Ry.

Therefore

E2 − E1 =

(
−1

8
+

1

2

)
Ry =

3

8
× 13.6 eV = 5.1 eV.

b) We can find the energy shift due to the hyperfine interaction in perturbation theory by using
a basis where HH is diagonal. This is achieved in any basis where s1 and s2 are coupled and the
states are described by the S2 = (s1 + s2)

2, s21 and s22 operators and the S, s1 and s2 quantum
numbers.2 We need to calculate

EH = ⟨αSs1s2 |AHs1 · s2 |αSs1s2⟩ ,

where α indicates other quantum numbers aside from S, s1 and s2. Since

S2 = (s1 + s2)
2 = s21 + s22 + 2s1 · s2 ⇒ s1 · s2 =

1

2
(S2 − s21 − s22),

we have that

EH = ⟨αSs1s2 |AHs1 · s2 |αSs1s2⟩ =

=
AH

2
⟨Ss1s2MS |S2 − s21 − s22|Ss1s2MS⟩ =

ℏ2

2
AH

(
S(S + 1)− 3

2

)
,

where it has been already used that s1 = s2 = 1/2.

2These could be, at least, the basis where the observables are {L2, S2, s21, s
2
2, Lz, Sz} and the basis where the

observables are {J2, L2, S2, s21, s
2
2, Jz}. In positronium, the two spins of the positively and negatively charged

particles are coupled first and, when the fine structure is studied, subsequently coupled to the orbital angular
momentum, which is noted as J, whereas in hydrogen the electron spin is coupled to the orbital angular momentum
first, when studying the fine structure, and then to the proton spin (hyperfine study) and the total angular
momentum is noted F.
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For the 3S1 triplet S = 1 whilst for the 1S0 singlet S = 0. Thus

EH(
1S0) = −3ℏ2

4
AH = −21

48
mec

2α4 = −21

48
0.511× 106 [eV]

(
1

137

)4

= −6.35× 10−4 eV,

EH(
3S1) =

ℏ2

4
AH =

7

48
mec

2α4 =
7

48
0.511× 106 [eV]

(
1

137

)4

= 2.12× 10−4 eV.

c) In the intermediate field case both Hamiltonians have to be treated simultaneously. We can
consider either the coupled or the uncoupled spin basis. We shall do it in the uncoupled basis where
|↑↑⟩ is the state with ms1 = 1/2 and ms2 = 1/2, |↑↓⟩ the state with ms1 = 1/2 and ms2 = −1/2,
etc.

In the uncoupled basis we can compute the matrix elements of HH considering that

HH = AH s1 · s2 = AH(−s1+s2− + s10s20 − s1−s2+),

where (si+, si0, si−) are the spherical components of the i = 1, 2 particle. Therefore, the HH matrix
in the uncoupled spin basis is (it is analogous to the magnetic hyperfine interaction contribution
in Table 2.3):

⟨HH⟩ =

|↑↑⟩ |↑↓⟩ |↓↑⟩ |↓↓⟩
⟨↑↑|
⟨↑↓|
⟨↓↑|
⟨↓↓|


ℏ2

4 AH 0 0 0

0 −ℏ2

4 AH
ℏ2

2 AH 0

0 ℏ2

2 AH −ℏ2

4 AH 0

0 0 0 ℏ2

4 AH

.
While the matrix for Hm = 2µB

ℏ B (s1z − s2z) is

⟨Hm⟩ =

|↑↑⟩ |↑↓⟩ |↓↑⟩ |↓↓⟩
⟨↑↑|
⟨↑↓|
⟨↓↑|
⟨↓↓|


0 0 0 0
0 2µBB 0 0
0 0 −2µBB 0
0 0 0 0

.
Therefore

⟨HH +Hm⟩ =


ℏ2

4 AH 0 0 0

0 −ℏ2

4 AH + 2µBB
ℏ2

2 AH 0

0 ℏ2

2 AH −ℏ2

4 AH − 2µBB 0

0 0 0 ℏ2

4 AH

 .

Diagonalizing this matrix is quite easy if we consider that the first and last elements of the diagonal
are already the twice degenerate eigenvalue of the matrix:

E =
ℏ2

4
AH.

The non-trivial eigenvalues are the result of diagonalizing the 2× 2 central matrix:∣∣∣∣∣−ℏ2

4 AH + 2µBB − E ℏ2

2 AH
ℏ2

2 AH −ℏ2

4 AH − 2µBB − E

∣∣∣∣∣ = 0,

E = −ℏ2

4
AH

1± 2

√
1 +

(
4µBB

ℏ2AH

)2
 .

d) In the figure the evolution of the energy splitting in units of ℏ2

4 AH as a function of x = 4µBB
ℏ2AH

is
shown. It can be seen that for B = 0 the three states of the S = 1 states are degenerate. Two of
them remain unaffected by the external field. For ℏ2AH << µBB the energy dependency with the
external magnetic field is linear E = ±2µBB for the two states that are sensitive to it.
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5. Consider the n = 2 bound states of hydrogen without fine-structure corrections (un-
coupled basis). The system is placed under the simultaneous action of electrostatic
and magnetostatic fields aligned with the z axis. Write the 8 × 8 matrix of the
hamiltonian of the perturbation and find its eigenvalues. Some of the eigenvalues
are zero and don’t give rise to energy shifts, independently of the values of E and B.
In addition, for a particular value of the magnetic to electric field ratio, B/E , the
energy shift of some other levels is also zero. What is this value? For an electric field
of E = 106V/m give the corresponding value of B in Tesla. (You may take the matrix

elements you need from the handouts, it is not necessary to repeat the calculations here.)

Solution: In fact the 8× 8 matrix reduces to two 4× 4 matrices that can be easily computed with
table 2.2 and Hm of equation (2.16),

|0 0 ↑⟩ |1 0 ↑⟩ |1 1 ↑⟩ |1 1̄ ↑⟩
⟨0 0 ↑| µBB −3eEa0/Z
⟨1 0 ↑| −3eEa0/Z µBB
⟨1 1 ↑| 2µBB
⟨1 1̄ ↑|

|0 0 ↓⟩ |1 0 ↓⟩ |1 1 ↓⟩ |1 1̄ ↓⟩
⟨0 0 ↓| −µBB −3eEa0/Z
⟨1 0 ↓| −3eEa0/Z −µBB
⟨1 1 ↓|
⟨1 1̄ ↓| −2µBB

,

where 1̄ = −1.

This system has 3 trivial eigenvalues: 0, which is twice degenerate, 2µBB and −2µBB. The other
four eigenvalues come from diagonalising the 2× 2 matrices(

µBB −3eEa0/Z
−3eEa0/Z µBB

)
,

(
−µBB −3eEa0/Z

−3eEa0/Z −µBB

)
.

The diagonalisation of these two matrices leads to eigenvalues

E1,2 = µBB ± 3eEa0/Z, and, E3,4 = −µBB ± 3eEa0/Z.

Two of these eigenvalues cancel if

µBB = 3eEa0/Z =⇒ B

E
=

3ea0
ZµB

=
6ℏ
Ze2

=
6

Zαc
,

where the relations µB = eℏ/2m and a0 = ℏ2/me2 = ℏ/mαc have been used.
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For E = 106 V/m (and Z = 1), the value of the magnetic field is

B =
6× 106 × 137

3× 108
V · s
m2

= 2.74Tesla.

6. The ground state configuration of Praseodymium (Z = 59) is [Xe]6s24f3.

a) Use Hund’s rules to deduce the ground-state term.

b) What are the levels for this term?

c) The splitting between the lowest and the highest level of the ground state term
is 4381.1 cm−1. Use Landé’s interval rule to estimate the energies of the other
levels relative to the lowest.

Solution:
a) The 6s shell is full, and so we focus on the three f electrons. Following Hund’s rules, to find
the ground-state term of the atom we need to maximize S by having three spin-up electrons, so
that S = 3 × (1/2) = 3/2. Next, we have to maximize L with the condition S = 3/2. Since the
value of ms is the same for the three electrons, Pauli’s exclusion principle tells us that they must
have different values of mℓ. The maximum value of the sum of three different values of mℓ is
3 + 2 + 1 = 6, therefore L cannot be larger than 6. We have then L = 6 and S = 3/2 and the
ground state term is 4I.

b) The shell is less than half-full, so the third Hund’s rule tells us that this is a normal ordered
multiplet with ground state J = |L − S| = |6 − 3/2| = 9/2. The ground-state level is thus 4I9/2.
The multiplet has the levels

4I 9
2
, 4I 11

2
, 4I 13

2
, 4I 15

2
.

c) The energy difference between adjacent levels of a multiplet is proportional to J (Landé interval
rule),

E(J)− E(J − 1) = ℏ2ζJ.

Let us call E1, E2, E3, and E4, the energy levels, verifying E1 < E2 < E3 < E4. We can form the
differences

∆a = E2 − E1 =
11

2
ℏ2ζ, ∆b = E3 − E2 =

13

2
ℏ2ζ, ∆c = E4 − E3 =

15

2
ℏ2ζ.

Therefore,

∆a +∆b +∆c = E4 − E1 =
39

2
ℏ2ζ = 4381.1 cm−1.

From this we can compute ℏ2ζ = 224.67 cm−1 and

E2 − E1 = 1235.7 cm−1, E3 − E2 = 1460.4 cm−1, E3 − E2 = 1685.9 cm−1.

7. The scattering of particles by a crystal lattice can be described, under certain con-
ditions, by a periodic potential that satisfies the translational invariance condition
V (r) = V (r+R), where R is a constant vector. Using the first Born approximation,
show that the scattering amplitude (and therefore the cross-section) vanishes unless
the condition κ ·R = 2πn, is satisfied, where n is an integer and κ = k′ − k, with
k and k′ being the wave vectors of the incoming and outgoing waves, respectively.
This gives rise, for example, to Bragg’s law for X-ray scattering.
Hint: Make the variable change r = r0+R in the integral that gives the scattering amplitude.

Solution: In the first Born approximation, the scattering amplitude is given by

f(θ, φ) = − m

2πℏ2

∫
d3r0 e

i(k′−k)·r0 V (r0) = − m

2πℏ2

∫
d3r0 e

iκr0 V (r0),
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where κ = k′ − k. The translation symmetry of the potential, V (r) = V (r+R), implies∫
d3r0 e

iκr0 V (r0) =

∫
d3r0 e

iκr0 V (r0 +R).

Since R is a constant vector, we can change the integration variable to r = r0+R in the right-hand
side of the previous equation,∫

d3r0 e
iκr0 V (r0 +R) =

∫
d3r eiκ(r−R) V (r).

Therefore, the symmetry of the potential leads to∫
d3r eiκr V (r) =

∫
d3r eiκ(r−R) V (r) = e−iκR

∫
d3r eiκr V (r),

(
1− e−iκR

) ∫
d3r eiκrV (r) = 0.

This equation holds when either of the following two conditions is satisfied∫
d3r eiκr V (r) = 0,

(
1− e−iκR

)
= 0.

The first condition requires the scattering amplitude in the first Born approximation to be zero.

Therefore we conclude that the Born amplitude is non-zero only when the second condition is

satisfied, namely e−iκR = 1 for arbitrary κ. This means that κR = 2πn, with n any integer.

8. Suppose the electron in the hydrogen atom is subject to a perturbation similar to
the spin-orbit interaction but quadratic in LS instead of linear, that is

Hx = ξ(r) b (LS)2 =
e2

2m2c2r3
b (LS)2.

Deduce the energy shift this would cause in the hydrogen levels. Calculate the
numerical value that the parameter b must have so that the energy difference between
the doublet levels corresponding to n = 2 and ℓ = 1 is a factor of 10−10 smaller than
the value caused by the ordinary spin-orbit interaction (linear in LS).

Solution: When studying the spin-orbit interaction in hydrogen we found

⟨ℓsjm|LS |ℓsjm⟩ = ℏ2

2

[
j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

]
,

and

Eso =
Z4α2

n3
j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

2ℓ(ℓ+ 1
2 )(ℓ+ 1)

Ry.

It is easy to adapt these equations to study the effect of the Hamiltonian Hq given in this problem.
First, the expectation value of b(LS)2 is

⟨ℓsjm| b(LS)2 |ℓsjm⟩ = bℏ4

4

[
j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

]2
.

The expectation value of the radial function does not change, therefore

Eq =
Z4α2

n3
bℏ2

2

[
j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

]2
2ℓ(ℓ+ 1

2 )(ℓ+ 1)
Ry.

The two energy levels corresponding to a given value of ℓ are obtained by setting j = ℓ± 1
2 . Thus

[
j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)

]2
=

{
ℓ2 for j = ℓ+ 1

2

(ℓ+ 1)2 for j = ℓ− 1
2
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Eq,(ℓ+ 1
2 )

=
Z4α2bℏ2

4n3
ℓ2

ℓ(ℓ+ 1
2 )(ℓ+ 1)

Ry, Eq,(ℓ− 1
2 )

=
Z4α2bℏ2

4n3

(ℓ+ 1)2

ℓ(ℓ+ 1
2 )(ℓ+ 1)

Ry

∆Eq = Eq,(ℓ+ 1
2 )

− Eq,(ℓ− 1
2 )

= −Z
4α2bℏ2

4n3
2ℓ+ 1

ℓ(ℓ+ 1
2 )(ℓ+ 1)

Ry.

Note that, with this hypothetical Hamiltonian, the energy of the j = ℓ − 1/2 level is increased,
while the energy of the j = ℓ + 1/2 level is decreased. This is contrary to the effect produced by
the usual spin-orbit interaction. For Z = 1, n = 2 and ℓ = 1, we have

∆Eq = Eq,(ℓ+ 1
2 )

− Eq,(ℓ− 1
2 )

= −α
2bℏ2

32
Ry.

The equivalent expression for the spin-orbit interaction is

∆Eso = Eso,(ℓ+ 1
2 )

− Eso,(ℓ− 1
2 )

=
α2

16
Ry.

If the magnitude of the ratio is |∆Eq/∆Eso| = 10−10, then the value of the b parameter is

b =
2

ℏ2

∣∣∣∣ ∆Eq∆Eso

∣∣∣∣ = 2× 10−10

ℏ2
= 4.6× 1020 (eV · s)−2.

9. Suppose that the potential energy of interaction with the nucleus and electronic
repulsion in the Helium atom can be described by a potential of the form

V (r1, r2) = −2e2

r1

(
1− β

2r1

)
− 2e2

r2

(
1− β

2r2

)
+

e2

|r1 − r2|
,

where β is a very small parameter.

(a) Using the variational method with the single-parameter wave function seen in

class, ψ(r1, r2) =
ζ3

πa30
e−ζ(r1+r2)/a0 , where a0 is the Bohr radius, demonstrate

that the expected value of the Hamiltonian as a function of the variational
parameter ζ is given by

⟨ψ |H |ψ⟩ =
[
−2(1 + 4κ)ζ2 +

27

4
ζ

]
E1,

where E1 = −e2/2a0 is the Hydrogen ground-state energy and κ = β/a0.

(b) Given the previous result, demonstrate that an estimate for the ground-state
energy of Helium is

Ev
He =

(
27

16

)2 2E1

1 + 4κ
.

(c) Treat the terms of the potential containing the parameter β as a perturba-
tion, and use time-independent perturbation theory to first order to calculate
the correction to the Helium energy (relative to the case where β = κ = 0).
Using this correction, show that the Helium ground-state energy obtained via
perturbation theory would be

Ep
He =

(
27

16

)2

2E1(1− 4κ).

Discuss the compatibility of the expressions obtained in sections (b) and (c).

Hints: Reuse/adapt the calculations from the class manual for Helium as needed, with-

out repeating them. You may even reference equations from the manual by their number.

Remember that ⟨1/r2⟩ = 2Z2/a20 for the ground-state of hydrogen-like atoms.

Solution:
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(a) The Hamiltonian can be conveniently written as

H = − ℏ2

2m
(∇2

1 +∇2
2)− e2

(
ζ

r1
+

ζ

r2

)
︸ ︷︷ ︸

ψ is an eigenfunction of this part

+e2
(
β

r21
+
β

r22

)

+ e2
(
(ζ − 2)

r1
+

(ζ − 2)

r2
+

1

|r1 − r2|

)
= H0 + e2

(
β

r21
+
β

r22

)
= H0 +H′.

The H0 term of the Hamiltonian H = H0 +H′ is identical to the one studied in the corre-
sponding section of the lecture notes, therefore when computing ⟨ψ |H |ψ⟩ = ⟨H0⟩+ ⟨H′⟩ we
can directly take the result

⟨H0⟩ =
[
2ζ2 − 4ζ(ζ − 2)− 5

4
ζ

]
E1 =

[
−2ζ2 +

27

4
ζ

]
E1,

and add the value of ⟨H′⟩. Using the relation ⟨1/r2⟩ = 2Z2/a20 for the ground-state hydrogen-
like wavefunctions, and replacing Z → ζ, this is

⟨H′⟩ = e2β

〈
ψ

∣∣∣∣ ( 1

r21
+

1

r22

) ∣∣∣∣ψ〉 = 2e2β

〈
ψ

∣∣∣∣ 1

r2

∣∣∣∣ψ〉 = 4e2β
ζ2

a20
= −8κζ2E1,

where the relation e2 = −2E1a0 and the notation κ = β/a0 were used. Getting all the pieces
together,

⟨H⟩ =
[
−2ζ2 +

27

4
ζ

]
E1 − 8κζ2E1 =

[
−2(1 + 4κ)ζ2 +

27

4
ζ

]
E1.

(b) Minimize ⟨H⟩ with respect to ζ to obtain

d ⟨H⟩
dζ

= 0 =⇒ ζ =
27

16(1 + 4κ)
.

Upon inserting this value of ζ in the expression for ⟨H⟩ we get

Ev
He =

(
27

16

)2
2E1

1 + 4κ
.

(c) The energy correction at first order in perturbation theory is given by the value of ⟨H′⟩
obtained in part (a), but setting ζ to the value that takes when κ = 0, which is ζ = 27/16.
Therefore

∆E = ⟨H′⟩ = −8κζ2E1 = −8κ

(
27

16

)2

E1.

The energy of the ground state when κ = 0 is (27/16)22E1. This must be added to ∆E to
obtain

Ep
He =

(
27

16

)2

2E1 − 8κ

(
27

16

)2

E1 =

(
27

16

)2

2E1(1− 4κ).

If 4κ is very small, the following approximation holds

1

1 + 4κ
≈ 1− 4κ.

This proves that, in the κ≪ 1 regime, the results for Ev
He and Ep

He are compatible.
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10. The attached figure shows (not to scale) two
excited configurations of magnesium (Z = 12),
along with their possible terms and levels. Re-
produce the diagram from the figure, and using
Hund’s rules, indicate the quantum numbers L,
S, and J for each level (considering normal or
regular ordering). Include in the drawing all the
allowed (E1) transitions between the levels of the
(3s)(4s) configuration and those of the (3s)(3p)
configuration. Three of the emissions form a
triplet with wavelengths of 516.88, 517.41, and
518.50 nm. Mark those transitions in the dia-
gram and calculate the proportionality factor of
Landé’s interval rule for this triplet, giving your
result in eV. Also, calculate the value of ζ(α,L, S)
in 1/(J · s2). Data: ℏ = 6.58× 10−16 eV · s.

(3s)(4s) (3s)(3p)

Solution:
The (3s)(4s) configuration has two inequivalent elec-
trons, so all combinations of L and S are possible.
We have L = 0 and S = 0, 1, giving the levels 1S0 and
3S1. The (3s)(3p) configuration has also two inequiv-
alent electrons, but now with L = 1 and S = 0, 1, so
the possible terms and levels are 1P1,

3P0,
3P1, and

3P2. To order energetically the levels in each config-
uration note that, according to Hund’s first rule, the
term with the highest total spin, S, has the lowest
energy.

(3s)(4s) (3s)(3p)
1S0
3S1

3P0

3P1

3P2

1P1

From this we see that E(1S0) > E(3S1) in the (3s)(4s) configuration, and E(1P) > E(3P) in the
(3s)(3p) configuration. To order the 3PJ levels we apply the third rule: since the shell is less than
half-full, E(3P2) > E(3P1) > E(3P0). The figure above shows the quantum numbers of every level.

The rules for allowed (E1) transtions in LS coupling are ∆S = 0, ∆L = 0,±1 (except 0 ↔ 0), and
parity change. The only four transitions verifying these conditions are shown in the figure. The
Landé interval rule states that

E(J)− E(J − 1) = ℏ2ζ(α,L, S) J.

Since hc ≈ 1240 eV · nm, emission wavelengths can be converted to eV through the relation E =
hc/λ = 1240/λ eV, when λ is expressed in nm. Two energy differences can be computed

E(3P2)− E(3P1) = 2ℏ2ζ(α, 1, 1) =
hc

517.41
− hc

518.50
=

1240

2.46× 105
eV = 0.0050 eV = 8× 10−21 J.

E(3P1)− E(3P0) = ℏ2ζ(α, 1, 1) =
hc

516.88
− hc

517.41
= 0.0025 eV = 4× 10−21 J.

From the first equation we obtain ℏ2ζ = 0.0025 eV = 4× 10−21 J. The second equation gives also
the same value within uncertainties (not shown here). The value of ζ can then be computed as

ζ(α, 1, 1) =
0.0025 eV

ℏ2
=

0.0025 eV

(6.58× 10−16 eV · s)2
= 5.77× 1027

1

eV · s2

=
5.77× 1027

1.6× 10−19

1

J · s2
= 3.61× 1046

1

J · s2
.

11. Neutrons with a kinetic energy of 50 MeV scatter elastically off a nucleus. The
measured phase shifts in this experiment are δ0 = 95◦, δ1 = 72◦, δ2 = 60◦, δ3 = 35◦,
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δ4 = 18◦ e δ5 = 5◦. All other phase shifts are negligible, i.e., δℓ ≈ 0 para ℓ ≥ 6.
With these data, calculate the total cross-section, expressing the result in fm2 and
barn. Under the assumption that we are in a sufficiently high-energy case, estimate
the radius of the nucleus acting as the scattering center, providing the result in
fm. Use non-relativistic kinematics. Data: neutron mass mn = 939.57MeV/c2,
ℏc = 197.33 MeV fm.

Solution: The total cross-section is given by

σ =
4π

k2

5∑
ℓ=0

(2ℓ+ 1) sin2 δℓ

=
4π

k2

(
sin2 δ0 + 3 sin2 δ1 + 5 sin2 δ2 + 7 sin2 δ3 + 9 sin2 δ4 + 11 sin2 δ5

)
=

4π

k2
× 10.702.

To compute k we use the (non-relativistic) relation

k2 =
2mE

ℏ2
=

2mc2E

(ℏc)2
=

2× 939.57× 50

197.332
fm−2 = 2.41 fm−2.

The cross-section is then

σ =
4π

2.41
× 10.702 fm2 = 55.80 fm2 = 0.5580 barn.

To estimate the radius of the nucleus we could try to make the bold assumption that the maximum
value of orbital angular momentum contributing to the scattering process is ℓmax = kR, where R
is the range of the nuclear potential, presumably similar to the nucleus radius. In this experiment
the contribution of partial waves with ℓ > 5 is negligible, therefore

R ≈ ℓmax

k
=

5√
2.41

fm = 3.2 fm.

Alternatively one can consider that for a hard sphere in the high energy limit the cross-section is
given by:

σ = 2πR2.

Thus

R =

√
σ

2π
=

√
55.80

2π
fm ≈ 3.0 fm,

which is a very similar result.

12. A Litium atom is in the excited configuration 1s22p. Suppose the wave function of
the 2p orbital is given by

Ψ2p = Are−br/aY1m(θ, φ),

where a is the Bohr radius, b = 0.52, and A is a normalization constant. The 2p
electron feels a potential ϕ(r) = eZeff/r with Zeff(r) = 1 + 2e−4r/a(1 + 2(r/a)).

a) Compute the value of the normalization constant A.

b) The spin-orbit interaction is given by Hso = ξ(r)LS. Find out ξ(r) and prove
that ⟨ξ(r)⟩ = 0.0324 e2/(m2c2a3).

c) Compute the energy splitting due to the spin-orbit interaction between the
states P3/2 and P1/2.

Hint:
∫∞
0 e−axxn dx = n!/an+1.

Solution:
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a) From the text it is easy to identify Rnℓ(r) = Are−br/a. The normalization constant can be
easily computed using the relation

∫∞
0
e−axxn dx = n!/an+1,

1 =

∫ ∞

0

A2r2e−2br/ar2 dr = A2 4!

(2b/a)5
=⇒ A2 =

4

3
(b/a)5.

b) The spin-orbit interaction is given by eq. (1.145) of the handouts

Hso = − e

2m2c2
1

r

dϕ

dr
LS = ξ(r)LS.

This hamiltonian is diagonal in the coupled basis and, therefore, the energy shift is given by

⟨2ℓsjm|Hso|2ℓsjm⟩ = ⟨2ℓsjm|ξ(r)LS|2ℓsjm⟩ = ⟨2ℓ|ξ(r)|2ℓ⟩ ⟨ℓsjm|LS|ℓsjm⟩ .

Eq. (1.153) in the handouts gives

⟨ℓsjm|LS|ℓsjm⟩ = ℏ2

2
[j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)] .

While

ξ(r) = − e2

2m2c2
1

r

d

dr

(
1 + 2e−4r/a(1 + 2r/a)

r

)
=

e2

2m2c2
1 + 2e−4r/a(1 + 4r/a+ 8(r/a)2)

r3
,

and

⟨ξ(r)⟩ = ξnℓ = ⟨2ℓ|ξ(r)|2ℓ⟩ =
∫ ∞

0

ξ(r)R2
nℓr

2 dr,

where part of eq. (1.154) was used.

Using the result of a) for A we get:

⟨ξ(r)⟩ =
∫ ∞

0

ξ(r)R2
nℓr

2 dr

=

∫ ∞

0

e2

2m2c2
1 + 2e−4r/a(1 + 4r/a+ 8(r/a)2)

r3
4

3
(b/a)5r2e−2br/ar2 dr

=
2e2b5

3m2c2a3

∫ ∞

0

[
r/a+ 2e−4r/a(r/a+ 4(r/a)2 + 8(r/a)3)

]
e−2br/a d(r/a)

=
2e2b5

3m2c2a3

∫ ∞

0

[
x+ 2e−4x(x+ 4x2 + 8x3)

]
e−2bx dx

=
2e2b5

3m2c2a3

[
1

(2b)2
+ 2

(
1

(2b+ 4)2
+ 4

2

(2b+ 4)3
+ 8

3!

(2b+ 4)4

)]
=

2e2b5

3m2c2a3

[
1

(2b)2
+

2

(2b+ 4)4
(
(2b+ 4)2 + 8(2b+ 4) + 48

)]
=

e2b5

3m2c2a3

[
1

2b2
+
b2 + 8b+ 24

(b+ 2)4

]
= 0.0324

e2

m2c2a3
.

c) We can now get

⟨2ℓsjm|Hso|2ℓsjm⟩ = ⟨2ℓ|ξ(r)|2ℓ⟩ ⟨ℓsjm|LS|ℓsjm⟩

= 0.0324
e2ℏ2

2m2c2a3
[j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)]

= 0.0324
ℏ2

m2c2a2
[j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)]

e2

2a

= 0.0324α2 [j(j + 1)− ℓ(ℓ+ 1)− s(s+ 1)] Ry,

where the relations a = ℏ/mcα and e2/2a = 1Ry were used and also the result for ⟨ℓsjm|LS|ℓsjm⟩
given in a).

The P3/2 level corresponds to the quantum numbers j = 3/2, ℓ = 1 and s = 1/2, whilst the
P1/2 level has quantum numbers j = 1/2, ℓ = 1 and s = 1/2. Therefore

∆so = ⟨21 1
2
3
2 |Hso|21 1

2
3
2 ⟩ − ⟨21 1

2
1
2 |Hso|21 1

2
1
2 ⟩ = 0.0324α2

[
3

2

(
3

2
+ 1

)
− 1

2

(
1

2
+ 1

)]
Ry

= 0.0324α23Ry = 0.0972α2 Ry = 5.18× 10−6 Ry = 7.97× 10−5 eV = 0.56 cm−1.
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13. The atomic number of Cadmium is Z = 48, and the electronic configuration of its
fundamental state is [Kr]4d105s2. The 508.6 nm Cadmium emission line corresponds
to the 5s6s 3S1 → 5s5p 3P2 transition and belongs to a triplet, with the remaining
two emission lines having wavelengths of 480.0 nm and 467.8 nm.

a) Work out wich atomic levels are in-
volved in the last two emission lines
mentioned above.

b) Find the fine-structure splitting of
the Cadmin 5s5p 3P term. Is this
splitting compatible with Landé in-
terval rule?

c) Give reasons why the observation of
this triplet in an absorption sepc-
trum would be highly improbable at
room temperature.

(5s)(6s) (5s)(5p)

Solution:

a) We have an initial 5s6s configuration. The possi-
ble values of the total spin and orbital angular mo-
mentum are S = 0, 1 and L = 0, respectively. For
the final configuration we have S = 0, 1 and L = 1.
Since the initial level is 3S1, only transitions to final
states with S = 1 are allowed in LS coupling. These
would be the ones corresponding to the S = 1 and
L = 1 3P term. Three J = 0, 1, 2 values are possi-
ble. If a normal ordering is assumed in the multiplet,
the levels involved in the three transitions are those
shown in the figure.

(5s)(6s) (5s)(5p)
3S1

3P0

3P1

3P2

b) The longest wavelength corresponds to the transition from the 3S1 level to the 3P2 level:

E(3S1)− E(3P2) =
hc

508.6

1

[nm]
.

Similarly

E(3S1)− E(3P1) =
hc

480.0

1

[nm]
, E(3S1)− E(3P0) =

hc

467.8

1

[nm]
.

Consequently:

E(3P2)− E(3P1) = hc

(
1

480.0
− 1

508.6

)
1

[nm]
= 1239.8

(
1

480.0
− 1

508.6

)
[eV] = 0.145 [eV],

E(3P1)− E(3P0) = hc

(
1

467.8
− 1

480.0

)
1

[nm]
= 1239.8

(
1

467.8
− 1

480.0

)
[eV] = 0.067 [eV].

The Landé interval rule states that

E(J)− E(J − 1) = ℏ2ζ(α,L, S) J.

Therefore,

E(3P2)− E(3P1) = ℏ2ζ(α,L, S) 2,
E(3P1)− E(3P0) = ℏ2ζ(α,L, S) 1.

The rule is fulfilled if
E(3P2)− E(3P1)

E(3P1)− E(3P0)
≈ 2,
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which is almost the case, since:

E(3P2)− E(3P1)

E(3P1)− E(3P0)
= 2.164.

c) In absorption spectra atoms are initially in their ground-state level (in this case, 5s2 1S0) at
room temperature, because kBT ≈ 0.026 eV at 300 K. This implies that we would only observe
transitions from the ground state to some of the excited states with significant probablity. However,
none of the quoted triplet lines fall into that category because they are associated to transitions
between excited states, hence these lines are not expected to be seen in absorption spectra.

Furthermore, transitions from the 1S0 ground-state level to any of the 5s5p 3P excited levels would

be highly suppressed because they imply a ∆S = 1 change, which violates the E1 selection rules.

Consequently, the triplet initial states in the transition would be in any case very poorly populated

for a significant absorption process to take place.

14. Neutrons of 170 MeV kinetic energy scatter elastically off a nucleus with radius
R = 1.05 fm. Under the hypthesis of high-energy scattering, make an estimation of
the maximum angular momentum value ℓmax of the partial wave that significantly
contributes to the cross-section. Suppose the phase-shifts measured in this experi-
ment are given by the relation δℓ = π/(ℓ+2)2. Compute the cross-section due to the
ℓ = 0 partial wave, and call it σ0. Compute the total cross-section, σt, and the ratio
σ0/σt. Use non-relativistic kinematics.

Solution: To estimate the value of ℓmax we make the assumption that the maximum value of orbital
angular momentum contributing to the scattering process is ℓmax ≈ kR, where ℏk is the momentum
of the neutron. For neutrons with E = 170 MeV the value of k2 is

k2 =
2mE

ℏ2
=

2mc2E

(ℏc)2
=

2× 939.57× 170

197.332
fm−2 = 8.20 fm−2.

Therefore

ℓmax = kR =
√
8.20× 1.05 ≈ 3.

The total cross-section and the s-wave cross-section are given by

σ =
4π

k2

∞∑
ℓ=0

(2ℓ+ 1) sin2 δℓ, σ0 =
4π

k2
sin2

π

4
=

2π

k2.

The s-wave cross-section is then

σ0 =
2π

8.20
fm2 = 0.77 fm2 = 0.0077 barn2.

The total cross-section is

σt =
4π

k2

3∑
ℓ=0

(2ℓ+ 1) sin2
(

π

(ℓ+ 2)2

)
=

4π

k2

[
sin2

(π
4

)
+ 3 sin2

(π
9

)
+ 5 sin2

( π
16

)
+ 7 sin2

( π
25

)]
=

4π

k2
× 1.15 = 1.76 fm.

The s-wave cross-section is close to half of the total cross-section

σ0
σt

= 0.44

15. A hydrogen atom, where the fine-structure is neglected, is placed under a perturba-
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tion given by

V =
V0
a20
xy, V0 ≈ 10−2 eV, a0 =

ℏ2

me2
.

(a) Write V in terms of spherical harmonics and prove that the relations
∆ℓ ≡ ℓ− ℓ′ = 0,±2 and ∆m ≡ m−m′ = ±2 must hold for the matrix elements
⟨n, ℓ,m |V |n′, ℓ′,m′⟩ to vanish.

(b) Compute the matrix elements of the perturbation V for the levels with prin-
cipal quantum numbers n = 1, 2. Find the eigenvalues to first order and the
corresponding approximate eigenstates. You may need the following results

〈
r2
〉
nℓ

= a20
n2

2

[
5n2 + 1− 3ℓ(ℓ+ 1)

]
,

(
1 2 1

−1 2 −1

)
=

√
1

5
,

(
1 2 1
0 0 0

)
=

√
2

15
.

Solution:

(a) In spherical coordinates,

V =
V0
a20
r2 sin2 θ sinφ cosφ =

V0
2a20

r2 sin2 θ sin 2φ = −i V0
4a20

r2 sin2 θ
(
ei2φ − e−i2φ

)
= −i

√
2π

15

V0
a20
r2
(
Y 2
2 − Y −2

2

)
,

where Y ±2
2 =

√
15
32π sin2 θ e±i2φ are the spherical harmonics for ℓ = 2 and m = ±2. The

angular part of the matrix elements can be obtained with Gaunt’s formula (B.192):

〈
ℓ,m

∣∣Y ±2
2

∣∣ ℓ′,m′〉 = (−1)m
√

5

4π
(2ℓ+ 1)(2ℓ′ + 1)

(
ℓ 2 ℓ′

−m ±2 m′

)(
ℓ 2 ℓ′

0 0 0

)
.

The selection rules derive from 3j properties summarised in eq. (B.182) of the handouts and
parity conservation. For the 3j-coefficients not to be null it has to be satisfied that the sum
of the elements of the second row cancel. For the first 3j in the previous equation this means
that −m±2+m′ = 0 and, therefore: ∆m ≡ m−m′ = ±2. Another thing that 3j coefficients
must fulfill to be different from zero is the triangular inequality of the elements of the first
row. In this case ∆(ℓ, 2, ℓ′), which translates into |ℓ − ℓ′| ≤ 2. Parity conservation will also
make the 3j coefficient cancel if |ℓ − ℓ′| is odd. From these two last conditions it can be
concluded that ∆ℓ = ℓ− ℓ′ = ±2.

(b) We are asked to obtain the matrix elements for the states with n = 1, 2. Since this is a
perturbation we consider sets of states with the same energy without the perturbation. So,
we separately consider states with n = 1 and then later the states with n = 2.

For n = 1 we have a single state and a single element matrix for V , which gives us the energy
shift due to the perturbation. Also ⟨1, 0, 0 |V | 1, 0, 0⟩ = 0, because ∆m = 0. This means
that V creates no energy shift at first order in perturbation theory in the ground state of
hydrogen.

According to our ∆m = ±2 selection rule, the only non-zero matrix elements between the n =
2 states are ⟨2, 1, 1 |V | 2, 1,−1⟩ and its complex conjugate, ⟨2, 1,−1 |V | 2, 1, 1⟩. Therefore

⟨2, 1, 1 |V | 2, 1,−1⟩

= −iV0
a20

√
2π

15

∫
r2R2

21 r
2 dr

[〈
1, 1

∣∣Y 2
2

∣∣ 1,−1
〉
−
〈
1, 1

∣∣Y −2
2

∣∣ 1,−1
〉]

= −iV0
a20

√
2π

15

∫
r2R2

21 r
2 dr

〈
1, 1

∣∣Y 2
2

∣∣ 1,−1
〉
.



Quantum Physics III. Monday 7th September, 2026, 11:08. 277

The last equality uses that
〈
1, 1

∣∣Y −2
2

∣∣ 1,−1
〉
= 0. Furthermore,

〈
1, 1

∣∣Y 2
2

∣∣ 1,−1
〉
= −

√
5

4π
× 3× 3

(
1 2 1
−1 2 −1

)(
1 2 1
0 0 0

)
= −

√
5

4π
× 3× 3

√
1

5

√
2

15
= −

√
3

10π
,

and, given eq. (1.132) of the handouts, for the hydrogen atom ⟨r⟩nℓ =
a20n

2

2 [5n2 + 1− 3ℓ(ℓ+ 1)],∫
r2R2

21 r
2 dr =

〈
r2
〉
21

= 30 a20.

Therefore

⟨2, 1, 1 |V | 2, 1,−1⟩ = i
V0
a20

√
2π

15
30a20

√
3

10π
= i6V0.

The V matrix elements for the |2, 0, 0⟩, |2, 1, 0⟩, |2, 1, 1⟩ and |2, 1,−1⟩ states, taken in this
order, is then 

0 0 0 0
0 0 0 0
0 0 0 i6V0
0 0 −i6V0 0


The secular equation for the lower-right 2× 2 box is∣∣∣∣ −λ i6V0

−i6V0 −λ

∣∣∣∣ = λ2 − 36V 2
0 = 0 =⇒ λ = ±6V0.

The perturbation V does not modify the energy of the states |2, 0, 0⟩ and |2, 1, 0⟩, which we
may denote as E0. To find the eigenstante corresponding to the eigenvalue 6V0 we do(

0 i6V0
−i6V0 0

)(
a
b

)
= 6V0

(
a
b

)
=⇒ b = −ia.

So the corresponding normalized eigenstate is

1√
2

[(
1
0

)
− i

(
0
1

)]
=

1√
2

(
|2, 1, 1⟩ − i |2, 1,−1⟩

)
.

For the eigenvalue −6V0 we have(
0 i6V0

−i6V0 0

)(
a
b

)
= −6V0

(
a
b

)
=⇒ b = ia.

The corresponding normalized eigenstate is

1√
2

[(
1
0

)
+ i

(
0
1

)]
=

1√
2

(
|2, 1, 1⟩+ i |2, 1,−1⟩

)
.

In summary, after the perturbation the states |2, 0, 0⟩ and |2, 1, 0⟩ do not experience an

energy shift while the state 1√
2

(
|2, 1, 1⟩ − i |2, 1,−1⟩

)
energy is shifted +6V0, and the state

1√
2

(
|2, 1, 1⟩+ i |2, 1,−1⟩

)
energy is shifted −6V0 from their unperturbed energy.

16. A hydrogen atom in its first excited state, 2p, is placed inside a cavity in thermal
equilibrium with radiation of energy density ρ(ω) per unit frequency. At what tem-
perature of the cavity are the transition probabilities for spontaneous and induced
emission equal? (the value of Boltzmann’s constant is kB = 8.62× 10−5 eV/K).
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Solution: The induced and spontaneous emission transition probabilities are, respectively (a sub-
index 2p→ 1s is omitted in the probabilities, the Einstein coefficients and the photon frequencies):

W i =B · ρ(ω) = π2c3

ℏω3
Aρ(ω),

W s =A,

where A and B are the Einstein coefficients, ω is the frequency of the photon emitted in the 2p→ 1s
transition,

ℏω =

(
1

1
− 1

22

)
RH =

3

4
RH,

and ρ is the density of photons per unit frequency:

ρ(ω) =
ℏω3

π2c3
1

exp
(

ℏω
kBT

)
− 1

,

where kB is the Boltzmann constant and T the temperature.

These two transition probabilities are equal if

A =
π2c3

ℏω3
Aρ(ω) =⇒ π2c3

ℏω3
ρ(ω) = 1 =⇒ exp

(
ℏω
kBT

)
= 2 =⇒ T =

ℏω
kB ln 2

.

Considering that kB = 8.62× 10−5 eV/K and RH = 13, 6 eV:

T =
3
4 × 13.6

8.62× 10−5 × ln 2
K = 1.71× 105 K.

17. In an experimental setup neutral pions, π0, with kinetic energy T = 300 MeV, are
scattered off a heavy nuclei with radius 1.4 fm. It can be assumed that the nucleus
behaves as a completely absorbing sphere. Assuming also that we are working in a
high-energy regime,

(a) Find the maximum value of the incident π0 orbital angular momentum, ℓmax,
that needs to be taken into account to compute the cross-section (use relativistic
kinematics).

(b) Compute the total elastic cross section and the total inelastic cross section.

(c) Comute the elastic scattering amplitude and verify the validity of the optical
theorem.

You may find useful the following Legendre polynomials: P0 = 1, P1 = x, P2 =
1
2(3x

2 − 1), P3 = 1
2(5x

3 − 3x), P4 = 1
8(35x

4 − 30x2 + 3), e que a masa do π0 é
mπ0 = 134.98 MeV/c2.

Solution:

(a) To estimate the value of ℓmax we make the assumption that the maximum value of orbital
angular momentum contributing to the scattering process is ℓmax ≈ kR, where ℏk is the
momentum of the pion. Pions with a kinetic energy of T = 300 MeV are relativistic, so their
momentum is given by p2c2 = E2 − m2c4 = (T + mc2)2 − m2c4 = 2mc2T + T 2, and the
corresponding value of k2 is

k2 =
2mc2T

(ℏc)2
+

T 2

(ℏc)2
=

(
2× 135× 300

197.332
+

3002

197.332

)
fm−2 = 4.39 fm−2.

Therefore
ℓmax ≈ kR =

√
4.39× 1.4 ≈ 3.
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(b) Since we are assuming the target nuclei to be totally absorbing, incident pions with ℓ ≤ 3
will be absorbed and the inelasticiy must be chosen to be ηℓ = 0 for ℓ ≤ 3. On the other
hand, partial waves with ℓ > 3 do not contribute to the scattering. The total inelastic (or
absorption) cross-section is then

σabs
tot =

π

k2

∞∑
ℓ=0

(2ℓ+ 1)(1− η2ℓ ) =
π

k2

3∑
ℓ=0

(2ℓ+ 1) =
16π

k2
=

16π

4.51
fm2 = 11.1 fm2.

The total elastic cross-section is

σel
tot =

π

k2

∞∑
ℓ=0

(2ℓ+ 1)
∣∣∣1− ηℓ e

2iRe(δℓ)
∣∣∣2 =

π

k2

3∑
ℓ=0

(2ℓ+ 1) = σabs
tot = 11.1 fm2.

The total cross-section is

σtot = σabs
tot + σel

tot =
32π

k2
= 22.2 fm2.

(c) The elastic scattering amplitude is given by

fel(k, θ) =
1

2ik

∞∑
ℓ=0

(2ℓ+ 1)
[
ηℓe

2iRe(δℓ) − 1
]
Pℓ(cos θ) =

i

2k

3∑
ℓ=0

(2ℓ+ 1)Pℓ(cos θ)

=
i

2k

[
1 + 3 cos θ +

5

2
(3 cos2 θ − 1) +

7

2
(5 cos3 θ − 3 cos θ)

]
The optical theorem states

σtot =
4π

k
Im
[
fel(k, θ = 0)

]
.

In this case, the forward elastic scattering amplitude is

f(0) =
i

2k

[
1 + 3 +

5

2
(3− 1) +

7

2
(5− 3)

]
=

8i

k
.

The previous result could be obtained a bit easier using the relation Pℓ(1) = 1. Therefore

4π

k
Im
[
fel(k, θ = 0)

]
=

32π

k2
= σtot,

which shows that the optical theorem is verified.

18. A sample of potassium atoms, 19K = [Ar]4s1, is irradiated with electromagnetic
radiation with energy between 2 and 3.3 eV. The ionization energy of potassium is
4.34 eV, the energy of the 4s→ 4p transition is 13015 cm−1, and the quantum defect
for ℓ = 2 is δ2 = 0.14.

(a) Using the information provided, obtain the energies of the potassium or-
bitals and show that their ordering is (from lower to higher energy):
4s, 4p, 5s, 3d, 5p, 4d.

(b) Indicate which orbitals can be excited by the incident radiation, and determine
the energies of the corresponding absorption lines.

(c) Indicate which transitions occur in the decay to the ground state and determine
the energies of the corresponding emission lines (neglect spin–orbit interaction).
Draw the transitions in a Grotrian diagram.

(d) When the sample is subjected to a weak constant magnetic field, it is observed
that the absorption line corresponding to the transition 4S1/2 → 5P1/2 splits



280

into several components. Knowing that the separation between the highest-
energy and lowest-energy lines is ∆max = 0.1 cm−1, calculate the strength of
the applied magnetic field.

Assume LS coupling and electric-dipole radiation absorption/emission.

Solution:

(a) For alkali atoms the energies of the terms follow approximately the relation

Enl = − RH
(n− δℓ)2

.

This formula allows to compute the energies of s, p and d orbitals provided we know the
values of δ0, δ1 and δ2. We are explicitly given only δ2 = 0.14, so we will have to deduce the
values of δ0 and δ1 using the remaining information. From the potassium ionization energy
we know that E4s = −4.34 eV, therefore δs and E5s can be computed as

δ0 = 4−
√

13.61

4.34
= 2.23, E5s = − 13.6

(5− 2.23)2
= −1, 77 eV.

To find δ1 use the 4s→ 4p transition energy,

E4p − E4s = 13015 cm−1 = 13015× 1.240× 10−4 eV = 1.61 eV,

to compute E4p = (−4.34 + 1.61) eV = −2.73 eV, and

δ1 = 4−
√

13.61

2.73
= 1.77, E5p = − 13.6

(5− 1.77)2
= −1, 30 eV.

To get the energies of the 3d and 4d orbitals we can use directly the given value of δ2 = 0.14

E3d = − 13.6

(3− 0.14)2
= −1, 66 eV, E4d = − 13.6

(4− 0.14)2
= −0, 91 eV.

The energy ordering of the orbitals is then

4s 4p 5s 3d 5p 4d.

−4.34 eV − 2.73 eV − 1.77 eV − 1.66 eV − 1.30 eV − 0.91 eV.

(b) The ground-state configuration of potassium is [Ar]4s1. The LS-coupling selection rules for
absorption of electric-dipole radiation require ∆S = 0 and ∆L = 1, therefore the transitions
must go from the 4s orbital to a np orbital: 4p, 5p, 6p etc. The energy of the incident
radiation is in the range 2 to 3.3 eV, while the energy differences between those orbitals and
the ground-state are

E4p − E4s = 1.61 eV, E5p − E4s = (−1.30 + 4.34) eV = 3.04 eV,

E6p − E4s = − 13.6(
6− 1.77

)2 eV + 4.34 eV = 3.58 eV.

We conclude that only the 5p orbital can be excited with the incident radiation.

(c) Once the 5p orbital is populated, the following electric-dipole emission transitions, satisfying
∆S = 0 and ∆L = 1, can occur

5p→ 4s 5p→ 5s 5p→ 3d 5s→ 4p 3d→ 4p 4p→ 4s.

3.04 eV 0.47 eV 0.36 eV 0.96 eV 1.07 eV 1.61 eV.

We can draw the transitions in the following Grotrian diagram (not to scale)
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4s

4p

5s

3d

5p

4d

(d) The Zeeman energy shifts are given by

∆E = µBgJBmj , gJ = 1 +
j(j + 1) + s(s+ 1)− ℓ(ℓ+ 1)

2j(j + 1)
.

For S1/2 we have gJ = 2, which leads to (∆E)S1/2
= 2µBB. For P1/2 we have gJ = 2/3 and

(∆E)P1/2
= 2µBB/3. This means that the energy separation between the higher and lower

energy lines in the 4S1/2 → 5P1/2 transition is given by

∆max =

(
2 +

2

3

)
µBB.

The value of the applied magnetic field is then

B =
3∆max

8µB

=
3× 0.1× 1.240× 10−4 eV

8× 5.788× 10−5MeV/T
= 0.08T.

19. Use the variational method with the trial function ψ(r, θ, φ) = Ae−r/β , where β
is the variational parameter, to estimate the binding energy of the ground state
of hydrogen. Compare your result with the exact solution obtained by solving the
Schrödinger equation.

Solution: First of all, let’s normalize the trial function. Using the definite integral
∫∞
0
rne−ar dr =

n!/an+1, we get

1 =

∫
|ψ|2 r2 sin θ dr dθ dφ = 4π|A|2

∫ ∞

0

r2e−2r/β dr = 4π|A|2 β
3

4
= π|A|2β3 =⇒ |A| =

√
1

πβ3
.

The hydrogen energy as a function of the variational parameter is

E(β) = ⟨ψ |H |ψ⟩ =
〈
ψ

∣∣∣∣ p22m
− e2

r

∣∣∣∣ψ〉 = −
〈
ψ

∣∣∣∣ ℏ22m
∇2 +

e2

r

∣∣∣∣ψ〉 .
Let’s compute first the kinetic-energy part. We can take A to be real, so ψ∗ = ψ and

−
〈
ψ

∣∣∣∣ ℏ22m
∇2

∣∣∣∣ψ〉 = − ℏ2

2m

∫
ψ∗∇2ψ d3r = − ℏ2

2m

∫
ψ∇2ψ d3r.

Since both ψ and its derivative go to zero at infinity, an integration by parts gives∫
ψ∇2ψ d3r = −

∫
(∇ψ)(∇ψ) d3r = − 1

β2

∫
ψ2 d3r = − 1

β2
,

where he have used the following relations

∇ψ =
∂ψ

∂r
r̂ = − 1

β
ψ r̂, (∇ψ)(∇ψ) =

1

β2
ψ2,

∫
ψ2 d3r = 1.
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We could also do the integral using the explicit form of the Laplace operator,

∇2ψ =
1

r2
∂

∂r

(
r2
∂ψ

∂r

)
=

1

β

(
1

β
− 2

r

)
ψ,

∫
ψ∇2ψ d3r =

1

β2

∫
ψ2 d3r− 2

β

∫
1

r
ψ2 d3r

=
1

β2
− 8πA2

β

∫ ∞

0

1

r
e−2r/βr2 dr =

1

β2
− 8πA2

β

β2

4
= − 1

β2
.

Therefore

−
〈
ψ

∣∣∣∣ ℏ22m
∇2

∣∣∣∣ψ〉 =
ℏ2

2m

1

β2
.

The Coulomb-energy term is

−
〈
ψ

∣∣∣∣ e2r
∣∣∣∣ψ〉 = −4πe2A2

∫ ∞

0

r e−2r/β dr = −πe2A2β2 = −e
2

β
.

Putting everything together,

E(β) =
ℏ2

2mβ2
− e2

β
.

Minimizing this relation with respect to β gives

dE

dβ
= − ℏ2

mβ3
+
e2

β2
= 0 =⇒ β =

ℏ2

me2
.

Calling β0 = ℏ2/(me2),

E(β0) =
ℏ2

2m

m2e4

ℏ4
− me4

ℏ2
= −me

4

2ℏ2
.

This happens to be equal to the exact result obtained solving the Schrödinger equation because we
have started with a trial function that is identical to the hydrogen ground-state wavefunction. The
value of the variational parameter that minimizes the energy is also identical to the Bohr radius,
β0 = a0.

E = − e2

2a0
= −me

4

2ℏ2
, a0 =

ℏ2

me2
.

20. Calculate the scattering amplitude, in the first Born approximation, for a potential
well of the form V (r) = −V0 for 0 < r < r0 and V (r) = 0 for r ≥ r0. Show that, if
the radius of the well, r0, is much smaller than the wavelength associated with the
incident particle, the scattering amplitude is isotropic (i.e., it does not depend on
the angle).

Solution: For a spherically symmetric potential, the scattering amplitude in the first Born approx-
imation is

f(θ) = − 2m

ℏ2κ

∫ ∞

0

rV (r) sin(κr) dr,

where κ = k′ − k and κ = |κ|. Therefore, in this case

f(θ) =
2m

ℏ2κ

∫ r0

0

rV0 sin(κr) dr =
2mV0
ℏ2κ

(
−
[
r cos(κr)

κ

]r0
0

+
1

κ

∫ r0

0

cos(κr) dr

)
=

2mV0
ℏ2κ

(
−r0 cos(κr0)

κ
+

sin(κr0)

κ2

)
=

2mV0
ℏ2κ3

(
sin(κr0)− κr0 cos(κr0)

)
.

Large wavelength compared to r0 means that kr0 ≪ 1 and κr0 ≪ 1. In this case we may
approximate the sine and cosine functions by their first two power-expansion terms. A quick
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way to find the expansions is to remember that eix =
∑

(ix)n/n! and eix = cosx + i sinx, so
sin(κr0) ≈ κr0 − 1

6 (κr0)
3 and cos(κr0) ≈ 1− 1

2 (κr0)
2. Therefore, for κr0 ≪ 1

f(θ) ≈ 2mV0
ℏ2κ3

(
κr0 −

1

6
(κr0)

3 − κr0 +
1

2
(κr0)

3

)
=

2mV0r
3
0

3ℏ2
.

This shows that that f(θ) does not have an angular dependence.

Alternatively, one could take eiκ·r ≈ 1 for r < r0, which is valid in the low-energy limit, in the
general first Born approximation expression of the scattering amplitude,

f(θ, φ) = − m

2πℏ2

∫
eiκ·r V (r) d3r ≈ − m

2πℏ2

∫
V (r) d3r =

mV0
2πℏ2

4π

∫ r0

0

r2 dr =
2mV0r

3
0

3ℏ2
.

Note that if you do the integral in the first version of the solution as

f(θ) =
2mV0
ℏ2κ

∫ r0

0

r sin(κr) dr =
2mV0
ℏ2κ

1

2i

∫ r0

0

r
(
eiκr − e−iκr

)
dr,

you need the first-order term in the approximation of the exponentials to get a non-zero result for
the scattering amplitude, e±ikr ≈ 1± i

2κr.
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Appendix B

Appendix.

The values of the fundamental constants are taken from [14]. A few of them are quoted with
the available experimental accuracy and the uncertainty is indicated by the digits in brackets,
but no attempt is made to properly propagate the uncertainties to other derived quantities.

B.1 Systems of Units.

B.1.1 Natural units.

Fundamental constants:

c = 3× 108 m · s−1, ℏ = 6.6× 10−22 MeV · s, [c] = [L][T]−1, [ℏ] = [M][L]2[T]−1

Combined system of natural units and Heaviside-Lorentz units:

ℏ = c = ϵ0 = µ0 = 1

Permeability1 of free space, µ0. Permittivity of free space, ϵ0. Now [M], [L]−1 and [T]−1 have
equivalent dimensions. The fine-structure constant is a dimensionless parameter with a value
of2,

α =
e2

4πϵ0ℏc
=
e2

4π
=

1

137.035999139(31)
, e > 0

After this units transformation all quantities are expressed in powers of GeV.

Energy GeV → GeV Time (GeV/ℏ)−1 → GeV−1

Momentum GeV/c → GeV Length (GeV/ℏc)−1 → GeV−1

Mass GeV/c2 → GeV Area (GeV/ℏc)−2 → GeV−2

A useful relation for conversions is ℏc = 197.327 MeV · fm (1 fm = 10−15 m), therefore in natural
units we have,

1 fm ≈ 1

200 MeV
= 5 GeV−1.

In high-energy particle physics, masses, energies and momenta are typically expressed in MeV or
GeV. Cross sections are usually given in millibarns (mb) or microbarns (µb), where 1 mb = 10−31 m2.

1The values for the permeability and permittivity of free space in SI units are:

µ0 = 12.57× 10−7 N ·A−2, ϵ0 =
1

µ0c2
= 8.85× 10−12 F/m.

2This is the value at Q2 = 0. At higher energy scales the value increases. For example, at Q2 ≈ m2
W (squared

mass of the W gauge boson) α ∼ 1/128. This running coupling constant behaviour is explained in the context of
relativistic quantum field theories.
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From the value of ℏc is easy to get the relation 1 (GeV)−2 = 0.38939 mb. Typical hadronic cross
sections correspond to an area of about λ2π, where λπ is the pion Compton wavelength,

λπ =
ℏ
mπc

=
ℏc
mπc2

=
197.327 MeV · fm

139.57 MeV
= 1.41 fm, λ2π =

1

m2
π

≈ 20 mb.

Electromagnetic cross sections are an order of magnitude smaller.

B.1.2 Atomic units.

In the formulas below m stands for electron mass. There are two slightly different systems of
atomic units.

Hartree units.

• In this system the fundamental constants ℏ, e, me and
1

4πϵ0
are all taken to be unity by

definition.

• Unit of length (Bohr radius), a0 =
ℏ2

(e2/4πϵ0)m
= 5.29×10−11m. Sometimes this is written

as a∞ to indicate that we are taking the nucleus to have infinite mass compared to the
electron.

• The Hartree unit of energy is EH =
me4

4(4πϵ0ℏ)2
=

α2mc2

4
=

e2

4πϵ0a0
. This is twice the

binding energy in the first Bohr orbit of hydrogen.

• Hamiltonian in Hartree units: H = −1

2
∇2 − 1

r
.

• The unit of time is
a0
v0

=
a0
αc

= 2.419× 10−17 s,

which is the time required by an electron in the first Bohr orbit to travel one Bohr radius.
In this formula v0 is the magnitude of the electron velocity in the first Bohr orbit, and is
taken to be the unit of velocity in atomic units. The kinetic energy of the electron must
be equal to the binding energy, therefore assuming that the electron in the Hydrogen atom
is very nearly non relativistic we may write 1

2mv
2
0 = 1

2mα
2c2 and deduce that v0 = αc.

• The unit of velocity and momentum is v0 = αc = 2.188 × 106 m · s−1 and p0 = mv0,
respectively.

• The unit of electric field strength is

e

4πε0a20
=
αℏc
ea20

= 5.142× 1011 V ·m−1.

This is the strength of the Coulomb field experienced by an electron in the first Bohr orbit
of atomic Hydrogen (with infinite nuclear mass).

• The unit of magnetic field strength is ℏ/(ea20) = 2.351× 105 T.

Rydberg units.

• Rydberg constant, R∞ =
m

4πℏ3c

(
e2

4πϵ0

)2

.



Quantum Physics III. Monday 7th September, 2026, 11:08. 287

• In Ref. [14] the Rydberg constant is used to define the Rydberg energy as

ER = hcR∞ =
me4

2ℏ2(4πϵ0)2
=

1

2
mc2α2 = 13.605693009(84) eV = 109737.31568 cm−1.

(B.1)
However, in Ref. [16] the Rydberg constant is defined in such a way that the energy in
Rydberg units is directly ER = E/R′

∞,

R′
∞ =

1

2
mc2

(
e2

ℏc

)2

=
1

2
mc2α2 (B.2)

Note that ER = EH/2.

• The unit of length is again the Bohr radius, a0 =
4πϵ0ℏ2

e2m
.

• Hamiltonian in Rydberg units: H = −∇2 − 2

r
.

• Energy differences between atomic states are usually reported by quoting the inverse wave-
length of the electromagnetic radiation emitted in transitions between the states. From
the relation between energy and wavelength, 1/λ = E/hc, we have, for E = 1 eV.

1

λ
=

E

2πℏc
=

1 eV

2π × 197.3269788(12)× 106 eV × 10−13 cm
= 8065.544005

eV

cm
. (B.3)

For 1 Rydberg we have,

1Ry ∼ 109737.3157 cm−1. (B.4)

The equivalence for 1 cm−1 is

1 cm−1 ∼ 1.239841974× 10−4 eV ∼ 9.112670506× 10−6Ry. (B.5)

1 eV ∼ 8065.544005 cm−1.

The spectroscopic usage of cm−1 units to report energy differences is just a convention,
in the sense that authors choose to report the wavelength of the photon emitted instead
of its energy, because it is wavelengths (and not energy) what is really measured by the
spectroscopist. This should not be confused with the use of cm−1 to measure energy in
the natural system of units. In this system the numerical values of ℏ and c are both unity,

1 = ℏc = 197.33 MeV · fm =⇒ 1 cm−1 = 1.9733× 10−5 eV. (B.6)

Therefore, 1 cm−1 in natural units does not correspond to the same amount of energy
as 1 cm−1 in the spectroscopic convention.

B.1.3 Gaussian units.

We follow Weissbluth in the choice of Gaussian units for most electromagnetic relations in this
text. For problems in mechanics, the differences between SI and Gaussian units are just trivial
numerical factors. The situation is more difficult when dealing with electromagnetism, where
charge, for example, actually has different dimensions for the two sets of units, as it will be
shown later in this section. In the following list of formulas, we write on the left the SI version
and on the right the Gaussian version. For detailed discussion you may see the appendix on
units and dimensions of [10].
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SI Gaussian

F =
1

4πϵ0

q1q2
r2

r̂, F =
q1q2
r2

r̂. (B.7)

F = q(E+ v ×B), F = q

(
E+

1

c
v ×B

)
. (B.8)

U =
1

2

∫ (
ϵ0E

2 +
1

µ0
B2

)
dτ, U =

1

8π

∫ (
E2 +B2

)
dτ. (B.9)

In the SI system the permittivity (ϵ0) and permeability (µ0) of vacuum are related through
ϵ0µ0 = 1/c2. For comparison, Maxwell’s equations written in both the SI and the Gaussian
system of units are shown in the following table

SI Gaussian

∇E = ρ/ϵ0 ∇E = 4πρ
∇×E = −∂B/∂t ∇×E = −1

c∂B/∂t
∇B = 0 ∇B = 0
∇×B = µ0J+ µ0ϵ0∂E/∂t ∇×B = 4π

c J+ 1
c∂E/∂t

The energy stored in the electromagnetic field is given by

SI: E =
1

2

∫
(ε0E

2 +
1

µ0
B2) dτ, Gaussian: E =

1

8π

∫
(E2 +B2) dτ. (B.10)

The electric (scalar) potential, ϕ, and the magnetic (vector) potential, A, are combined to form
the electromagnetic four-potential Aµ. The next table displays the relation between E, B and
Aµ in the SI and Gaussian systems,

SI Gaussian

Aµ = (ϕ/c,A) Aµ = (ϕ,A)

E = −∇ϕ− ∂A
∂t E = −∇ϕ− 1

c
∂A
∂t

B = ∇×A B = ∇×A

Although in the previous tables we have used the same symbols (q, E, B, A, etc.) for
the corresponding physical quantities in both the Gaussian and the SI systems of units, one
must be careful to note that conversions between quantities in Gaussian and SI units are not
direct numerical conversions, because the quantities themselves are defined differently in each
system and may have different dimensions. For example, in the Gaussian system the electric
and magnetic fields have the same dimensions and could be both measured in Gauss (but this
is not usually done in practice), whereas this is not the case in the SI system.

We can write in more detail Coulomb’s law in both systems of units as

Fsi =
1

4πϵ0

(q1)si(q2)si
r2

r̂, Fg =
(q1)g(q2)g

r2
r̂. (B.11)

This tells us that the electric charge density, and electric charge, in SI and Gaussian units are
related through

ρg =
ρsi√
4πϵ0

, eg =
esi√
4πϵ0

. (B.12)

The unit of charge in the Gaussian system is the statcoulomb (statC).3 From Coulomb’s law
(B.11) for Fg we see that the base dimensions of a statC are purely mechanical

[statC] = (mass)1/2 · (length)3/2 · (time)−1 = M1/2 · L3/2 · T−1. (B.13)

3Other denominations are the Franklin (Fr) or the electrostatic unit of charge (esu).
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However, the SI system takes the unit of electric current as a base unit, the Ampere (A), defined
as exactly 1/(1.602176634 × 10−19) times the elementary charge per second (the elementary
charge is that of the electron). This means that in the SI system the unit of charge has base
dimensions of

[C] = (current) · (time) = I · T. (B.14)

By quantifying the ampere in terms of the coulomb, the SI definition directly ties the ampere
to an exactly fixed constant of nature (the elementary electric charge) and to the second, which
is also exactly defined (in terms of the frequency of energy jumps in the cesium atom). The
numerical relation between statC and C is

qg
qsi

=
2997924580 statC

1 C
≈ 3× 109 statC

1 C
(B.15)

The relations between the magnetic flux densities, the electric field, the vector potential and
the electric potential are√

µ0
4π

Bg = Bsi,

√
1

4πϵ0
Eg = Esi,

√
µ0
4π

Ag = Asi,

√
1

4πϵ0
ϕg = ϕsi. (B.16)

With all previous relations, it should be easy to convert any expression written in Gaussian
units to its equivalent in SI units. For example, in Gaussian units we have

Eg = −1

c

∂Ag

∂t
−∇ϕg, (B.17)

which translates to
√
4πϵ0Esi = −1

c

√
4π

µ0

∂Asi

∂t
−
√
4πϵ0∇ϕsi. (B.18)

Using the SI relation c = 1/
√
ϵ0µ0, this equation reads

Esi = −∂Asi

∂t
−∇ϕsi. (B.19)

Let’s study in more detail the conversion between measurements of magnetic field expressed in
the Gauss and SI systems of units. From the first relation in (B.16) we see that the ratio Bg/Bsi

is not a dimensionless parameter,
Bg

Bsi
=

√
4π

µ0
. (B.20)

It is useful to do a dimensional analysis of this equation in terms of base units of mass (M),
length (L), time (T), and current (I). First, note that4

[G] = M1/2 · L−1/2 · T−1, [Tes] = M · T−2 · I−1, [µ0] = M · L · T−2 · I−2,

[ϵ0] = M−1 · L−3 · T4 · I2, [H] = M · L2 · T−2 · I−2.
(B.21)

Therefore [
G

Tes

]
=

M1/2 · L−1/2 · T−1

M · T−2 · I−1
= M−1/2 · L−1/2 · T · I =

[√
4π

µ0

]
. (B.22)

So both sides of Eq. (B.20) have the same dimensions. Let’s now insert values in the expression√
4π/µ0Bsi to obtain the numerical conversion rule between Gauss and Tesla. We must take

into account that the base units of mass and length in the Gaussian system (gr and cm), are
related to those in the SI system (Kg and m) through

Msi = 103Mg, Lsi = 102 Lg. (B.23)

4To avoid confusion with the base dimension of time in the study below, in this section we abbreviate the unit
Tesla as Tes, instead of the most common use of T.
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The value of permeability of free space in SI units is µ0 = 4π× 10−7Hm−1, where H is a Henry,
with dimensions [H] = M · L2 · T−2 · I−2. Therefore[√

4π

µ0
Bsi

]
=

√
4π

4π × 10−7 [Hm−1]
[Tes] = 107/2

[
Tes√
Hm−1

]
= 107/2

Msi · T
−2
si · I−1

si

(Msi · Lsi · T
−2
si · I−2

si )1/2

= 107/2M
1/2
si · L−1/2

si · T−1
si = 107/2 (103Mg)

1/2 · (102Lsi)
−1/2 · T−1

g

= 104M1/2
g · L−1/2

g · T−1
g = 104 [G]. (B.24)

The conversion rule between the quantity Bg, expressed in Gauss, and the quantity Bg, expressed
in Tesla, is then

Bg =

√
4π

µ0
Bsi =

104G

1Tes
Bsi. (B.25)

Consider now the Bohr magneton written in both systems of units as

(µB)g =
egℏ
2mc

, (µB)si =
esiℏ
2m

. (B.26)

To get the numerical value of (µB)g we should express eg in statC. It is useful to remember that
the fine structure constant in Gaussian units is α = e2g/ℏc, so

eg =
√
αℏc =

√
1

137
× (1.055× 10−27 erg · s)× (2.9979× 1010 cm · s−1)

= 4.80× 10−10 statC. (B.27)

Therefore

(µB)g =
egℏ
2mc

=
(4.8× 10−10 statC)(1.055× 10−27 erg · s)

2× (9.109× 10−28 gr)(2.9979× 1010 cm · s−1)

= 9.27× 10−21 erg ·G−1. (B.28)

The value of (µB)si is

(µB)si =
esiℏ
2m

=
(1.6× 10−19C)(1.055× 10−34 J · s)

2× (9.109× 10−31Kg)
= 9.27× 10−24 J · Tes−1. (B.29)

Using the conversion rule eg = esi/
√
4πϵ0, we see that relation between (µB)g and (µB)si can be

expressed as

(µB)g =
egℏ
2mc

=
esi√
4πϵ0

ℏ
2m 1√

µ0ϵ0

=

√
µ0
4π

esiℏ
2m

=

√
µ0
4π

(µB)si. (B.30)

We can repeat the exercise of inserting numerical values in
√
µ0/4π (µB)si and carefully check

the base dimensions[√
µ0
4π

(µB)si

]
=

√
4π × 10−7H [m−1]

4π
× 9.27× 10−24 [J · Tes−1] = 10−7/2 × 9.27× 10−24

[
J ·

√
Hm−1

Tes

]

= 107/2 × 9.27× 10−24 Msi · L2
si · T

−2
si · (Msi · Lsi · T

−2
si k · I−2

si )1/2

Msi · T
−2
si · I−1

si

= 10−7/2 × 9.27× 10−24 M
1/2
si · L5/2

si · T−1
si

= 10−7/2 × 9.27× 10−24 (103Mg)
1/2 · (102Lsi)

5/2 · T−1
g = 9.27× 10−21 M1/2

g · L5/2
g · T−1

g

= 9.27× 10−21
[
erg ·G−1

]
. (B.31)
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B.2 Time-independent perturbation theory.

Consider an unperturbed Hamiltonian, H0, with a set of orthonormal state vectors, ϕa, and
corresponding eigenvalues Ea,

H0ϕa = Eaϕa, ⟨ϕa |ϕa⟩ = δab. (B.32)

Now we add a small term δH to the Hamiltonian, proportional to some small parameter ε. The
energy values will then change to Ea + δEa, with corresponding state vectors ϕa + δaϕa, where
δEa and δϕa are presumably given by power series in ε,

δEa = δ1Ea + δ2Ea + . . . , δϕa = δ1ϕa + δ2ϕa + . . . , (B.33)

with δnEa and δnϕa proportional to εn. The Schrödinger equation can be written as(
H0 + δH

)(
ϕa + δϕa

)
=
(
Ea + δEa

)(
ϕa + δϕa

)
. (B.34)

H0ϕa +H0δϕa + δHϕa + δHδϕa = Eaϕa + Eaδϕa + δEaϕa + δEaδϕa.

H0δϕa + δHϕa + δHδϕa = Eaδϕa + δEaϕa + δEaδϕa. (B.35)

B.2.1 First order.

To collect the terms of first order in ε we should drop δHδϕa and δEaδϕa, whose power series
start with terms of order ε2. To first order in ε we then have

H0δ1ϕa + δHϕa = Eaδ1ϕa + δ1Eaϕa. (B.36)

To find δ1Ea we take the scalar product of the previous equation with ϕa,

⟨ϕa |H0δ1ϕa⟩+ ⟨ϕa | δHϕa⟩ = Ea ⟨ϕa | δ1ϕa⟩+ δ1Ea ⟨ϕa |ϕa⟩ .

Since H is Hermitian, we have ⟨ϕa |H0δ1ϕa⟩ = ⟨H0ϕa | δ1ϕa⟩ = Ea ⟨ϕa | δ1ϕa⟩, which is cancelled
by the same term in the right hand side of the previous equation. So we finally arrive to the
result that, to first order, the shift in the energy of a bound state is the expectation value of the
perturbation δH in the unperturbed state,

δ1Ea = ⟨ϕa | δH |ϕa⟩ . (B.37)

However, this procedure is only applicable to non-degenerate spectra. To see why, let us
calculate the change in the state vector produced by the perturbation. To do that we take the
scalar product of equation (B.36) with a general unperturbed energy eigenvector ϕb,

⟨ϕb |H0δ1ϕa⟩+ ⟨ϕb | δHϕa⟩ = Ea ⟨ϕb | δ1ϕa⟩+ δ1Ea ⟨ϕb |ϕa⟩ .

⟨ϕb | δH |ϕa⟩ = (Ea − Eb) ⟨ϕb | δ1ϕa⟩+ δ1Eaδab (B.38)

For a = b, this is the same as equation (B.37), so the new information is that

⟨ϕb | δH |ϕa⟩ = (Ea − Eb) ⟨ϕb | δ1ϕa⟩ , for a ̸= b. (B.39)

The problem is now clear. If there are two states ϕb ̸= ϕa for which Eb = Ea, then the previous
equation is inconsistent unless ⟨ϕb | δH |ϕa⟩ vanishes, which need not be the case.
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Non-degenerate case.

Let’s first assume the case of no degeneracy. In other words, the states whose energies and wave
functions we want to calculate do not have the same unperturbed energies as each other or any
other states. We are then allowed to write

⟨ϕb | δ1ϕa⟩ =
⟨ϕb | δH |ϕa⟩
(Ea − Eb)

, for a ̸= b. (B.40)

What about the component of δ1ϕa along ϕa, given by ⟨ϕa | δ1ϕa⟩? To find it we need to impose
the condition that ϕa + δ1ϕa is properly normalized, that is

1 = ⟨ϕa + δ1ϕa |ϕa + δ1ϕa⟩ = 1 + ⟨ϕa | δ1ϕa⟩+ ⟨δ1ϕa |ϕa⟩+O(ε2). (B.41)

So to order ε we have the condition

Re
(
⟨ϕa | δ1ϕa⟩

)
= 0. (B.42)

There is no requirement on the imaginary part of ⟨ϕa | δ1ϕa⟩, and we are free to choose its value
since this just represents a choice of phase of the whole state vector. In particular, we can choose
⟨ϕa | δ1ϕa⟩ to be real, in which case the normalization condition becomes

⟨ϕa | δ1ϕa⟩ = 0. (B.43)

Now we return to equation (B.40) and use the completeness relation of the H0 eigenstates to
write the first order perturbation to ϕa as

δ1ϕa =
∑
b

|ϕb⟩ ⟨ϕb | δ1ϕa⟩ =
∑
b̸=a

⟨ϕb | δH |ϕa⟩
(Ea − Eb)

|ϕb⟩ . (B.44)

The first order perturbation to ϕa is then

δ1ϕa =
∑
b̸=a

⟨ϕb | δH |ϕa⟩
(Ea − Eb)

|ϕb⟩ . (B.45)

Degenerate case.

Suppose there are a number of states ϕa1 , ϕa2 , . . . , ϕan , all with the same energy Ea. Since δH
is Hermitian, the quantities ⟨ϕas | δH |ϕar⟩ form an Hermitian matrix, so according to a general
theorem of matrix algebra the vector space on which this matrix acts is spanned by a set of
orthonormal eigenvectors u1, u2, . . . , un of this matrix, such that

n∑
r=1

⟨ϕas | δH |ϕar⟩ uqr = ∆quqs. (B.46)

Here ∆q are the eigenvalues and uqr are the elements of the matrix whose columns are the
components of the orthonormal eigenvectors u1, u2, . . . , un.

u11 u21 . . . un1
u12 u22 . . . un2
. . . . . . . . . . . .
u1n u2n . . . unn

 ,
∑
s

u∗ksums = δkm.

We can define new eigenstates of H0 with the same energy Ea,

ψam =
∑
r

umr ϕar (B.47)
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for which, using the relation (B.46) and the orthonormality condition of the u eigenvectors,

⟨ψak | δH |ψam⟩ =
∑
rs

u∗ksumr ⟨ϕas | δH |ϕar⟩ =
∑
s

u∗ksums∆m = δkm∆m. (B.48)

We have therefore proved that it is always possible to perform suitable linear combinations of
the degenerate states ϕar to find a new set of sates ψar (also degenerate) for which the off-
diagonal matrix elements of the perturbation all vanish. The possible inconsistency problem
with equation (B.39) can then be avoided if we start with the ψ states instead of ϕ states.
Namely, we can apply

⟨ψb | δH |ψa⟩ = (Ea − Eb) ⟨ψb | δ1ψa⟩ , for all a, b, (B.49)

because the matrix ⟨ψb | δH |ψa⟩ is diagonal, so ⟨ψb | δH |ψa⟩ = 0 for a ̸= b always, including the
case when ψa and ψb are eigenstates with the same eigenvalue Ea = Eb. In terms of the new ψ
states, the first-order energy shift and the first-order correction to the unperturbed state are of
course still given by

δ1Ea = ⟨ψa | δH |ψa⟩ . (B.50)

δ1ψa =
∑
b̸=a

⟨ψb | δH |ψa⟩
(Ea − Eb)

|ψb⟩ . (B.51)

If we are faced with a set of degenerate unperturbed states ϕar for which the matrix
⟨ϕas | δH |ϕar⟩ is not diagonal, all we have to do is make it diagonal by finding its eigenval-
ues and eigenstates, ψar . The first-order energy correction to a given unperturbed state ψar is
its corresponding eigenvalue ⟨ψar | δH |ψar⟩.

When applying perturbation theory to specific problems it is often the case that one can
find an observable A which commutes with both the unperturbed Hamiltonian H0 and the
perturbation δH. This simplifies the problem, as it is easy to show that the perturbation has
already a diagonal form if we work with simultaneous eigenstates of H0 and A. The proof if this
handy result is the following:

Let ψa1 and ψa2 be degenerate eigenstates of H0 which are also eigenstates of A with
different eigenvalues,

A |ψa1⟩ = Aa1 |ψa1⟩ , A |ψa2⟩ = Aa2 |ψa2⟩ , with Aa1 ̸= Aa2 . (B.52)

Since by assumption [A, δH] = 0, and A is Hermitian, we have

0 = ⟨ψa1 | [A, δH] |ψa2⟩ = ⟨ψa1 | AδH |ψa2⟩ − ⟨ψa1 | δHA |ψa2⟩
= Aa1 ⟨ψa1 | δH |ψa2⟩ −Aa2 ⟨ψa1 | δH |ψa2⟩ = (Aa1 −Aa2) ⟨ψa1 | δH |ψa2⟩ . (B.53)

Therefore ⟨ψa1 | δH |ψa2⟩ = 0 for ψa1 ̸= ψa2 .

Now we compute the first-order perturbation to the state vectors δ1ϕa when there is degen-
eracy. In this case case equation (B.39)

⟨ϕb | δH |ϕa⟩ = (Ea − Eb) ⟨ϕb | δ1ϕa⟩ , for a ̸= b,

does not give any information about the components of δ1ϕa along the unperturbed state vectors
ϕb for which Eb = Ea, and equation (B.40) only applies for Ea ̸= Eb. Therefore, the sum in
equation (B.44) must now be split into two parts: one for states with different energy than Ea
and other for states with the same energy as Ea. Thus

δ1ϕa =
∑
b

|ϕb⟩ ⟨ϕb | δ1ϕa⟩ =
∑

c:Ec ̸=Ea

⟨ϕc | δH |ϕa⟩
(Ea − Ec)

|ϕc⟩ +
∑

b:Eb=Ea

|ϕb⟩ ⟨ϕb | δ1ϕa⟩ . (B.54)
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We may impose on the perturbed states the condition that they should be orthonormal,〈
ϕb + δ1ϕb +O(ε2)

∣∣ϕa + δ1ϕa +O(ε2)
〉
= δab for Ea = Eb. (B.55)

⟨ϕb |ϕa⟩︸ ︷︷ ︸
δab

+ ⟨ϕb | δ1ϕa⟩+ ⟨δ1ϕb |ϕa⟩+O(ε2) = δab for Ea = Eb. (B.56)

So we have the condition

⟨ϕb | δ1ϕa⟩+ ⟨δ1ϕb |ϕa⟩ = 0 for Ea = Eb. (B.57)

This means that the matrix ⟨ϕb | δ1ϕa⟩ = Aba is anti-Hermitian for Ea = Eb, that is: Aba = −A∗
ab.

Apart from this condition, the matrix Aba is undetermined at this point (for more details see
section 5.1 of [15]).

B.2.2 Second order.

We will compute now the change in energies due to a perturbation δH, to second order in
whatever small parameter ε appears in the perturbed Hamiltonian. Second-order perturbations
are of special importance when the first-order perturbation vanishes, as it happens for the Stark
shift of atomic energy levels in an electric field for the 1s1/2, 2p3/2, etc., states of hydrogen and
almost all states of other atoms.

We could compute second-order corrections due only to a perturbation proportional to ε,
which can be denoted as δ1H. However, with very little extra effort we can be more general
and, besides δ1H, include also in the Hamiltonian a possible term δ2H which is itself of second
order in ε. Thus δH = δ1H+ δ2H, and

H = H0 + δ1H+ δ2H. (B.58)

Going back to the Schrödinger equation (B.35),

H0δϕa + δHϕa + δHδϕa = Eaδϕa + δEaϕa + δEaδϕa,

and equating the terms of second order in ε on both sides, we get

H0δ2ϕa + δ2Hϕa + δ1Hδ1ϕa = Eaδ2ϕa + δ2Eaϕa + δ1Eaδ1ϕa. (B.59)

Non-degenerate case

Let’s first consider the non-degenerate case, where none of the states we are interested in have
the same unperturbed energies. To find the second-order energy shift we need to take the scalar
product of the previous equation with the state ϕa,

⟨ϕa |H0 | δ2ϕa⟩+ ⟨ϕa | δ2H |ϕa⟩+ ⟨ϕa | δ1H | δ1ϕa⟩ = Ea ⟨ϕa | δ2ϕa⟩+ δ2Ea + δ1Ea ⟨ϕa | δ1ϕa⟩ .

Since H0 is Hermitian, the term ⟨ϕa |H0 | δ2ϕa⟩ = Ea ⟨ϕa | δ2ϕa⟩ cancels with the corresponding
term in the right-hand side and we are left with

⟨ϕa | δ2H |ϕa⟩+ ⟨ϕa | δ1H | δ1ϕa⟩ = δ1Ea ⟨ϕa | δ1ϕa⟩+ δ2Ea. (B.60)

We choose the phase normalization of the perturbed state vector so that ⟨ϕa | δ1ϕa⟩ = 0 as
before, so this term can be dropped and the last equation becomes

δ2Ea = ⟨ϕa | δ2H |ϕa⟩+ ⟨ϕa | δ1H | δ1ϕa⟩ . (B.61)

The second matrix element of the right-hand side can be computed using the first order result

δ1ϕa =
∑
b̸=a

⟨ϕb | δ1H |ϕa⟩
(Ea − Eb)

|ϕb⟩ , (B.62)



Quantum Physics III. Monday 7th September, 2026, 11:08. 295

to get

⟨ϕa | δ1H | δ1ϕa⟩ =
∑
b̸=a

⟨ϕb | δ1H |ϕa⟩
(Ea − Eb)

⟨ϕa | δ1H |ϕb⟩ =
∑
b̸=a

| ⟨ϕb | δ1H |ϕa⟩ |2

(Ea − Eb)
. (B.63)

Therefore the second-order energy shift is

δ2Ea =
∑
b̸=a

| ⟨ϕb | δ1H |ϕa⟩ |2

(Ea − Eb)
+ ⟨ϕa | δ2H |ϕa⟩ . (B.64)

When one says that an energy shift is produced by the emission and reabsorption of some
virtual particle, as for instance the Lamb shift is produced by the emission and reabsorption of
a virtual photon by the electron in the hydrogen atom, what is meant is that δ2Ea (or a higher-
order correction) receives an important contribution from a state ϕb containing that particle.
Note that, if ϕa is the state of lowest energy of the system, then (in the absence of δ2H) the
second-order energy shift of its energy is always negative, because all other states have Eb > Ea.

To calculate the second-order shift δ2ϕa in the state vectors we need to take the scalar
product of (B.59) with ϕb for b ̸= a, and then impose the condition that ϕa + δ1ϕa + δ2ϕa + . . .
has unit norm to find the value of ⟨ϕa | δ2ϕa⟩, which cannot be chosen to be zero now. We do
not go into this procedure here since the second-order shift in the state vectors will not be used
in this course.

Degenerate case

In the degenerate case some of the states which we are interested in have the same unperturbed
energies. The calculation of the second-order energy shift follows the same steps as before until
we get again equation (B.60),

⟨ϕa | δ2H |ϕa⟩+ ⟨ϕa | δ1H | δ1ϕa⟩ = δ1Ea ⟨ϕa | δ1ϕa⟩+ δ2Ea. (B.60)

The orthonormality condition (B.41), ⟨ϕa + δ1ϕa |ϕa + δ1ϕa⟩ = 1, tells us that ⟨ϕa | δ1ϕa⟩ is
imaginary, so it can again be made to vanish by a suitable choice of phase of ϕa+ δ1ϕa. We can
use Eq. (B.54)

δ1ϕa =
∑

c:Ec ̸=Ea

⟨ϕc | δ1H |ϕa⟩
(Ea − Ec)

|ϕc⟩ +
∑

b:Eb=Ea

|ϕb⟩ ⟨ϕb | δ1ϕa⟩ , (B.54)

for δ1ϕa in the second term ⟨ϕa | δ1H | δ1ϕa⟩ on the left of Eq. (B.60). Since the unperturbed
states have been chosen so that ⟨ϕa | δ1H |ϕb⟩ vanishes for Eb = Ea but b ̸= a, and we have
chosen the phase of ϕa + δ1ϕa so that ⟨ϕa | δ1ϕa⟩ also vanishes, the second term in Eq. (B.54),
which involves unknown matrix elements, does not contribute to the second term on the left of
Eq. (B.60),

⟨ϕa | δ1H | δ1ϕa⟩ =
∑

c:Ec ̸=Ea

⟨ϕc | δ1H |ϕa⟩
(Ea − Ec)

⟨ϕa | δ1H |ϕc⟩ +
∑

b:Eb=Ea

⟨ϕb | δ1ϕa⟩ ⟨ϕa | δ1H |ϕb⟩︸ ︷︷ ︸
=0

.

Therefore we arrive at

δ2Ea =
∑

c:Ec ̸=Ea

| ⟨ϕa | δ1H |ϕc⟩ |2

(Ea − Ec)
+ ⟨ϕa | δ2H |ϕa⟩ . (B.65)

This is the same result as in the non-degenerate case (B.64), except that here we have to specify
not only that the intermediate states ϕc have c ̸= a, but also that they have Ec ̸= Ea.
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B.3 Time-dependent perturbation theory and Fermi’s golden
rule.

Let ϕk(x, t) be the normalised solutions to the Schrödinger equation for the unperturbed time–
independent Hamiltonian H0. We have then

H0ϕk = Ekϕk, ⟨ϕj |ϕk⟩ = δjk. (B.66)

Let V (x, t) be an interaction Hamiltonian which will be treated as a small perturbation to
H0. We will see that V is going to induce transitions between the sates. The time–dependent
Schrödinger equation is

iℏ
dψ

dt
= [H0 + V (x, t)]ψ. (B.67)

We assume the ϕk states to be also a complete set of the perturbed system, so that a generic
state ψ(x, t) can be written as

ψ(x, t) =
∑
k

ck(t)ϕk(x)e
−iEkt/ℏ. (B.68)

Note that the coefficients ck(t) have a time–dependence. This will lead to the possibility of
transitions between states to occur. Inserting (B.68) into (B.67) we get a set of differential
equations for ck(t),

iℏ
∑
k

[
dck
dt
ϕke

−iEkt/ℏ − i

ℏ
Ekckϕke

−iEkt/ℏ
]
=
∑
k

ckH0ϕke
−iEkt/ℏ +

∑
k

V ckϕke
−iEkt/ℏ, (B.69)

iℏ
∑
k

dck
dt
ϕke

−iEkt/ℏ =
∑
k

V ck(t)ϕke
−iEkt/ℏ. (B.70)

Take the system to be at t = 0 in the initial state |i⟩ = ϕi. The coefficients at t = 0 are
then ck(0) = δik. We assume the perturbing Hamiltonian to be sufficiently small so that the
coefficients satisfy at all times, as a first approximation, the relations ci(t) ≈ 1 and ck ̸=i(t) ≈ 0.
Therefore equation (B.70) can be written as

iℏ
∑
k

dck
dt
ϕke

−iEkt/ℏ ≈ V ϕie
−iEit/ℏ. (B.71)

We are interested in finding the transition probability from the initial state |i⟩ to a particular
final state |f⟩ = ϕf . This is related to the coefficient cf (t). Multiplying both sides of (B.71) on
the left by ϕ∗f and integrating we get

iℏ
∑
k

dck
dt
e−i(Ek−Ef )t/ℏ

∫
ϕ∗fϕk d

3x = e−i(Ei−Ef )t/ℏ
∫
ϕ∗fV ϕi d

3x, (B.72)

dcf
dt

= − i

ℏ
⟨f |V | i⟩ ei(Ef−Ei)t/ℏ = − i

ℏ
Tfie

i(Ef−Ei)t/ℏ. (B.73)

where the orthogonality relation ⟨f |k⟩ = δfk has been used. Note that the transition matrix
element

Tfi = ⟨f |V | i⟩ =
∫
ϕ∗fV ϕi d

3x, (B.74)

has dimensions of energy because both ϕi and ϕf are normalized by a volume integral. According
to the differential equation for cf (B.73), at time t = T the amplitude for transitions to the state
|f⟩ is given by

cf (T ) = − i

ℏ

∫ T

0
Tfi e

i(Ef−Ei)t/ℏ dt. (B.75)
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To first order, the transition matrix element is Tfi = ⟨f |V | i⟩. It was derived assuming the
perturbing Hamiltonian to be sufficiently small so that the coefficients satisfy at all times the
relations ci(t) ≈ 1 and ck ̸=i(t) ≈ 0. The second-order approximation can be obtained by taking

again ci(t) ≈ 1 and substituting the expression cf (T ) = − i
ℏ
∫ T
0 Tfi e

i(Ef−Ei)t/ℏ dt for ck ̸=i(t) into
(B.70).

ck(t) = − i

ℏ

∫ t

0
Tki e

i(Ek−Ei)t
′/ℏ dt′, iℏ

∑
k

dck
dt
ϕke

−iEkt/ℏ =
∑
k

V ck(t)ϕke
−iEkt/ℏ.

iℏ
∑
k

dck
dt
ϕke

−iEkt/ℏ = V ci(t)ϕie
−iEit/ℏ − i

ℏ
∑
k ̸=i

[∫ t

0
Tki e

i(Ek−Ei)t
′/ℏ dt′

]
V ϕke

−iEkt/ℏ.

Setting now ci(t) ≈ 1 and taking the inner product with a particular final state ϕf (x) we get

iℏ
∑
k

dck
dt

⟨ϕf |ϕk⟩ e−i(Ek−Ef )t/ℏ = ⟨ϕf |V |ϕi⟩ e−i(Ei−Ef )t/ℏ

− i

ℏ
∑
k ̸=i

[∫ t

0
Tki e

i(Ek−Ei)t
′/ℏ dt′

]
⟨ϕf |V |ϕk⟩ e−i(Ek−Ef )t/ℏ.

dcf
dt

= − i

ℏ
⟨ϕf |V |ϕi⟩ ei(Ef−Ei)t/ℏ

+

(
− i

ℏ

)2∑
k ̸=i

⟨ϕf |V |ϕk⟩ ei(Ef−Ek)t/ℏ
[∫ t

0
⟨ϕk |V |ϕi⟩ ei(Ek−Ei)t

′/ℏ dt′
]
.

Assuming that the perturbation V is not present at t = 0 and that for t > 0 is constant, the
integral in the previous equation can be written as∫ t

0
⟨ϕk |V |ϕi⟩ ei(Ek−Ei)t

′/ℏ dt′ = ⟨ϕk |V |ϕi⟩
ei(Ek−Ei)t/ℏ

i(Ek − Ei)/ℏ
.

The improved differential equation for the cf (t) coefficient is then

dcf
dt

= − i

ℏ

⟨ϕf |V |ϕi⟩+
∑
k ̸=i

⟨ϕf |V |ϕk⟩ ⟨ϕk |V |ϕi⟩
(Ek − Ei)

 ei(Ef−Ei)t/ℏ. (B.76)

By comparing with equation (B.73) we can see that, to second order, the transition matrix
element is given by

Tfi = ⟨ϕf |V |ϕi⟩+
∑
k ̸=i

⟨ϕf |V |ϕk⟩ ⟨ϕk |V |ϕi⟩
(Ek − Ei)

. (B.77)

It is important to note that the second order term is obtained by summing the amplitudes of the
transitions occurring via all possible intermediate states |ϕk⟩. The full perturbation expansion
can be obtained by successive substitutions.

B.3.1 Constant perturbation.

If the perturbation is nearly constant,

V (t) =

{
0, for t < 0,

V, (independent of t) for t ≥ 0,
(B.78)
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the matrix element Tfi = ⟨f |V | i⟩ can be pulled out of the integral. Then

cf (T ) = − i

ℏ
Tfi

∫ T

0
ei(Ef−Ei)t/ℏ dt. (B.79)

The probability for a transition to the state |f⟩ is

Pfi = c∗f (T )cf (T ) =
|Tfi|2

ℏ2

∫ T

0

∫ T

0
e−i(Ef−Ei)t/ℏe+i(Ef−Ei)t

′/ℏ dt dt′. (B.80)

The double integral has the straightforward result∫ T

0

∫ T

0
e−i(Ef−Ei)t/ℏe+i(Ef−Ei)t

′/ℏ dt dt′ =
4ℏ2

(Ef − Ei)2
sin2

[
(Ef − Ei)T

2ℏ

]
.

Therefore

Pfi =
4|Tfi|2

(Ef − Ei)2
sin2

[
(Ef − Ei)T

2ℏ

]
. (B.81)

A more meaningful quantity is the transition rate or probability per unit time Γfi from the
initial state |i⟩ to the single final state |f⟩, defined as Γfi = dPfi/dT , so

Γfi =
4|Tfi|2

(Ef − Ei)2
(Ef − Ei)

2ℏ
2 sin

[
(Ef − Ei)T

2ℏ

]
cos

[
(Ef − Ei)T

2ℏ

]
=

2|Tfi|2

ℏ(Ef − Ei)
sin

[
(Ef − Ei)T

ℏ

]
.

We are interested in what happens at large T . Using the properties of the Dirac delta function
we have5

lim
T→∞

Γfi =
2|Tfi|2

ℏ2
lim
T→∞

sin
[
(Ef − Ei)T/ℏ

]
(Ef − Ei)/ℏ

=
2|Tfi|2

ℏ2
π δ
(
(Ef − Ei)/ℏ

)
=

2|Tfi|2

ℏ2
ℏπ δ(Ef − Ei) =

2π|Tfi|2

ℏ
δ(Ef − Ei).

This is the Fermi golden rule for the transition rate from an initial state |i⟩ to a final state |f⟩,

Γfi =
2π

ℏ
|Tfi|2 δ(Ef − Ei). (B.82)

We can also express the Fermi golden rule in terms of the energy density of final states. In fact,
to compute the total transition rate we need to sum (integrate) over all possible final states.
Denoting by ρ(Ef ) the energy density of final states, meaning that ρ(Ef ) dEf is the number of
final states with energy between Ef and Ef + dEf , the total transition rate is given by

Γi =

∫
Γfi ρ(Ef ) dEf =

2π

ℏ

∫
|Tfi|2 δ(Ef − Ei) ρ(Ef ) dEf . (B.83)

Therefore

Γi =
2π

ℏ
|Tfi|2 ρ(Ei). (B.84)

5Remember that δ(x) =
1

2π

∫ +∞

−∞
eixt dt, and lim

t→∞

sin(xt)

πx
= δ(x). Also, δ(ax) =

1

|a|δ(x).
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B.3.2 Monochromatic perturbation.

If, instead of being nearly constant, we have a weak perturbation that oscillates at a single
frequency ω/2π and energy Eω = ℏω, as could be the case when an atom is subjected to
radiation of a given wavelength, we can write

V (t) = Ue−iωt + U †e+iωt = V (t) = Ue−iEωt/ℏ + U †e+iEωt/ℏ. (B.85)

Now we should return to equation (B.75) and perform the integration

cf (T ) = − i

ℏ

∫ T

0
Tfi e

i(Ef−Ei)t/ℏ dt = − i

ℏ

∫ T

0
⟨f |V | i⟩ ei(Ef−Ei)t/ℏ dt

= − i

ℏ

∫ T

0

[
⟨f |U | i⟩ ei(Ef−Ei−Eω)t/ℏ +

〈
f
∣∣∣U †

∣∣∣ i〉 ei(Ef−Ei+Eω)t/ℏ
]
dt

= − i

ℏ

∫ T

0

[
Ufi e

i(Ef−Ei−Eω)t/ℏ + U †
fi e

i(Ef−Ei+Eω)t/ℏ
]
dt

= − i

ℏ

∫ T

0

[
Ufi e

i(Ef−Ei−Eω)t/ℏ + U∗
if e

i(Ef−Ei+Eω)t/ℏ
]
dt

= − i

ℏ
Ufi

∫ T

0
ei(Ef−Ei−Eω)t/ℏ dt + U∗

if

∫ T

0
ei(Ef−Ei+Eω)t/ℏ dt.

Here Ufi denotes the matrix element ⟨f |U | i⟩ and, from the definition of Hermitian conjugate
or adjoint, we have

U †
fi =

〈
f
∣∣∣U †

∣∣∣ i〉 = ⟨Uf |U | i⟩ = ⟨i |Uf⟩∗ = ⟨i |U | f⟩∗ = U∗
if .

The integrations are again straightforward. Using the relation eix − 1 = 2i eix/2 sin(x/2), we
have

∫ T

0
ei(Ef−Ei±Eω)t/ℏ dt =

[
ei(Ef−Ei±Eω)t/ℏ

i(Ef − Ei ± Eω)/ℏ

]T
0

=
ei(Ef−Ei±Eω)T/ℏ − 1

i(Ef − Ei ± Eω)/ℏ

=
sin
[
(Ef − Ei ± Eω)T/2ℏ

]
(Ef − Ei ± Eω)/2ℏ

exp

[
i(Ef − Ei ± Eω)T

2ℏ

]
=

sin
(
Ω±T

)
Ω±

exp (iΩ±T ) ,

where

Ω± =
Ef − Ei ± Eω

2ℏ
.

Therefore

cf (T ) = − i

ℏ

[
Ufi

sin
(
Ω−T

)
Ω−

exp (iΩ−T ) + U∗
if

sin
(
Ω+T

)
Ω+

exp (iΩ+T )

]
.

The function sin(ΩT )/Ω has a prominent maximum at Ω = 0 and a series of decreasing secondary
maxima located at points Ω ̸= 0. At large times it becomes proportional to the Dirac delta
distribution,

lim
T→∞

sin
(
ΩT
)

Ω
= πδ(Ω). (B.86)

Thus, at large times the probability for a transition to the state |f⟩ is given by

Pfi = c∗f (T )cf (T ) ≈ 1

ℏ2
|Ufi|2

sin2
(
Ω−T

)
Ω2
−

+
1

ℏ2
|Uif |2

sin2
(
Ω+T

)
Ω2
+

. (B.87)
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The approximation made here is to neglect the cross terms in the product c∗f (T )cf (T ), because
at large T the function sin(Ω−T )/Ω− vanishes everywhere except at points very near to Ew =
Ef−Ei, while sin(Ω+T )/Ω+ vanishes everywhere except at points very near to Ew = −(Ef−Ei),
leading to essentially no overlap. The terms in equation (B.87) may describe, for example, the
emission (for Ef < Ei) or absorption (for Ef > Ei) of photons by the system.

Let us assume we are dealing with the absorption of radiation by the system. Then we take
the frequency of the perturbation to be close to (Ef −Ei)/ℏ. In other words, Eω ≈ Ef −Ei and
only the first term of equation (B.87) contributes, leading to

Pfi =
1

ℏ2
|Ufi|2

sin2
(
Ω−T

)
Ω2
−

=
1

ℏ2
|Ufi|2

sin2
[
(Ef − Ei − Eω)T/2ℏ

]
(Ef − Ei − Eω)2/4ℏ2

.

The transition rate is given by Γfi = dPfi(T )/dT . Denoting now the time by t, instead of T ,
we have then

Γfi =
dPfi
dt

=
1

ℏ2
|Ufi|2

2 sin
(
Ω−t

)
cos
(
Ω−t

)
Ω−

=
1

ℏ2
|Ufi|2

sin
(
2Ω−t

)
Ω−

=
2

ℏ2
|Ufi|2

sin
[
(Ef − Ei − Eω)t/ℏ

]
(Ef − Ei − Eω)/ℏ

.

Taking the limit for large t,

lim
t→∞

sin
[
(Ef − Ei − Eω)t/ℏ

]
(Ef − Ei − Eω)/ℏ

= π δ
(
(Ef − Ei − Eω)/ℏ

)
= πℏ δ(Ef − Ei − Eω).

So finally we get to the Fermi golden rule for the absorption of energy,

Γfi =
2π

ℏ
|Ufi|2 δ(Ef − Ei − Eω). (B.88)

In the case of stimulated emission of energy, where Eω = ℏω is close to Ei−Ef , we have instead

Γfi =
2π

ℏ
|Uif |2 δ(Ei − Ef − Eω). (B.89)

Note how the Dirac delta function enforces the conservation of energy.
We have computed the transition rate Γfi from an initial state |i⟩ to a given final state |f⟩,

but we may also compute the total transition rate by summing (integrating) over all possible
final states. Denoting by ρ(Ef ) the energy density of final states, meaning that ρ(Ef ) dEf is
the number of final states with energy between Ef and Ef + dEf , the total transition rate is
given by

Γi =

∫
Γfi ρ(Ef ) dEf =

2π

ℏ

∫
|Ufi|2 δ(Ef − Ei − Eω) ρ(Ef ) dEf . (B.90)

Therefore

Γi =
2π

ℏ
|Ufi|2 ρ(Ei + Eω). (B.91)

B.4 Variational methods.

Let’s see how the Schrödinger equation can be derived using a variational principle. To that
end, we will find the extrema of the functional I = ⟨ψ|H|ψ⟩ under the condition ⟨ψ|ψ⟩ = 1. In
other words, we want to find the Euler-Lagrange equation which ψ must satisfy for I to have a
stationary value (δI = 0) as ψ is varied arbitrarily. This can be done by requiring that

δ
[
⟨ψ|H|ψ⟩ − λ ⟨ψ|ψ⟩

]
= 0, (B.92)
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where λ is a Lagrange multiplier. We can write this as

δ
[
⟨ψ|H|ψ⟩ − λ ⟨ψ|ψ⟩

]
= δ
[
⟨ψ|(H− λ)|ψ⟩

]
= ⟨δψ|(H− λ)|ψ⟩+ ⟨ψ|(H− λ)|δψ⟩ = 0. (B.93)

Although |δψ⟩ and ⟨δψ| are not independent, it can be shown that we must require both terms
in the previous equation to vanish. Indeed, let’s write the variation on ψ as δψ = δu + iδv,
where δu and δv are two real independent variations. Then we have

⟨δψ|(H− λ)|ψ⟩+ ⟨ψ|(H− λ)|δψ⟩
= ⟨δu|(H− λ)|ψ⟩+ ⟨iδv|(H− λ)|ψ⟩+ ⟨ψ|(H− λ)|δu⟩+ ⟨ψ|(H− λ)|iδv⟩
= ⟨δu|(H− λ)|ψ⟩+ ⟨ψ|(H− λ)|δu⟩∗ + ⟨iδv|(H− λ)|ψ⟩+ ⟨iδv|(H− λ)|ψ⟩∗

= ⟨δu|(H− λ)|ψ + ψ∗⟩ − i ⟨δv|(H− λ)|ψ⟩+ i ⟨δv|(H− λ)|ψ∗⟩
= ⟨δu|(H− λ)|ψ + ψ∗⟩ − i ⟨δv|(H− λ)|ψ − ψ∗⟩ = 0, (B.94)

for all independent variations δu and δv. Therefore the Euler-Lagrange equations for this vari-
ational problem are

(H− λ) |ψ + ψ∗⟩ = 0, (H− λ) |ψ − ψ∗⟩ = 0, (B.95)

or
(H− λ) |ψ⟩+ (H− λ) |ψ∗⟩ = 0, (H− λ) |ψ⟩ − (H− λ) |ψ∗⟩ = 0. (B.96)

Adding and subtracting the two equations we obtain

(H− λ) |ψ⟩ = 0, (H− λ) |ψ∗⟩ = ⟨ψ| (H− λ) = 0. (B.97)

These two are equivalent forms of the Schrödinger equation (H−E) |ψ⟩ = 0, where the Lagrange
multiplier gets to be interpreted as an eigenvalue of the Hamiltonian. Thus any function ψ for
which the functional I = ⟨ψ|H|ψ⟩ is stationary is an eigenfunction of H with eigenvalue E.
Conversely, if ψ is an eigenfunction of H and E the corresponding energy, the functional is
stationary.

The variational method is very useful to find approximate solutions to the Schrödinger equa-
tion. The method needs to be provided with a first trial function ψ intended to serve as an
approximate solution. We define an energy E as

E =
⟨ψ|H|ψ⟩
⟨ψ|ψ⟩

. (B.98)

Let ψk be an eigenstate of H with eigenvalue Ek. Then

E − Ek =
⟨ψ|H|ψ⟩
⟨ψ|ψ⟩

− Ek =
⟨ψ|H|ψ⟩ − ⟨ψ|ψ⟩Ek

⟨ψ|ψ⟩
=

⟨ψ|(H− Ek)|ψ⟩
⟨ψ|ψ⟩

. (B.99)

We will assume that ψ and ψk differ by a small variation,

ψ = ψk + δψ, with ⟨ψk|δψ⟩ = 0. (B.100)

Taking into account this orthogonality relation and the Hermitian property of H, we have

E − Ek =
⟨ψk + δψ|(H− Ek)|ψk + δψ⟩

⟨ψ|ψ⟩

=
⟨ψk|(H− Ek)|ψk⟩+ ⟨ψk|(H− Ek)|δψ⟩+ ⟨δψ|(H− Ek)|ψk⟩+ ⟨δψ|(H− Ek)|δψ⟩

⟨ψ|ψ⟩

=
⟨δψ|(H− Ek)|δψ⟩

⟨ψ|ψ⟩
. (B.101)
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This tells us that the difference between E and the true eigenvalue Ek when the trial function
ψ differs from the true eigenstate ψk by δψ, varies quadratically with δψ. The lowest non-
vanishing order of the variation in E is of second order and therefore the first-order variation
in E must vanish, δE = 0. This is the so-called variational principle, which says that the best
approximation to the eigenvalue Ek is obtained by varying ψ, or the parameters on which it
may depend, so that the condition δE = 0 is satisfied.

Let ψk be a complete orthonormal set of eigenstates with eigenvalues Ek. Then we may
write

Hψk = Ekψk, ⟨ψk|ψℓ⟩ = δkℓ, ψ =
∑
k

akψk. (B.102)

We will assume ψ is already normalized, so

E = ⟨ψ|H|ψ⟩ =
∑
kℓ

a∗kaℓ ⟨ψk|H|ψℓ⟩ =
∑
kℓ

a∗kaℓEℓ ⟨ψk|ψℓ⟩ =
∑
k

|ak|2Ek, (B.103)

⟨ψ|ψ⟩ =
∑
kℓ

a∗kaℓ ⟨ψk|ψℓ⟩ =
∑
kℓ

a∗kaℓδkℓ =
∑
k

|ak|2 = 1. (B.104)

Now let E0 be the ground state, that is, E0 ≤ Ek for all k. Then

E =
∑
k

|ak|2Ek ≥ E0

∑
k

|ak|2 = E0. (B.105)

What we have obtained is the very sensible result that the energy E associated to the trial
function ψ can never be below the ground state. The closer ψ is to the ground state, the smaller
the difference E−E0 will be. The typical procedure when trying to find the ground state energy
of a system using the variational method is to optimize a trial function with respect to one
or several parameters. Of course, one needs some physical insight into the problem to choose
an appropriate trial function in the first place. It should also be noted that the trial function
optimized with respect to the total energy is not necessarily the best function with which to
calculate properties other than the energy.

Let’s apply the variational method to a specific form of trial function, which we write as a
linear combination of some other set of functions which are not themselves necessarily orthogonal,

ψ =
∑
i

aiϕi, where ⟨ϕi|ϕj⟩ = Sij (B.106)

is known as the overlap integral. Now we have

E =
⟨ψ|H|ψ⟩
⟨ψ|ψ⟩

=
⟨
∑

i aiϕi|H|
∑

j ajϕj⟩
⟨
∑

i aiϕi|
∑

j ajϕj⟩
=

∑
i,j a

∗
i aj ⟨ϕi|H|ϕj⟩∑
i,j a

∗
i ajSij

=

∑
i,j a

∗
i ajHi,j∑

i,j a
∗
i ajSij

, (B.107)

where Hi,j = ⟨ϕi|H|ϕj⟩. When both sides of the equation

E
∑
i,j

a∗i ajSij =
∑
i,j

a∗i ajHi,j (B.108)

are differentiated with respect to one of the coefficients, for example a∗k, one obtains(
∂E

∂a∗k

)∑
i,j

a∗i ajSij + E
∑
j

ajSkj =
∑
j

ajHkj . (B.109)

From this, a stationary value for the energy can be found by setting ∂E/∂a∗k = 0, which leads
to ∑

j

aj(Hkj − ESkj) = 0. (B.110)
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This procedure has to be repeated for the rest of the coefficients, obtaining additional equations
of the same type. We’ll have as many conditions as the number of functions ϕi, forming a
system of homogeneous equations which can be solved when the following determinant (secular
equation) vanishes, ∣∣∣∣∣∣∣

H11 − ES11 H12 − ES12 . . .
H21 − ES21 H22 − ES22 . . .

...
...

...

∣∣∣∣∣∣∣ = 0. (B.111)

The solution to the secular equation provides a set of energies, the lowest one being an upper
bound to the true ground state energy. The remaining energies are often interpreted as approxi-
mations to the energies of the excited states, although this has to be done with care and with the
necessary attention to the fact that states associated to different energies must be orthogonal.

B.5 Rotations, spin and angular momentum.

The laws of nature should not depend on how we may care to orient our laboratory. It is
then expected for our fundamental theories to be rotational invariant. It will be shown that this
invariance leads to the existence of a conserved angular momentum three–vector J. A rotation in
the ordinary three–dimensional space is a linear transformation x′i =

∑
j Rijxj of the Cartesian

coordinates xi that leaves invariant the scalar product xy =
∑

i xiyi.

∑
i

x′ix
′
i =

∑
i

∑
j

Rijxj

(∑
k

Rikxk

)
=
∑
j,k

(∑
i

RijRik

)
xjxk =

∑
j

xjxj . (B.112)

This implies ∑
i

RijRik = δjk, or RTR = 1, (B.113)

where RT denotes the transpose of a matrix, [RT ]ji = [R]ij , and 1 stands for the unit matrix,
[1]jk = δjk. Since det(AB) = det(A) det(B), and det(AT ) = det(A), we see that [det(R)]2 = 1,
so det(R) = ±1. Every matrix with non-zero determinant has an inverse, and multiplying the
relation RTR = 1 on the right by R−1 tells us that RT = R−1. This inverse is also an orthogonal
matrix, because (R−1)TR−1 = (RT )TRT = RRT = 1. Note also that (AB)T = BTAT , which
implies that the product of any two orthogonal matrices is also an orthogonal matrix:

(AB)TAB = BTATAB = BTB = 1. (B.114)

The set of all real orthogonal 3× 3 matrices forms the group known as O(3).
Space inversions, x → −x, satisfy also the relation RTR = 1. To restrict our attention only

to rotations we need to demand the determinant of R to be +1, det(R) = +1. The rotations
form a group of O(3), known as the special orthogonal group in three dimensions SO(3). In N
dimensions, the special orthogonal group is denoted as SO(N).

Of course, the operator R acts on the ordinary three-dimensional space, not on the Hilbert
space. Nevertheless, a rotation induces a unitary transformation on the Hilbert space of physical
states, Ψ′ = U(R)Ψ. It is clear that the following relation should hold,

U(R2)U(R1) = U(R2R1). (B.115)

On any operator V representing a vector observable, U(R) must induce the following rotation6

U−1(R)ViU(R) =
∑
j

RijVj . (B.116)

6This could be taken as the definition of a vector operator. That is, a vector operator is one that transforms
under a rotation as shown in equation (B.116). Alternatively, as we will see in a moment, a vector operator can
be defined through its commutation relations with the generators of rotations.
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An infinitesimal rotation can be written as

Rij = δij + ωij +O(ω2), R = I + ω +O(ω2). (B.117)

The second relation is written in matrix notation. The condition RTR = 1 gives

(I + ωT +O(ω2))(1 + ω +O(ω2)) = 1 + ωT + ω +O(ω2), (B.118)

so we must have ω = −ωT , which means

ωij = −ωji. (B.119)

The most general unitary operator U(R) for such infinitesimal rotations is written as a power
series in the ω parameters. The first non-trivial term must be a linear combination formed by
products of the ωij parameters and a set of operators Jij on the Hilbert space. Thus7

U(1 + ω) = I− i

2ℏ
∑
ij

ωijJij +O(ω2). (B.120)

The factor 1/ℏ is inserted in order to give Jij the dimensions of ℏ, the same as distance times
momentum. It can be easily checked that with this definition Jij is a set of Hermitian operators.
Indeed, write the relation U †U = I asI+

i

2ℏ
∑
ij

ωijJ
†
ij

(I− i

2ℏ
∑
kℓ

ωkℓJkℓ

)
= I− i

2ℏ
∑
kℓ

ωkℓJkℓ +
i

2ℏ
∑
ij

ωijJ
†
ij

= I− i

2ℏ
∑
kℓ

ωkℓ

(
Jkℓ − J†

kℓ

)
= I =⇒ Jkℓ = J†

kℓ. (B.121)

It can be seen that the commutators of the components of a vector operator with the Jij are

i

ℏ
[Vk, Jij ] = δikVj − δjkVi. (B.122)

The commutation rule for the Jij themselves is8

i

ℏ
[Jij , Jkℓ] = −δiℓJkj + δikJℓj − δjℓJik. (B.123)

So far, all this could be applied to rotationally invariant theories in spaces of any dimensionality.9

In three dimensions it is very convenient to express Jij in terms of a three-component operator
J, defined by

J1 ≡ J23, J2 ≡ J31, J3 ≡ J12. (B.124)

7Some authors write equation (B.120) with a plus sign, which leads to write the unitary operator for finite
rotations as U(R) = exp(iJω/ℏ). This corresponds to the passive point of view for rotations, where the reference
frame itself is rotated and the physical system is kept fixed. That is the convention adopted, for example, in
Weinberg’s book [15]. We are using here the active point of view for rotations, where the physical system is
rotated and the reference frame is kept fixed. This is the convention adopted in Sakurai-Napolitano’s book [13],
and leads to U(R) = exp(−iJω/ℏ), as shown below.

8Although this is not difficult to prove, we skip the derivation here. For more details the reader is referred to
chapter 4 of [15].

9The rotation group in N dimensions, SO(N), formed by the group of N × N orthogonal matrices with
determinant +1, has N(N − 1)/2 generators. It is useful to note that, in N dimensions, a simple rotation
is performed in a plane, not around an axis as we are used to think in 3D, so the generators correspond to
independent planes of rotations. In more than 3 dimensions there are several different base vectors orthogonal to
a given plane defined by any two base vectors, therefore it is impossible to define rotation axes. The number of
independent planes you can choose from N dimensions is the number of ways to pick 2 directions out of N :(

N
2

)
=
N(N − 1)

2
.

This gives the number of generators. For N = 3 we have 3 generators, for N = 4 we have 6 etc.
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In a more compact way,

Jk ≡
1

2

∑
ij

ϵijkJij , Jij =
∑
k

ϵijkJk, (B.125)

where ϵijk is the usual totally antisymmetric Levi–Civita tensor, whose only non–vanishing
components are ϵ123 = ϵ231 = ϵ312 = +1 and ϵ213 = ϵ321 = ϵ132 = −1. The unitary operator for
infinitesimal rotations takes now the form

U(1 + ω) = I− i

ℏ
ω · J+O(ω2), (B.126)

where

wk ≡
1

2

∑
ij

ϵijkwij . (B.127)

The rotation here is by an infinitesimal angle |ω| around an axis in the direction of ω. The
three–vector operator J is the generator of spatial rotations. This can be taken as the definition
of angular momentum in quantum mechanics. The unitary operator for an arbitrary rotation,
not necessarily infinitesimal, is given by

U(R) = exp

(
− i

ℏ
J · ω

)
. (B.128)

It can be seen that the commutation relations between the components of the three–vector
operator J and any other three–vector operator V are

[Ji, Vj ] = iℏ
∑
k

ϵijkVk. (B.129)

In fact, a vector operator can be defined as one that verifies the previous commutation relations
with the generators of spatial rotations. A scalar operator commutes with those generators,
[Ji, S] = 0. Also, as appropriate for a vector operator, the commutation relations between the
components of J itself are

[Ji, Jj ] = iℏ
∑
k

ϵijkJk. (B.130)

Using just the these commutation relations it is possible to work out the eigenvalues of J2 and
J3, and the action of J on a multiplet of eigenvectors of these operators. It is found that the
common eigenstates of J2 and J3 can be labelled with two numbers, j and m, with j integer
or half integer and m running by unit steps from −j to +j. Denoting the eigenstates by |jm⟩,
the eigenvalue equations are

J3 |jm⟩ = ℏm |jm⟩ , J2 |jm⟩ = ℏ2j(j + 1) |jm⟩ , m = −j,−j + 1 . . .+ j. (B.131)

We have also (
J1 ± iJ2

)
|jm⟩ = ℏ

√
j(j + 1)−m(m± 1) |jm± 1⟩ . (B.132)

By carefully studying how the unitary operator U(R) acts on the wave functions in the
coordinate representation, Ψ(X), it can be seen that the total angular momentum operator J
acts on Ψ(X) as

JΨ(X) = −iℏ(X×∇)Ψ(X). (B.133)

Defining the orbital angular momentum operator as10 L ≡ X×P, the previous relation becomes

JΨ(X) = LΨ(X). (B.134)

10Note that Weissbluth uses a slightly different definition: L = 1
ℏX×P.
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This says that J acts on Ψ(X) like the L operator, but it does not say that J = L. As we will
see in a momment, J may have a term which does not act on space wave functions, like

JΨ(X) = (L+ S)Ψ(X) = LΨ(X). (B.135)

But we did not define S yet. By direct computation it is easy to see that L satisfies the same
commutation relations as J,

[Li, Lj ] = iℏ
∑
k

ϵijkLk. (B.136)

However, the true generator of rotations is J, not L, and since L is a vector it must satisfy the
same commutation relations with J as any other vector (equation B.129). Therefore

[Ji, Lj ] = iℏ
∑
k

ϵijkLk. (B.137)

If we now define an operator S ≡ J− L, so that

J = L+ S, (B.138)

then by subtracting (B.136) from (B.137) we find

[Ji, Lj ]− [Li, Lj ] = iℏ
∑
k

ϵijkLk − iℏ
∑
k

ϵijkLk = 0.

But

[Ji, Lj ]− [Li, Lj ] = [Li + Si, Lj ]− [Li, Lj ] = [Li, Lj ] + [Si, Lj ]− [Li, Lj ] = [Si, Lj ].

Therefore
[Si, Lj ] = 0. (B.139)

From equations (B.139), (B.138), (B.136) and (B.130) it is possible to infer that

[Si, Sj ] = iℏ
∑
k

ϵijkSk. (B.140)

The operator S acts as a new kind of angular momentum, and may be thought of as an internal
property of the particle, called the spin. The spin operator is not constructed from the particle’s
position and momentum operators, and commutes with them. Direct calculation gives

[Li, Xj ] = iℏ
∑
k

ϵijkXk, [Li, Pj ] = iℏ
∑
k

ϵijkPk. (B.141)

On the other hand, as every vector operator, X and P must satisfy

[Ji, Xj ] = iℏ
∑
k

ϵijkXk, [Ji, Pj ] = iℏ
∑
k

ϵijkPk. (B.142)

The difference between equations (B.141) and (B.142) gives

[Si, Xj ] = [Si, Pj ] = 0. (B.143)

The ladder operators, defined as J± = (J1 ± iJ2), satisfy

J± |jm⟩ = ℏ
√
j(j + 1)−m(m± 1) |j, (m± 1)⟩ , (B.144)

J1 =
1

2
(J+ + J−), J2 =

1

2i
(J+ − J−). (B.145)
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It is usual to define, by analogy with the spherical harmonics Y m
1 (θ, φ), the spherical components

of a general angular momentum J as

J+1 = − 1√
2
(Jx + iJy), J0 = Jz, J−1 =

1√
2
(Jx − iJy). (B.146)

Jx = − 1√
2
(J+1 − J−1), Jz = J0, Jy =

i√
2
(J+1 + J−1). (B.147)

The following relations are verified,

[J0, J±1] = ±J±1, [J+1, J−1] = −J0, J2 = J2
x + J2

y + J2
z . (B.148)

J2 = −J+1J−1 + J2
0 − J−1J+1 =

∑
q

(−1)qJqJ−q

= −2J+1J−1 + J0(J0 − 1) = −2J−1J+1 + J0(J0 + 1) (B.149)

J2 commutes with all the rectangular and spherical components of J, [J2, Jµ] = 0. The action
of the J±1 operators on the angular momentum eigenstates is

J±1 |jm⟩ = ∓ℏ
√

1
2 [j(j + 1)−m(m± 1)] |j, (m± 1)⟩ . (B.150)

We have written before the decomposition of the angular momentum operator in terms of its
spherical components. This can be done for any other vector (or tensor) operator. For example,
if A = (A1, A2, A3) = (Ax, Ay, Ax) are the cartesian components of an arbitrary vector operator,
its spherical components are given by

A+1
1 = − 1√

2
(Ax + iAy), A0

1 = Az, A−1
1 =

1√
2
(Ax − iAy). (B.151)

They are the components of the vector A when it is expanded in the basis of spherical vectors,
which are

ξ1 = − 1√
2

 1
i
0

 , ξ0 =

 0
0
1

 , ξ−1 =
1√
2

 1
−i
0

 . (B.152)

B.5.1 Angular momentum operators for j = 1/2, j = 1 and j = 3/2.

The spin-j representation matrix elements of the angular momentum operators can be computed
using the following relations,〈

jm′
∣∣∣ J (j)

3

∣∣∣ jm〉 =
[
J
(j)
3

]
m′m

= mℏ δm′m. (B.153)[
J
(j)
1

]
m′m

=
1

2

([
J
(j)
+

]
m′m

+
[
J
(j)
−

]
m′m

)
. (B.154)[

J
(j)
2

]
m′m

=
1

2i

([
J
(j)
+

]
m′m

−
[
J
(j)
−

]
m′m

)
. (B.155)[

J
(j)
+

]
m′m

= ℏ
√
j(j + 1)−m(m+ 1) δm′,m+1. (B.156)[

J
(j)
−

]
m′m

= ℏ
√
j(j + 1)−m(m− 1) δm′,m−1. (B.157)

The spin-j representation of the angular momentum operators for j = 1/2 is

J
(1/2)
3 =

ℏ
2

(
1 0
0 −1

)
, J

(1/2)
1 =

ℏ
2

(
0 1
1 0

)
, J

(1/2)
2 =

ℏ
2

(
0 −i
i 0

)
, (B.158)
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J
(1/2)
1 =

ℏ
2
σ1, J

(1/2)
2 =

ℏ
2
σ2, J

(1/2)
3 =

ℏ
2
σ3, (B.159)

where σ1, σ2 and σ3 are the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (B.160)

The basis states are

|1/2, 1/2⟩ =
(

1
0

)
, |1/2,−1/2⟩ =

(
0
1

)
. (B.161)

The spin-j representation of the angular momentum operators for j = 1 is

J
(1)
3 = ℏ

 1 0 0
0 0 0
0 0 −1

 , J
(1)
1 =

ℏ√
2

 0 1 0
1 0 1
0 1 0

 , J
(1)
2 =

iℏ√
2

 0 −1 0
1 0 −1
0 1 0

 .

(B.162)
The basis states are

|1, 1⟩ =

 1
0
0

 , |1, 0⟩ =

 0
1
0

 , |1,−1⟩ =

 0
0
1

 . (B.163)

The spin-j representation of the angular momentum operators for j = 3/2 is

J
(3/2)
3 = ℏ


3/2 0 0 0
0 1/2 0 0
0 0 −1/2 0
0 0 0 −3/2

 , J
(3/2)
1 =

ℏ
2


0

√
3 0 0√

3 0 2 0

0 2 0
√
3

0 0
√
3 0

 , (B.164)

J
(3/2)
2 =

ℏ
2i


0

√
3 0 0

−
√
3 0 2 0

0 −2 0
√
3

0 0 −
√
3 0

 , (B.165)

The basis states are

∣∣∣∣32 , 32
〉

=


1
0
0
0

 ,

∣∣∣∣32 , 12
〉

=


0
1
0
0

 ,

∣∣∣∣32 , −1

2

〉
=


0
0
1
0

 ,

∣∣∣∣32 , −3

2

〉
=


0
0
0
1

 .

(B.166)
Note that the previous representation matrices are written in the J3-eigenstate basis, there-

fore the J3 matrix is always diagonal. However, the matrix representations (B.268) and (B.270)
for j = 1 are written in the Cartesian basis. The relation between the cartesian components
and the spherical components of a vector can be seen in equation (B.151).11

Rotations of 2π for integer and half-integer spin systems.

From the previous matrix representations it is easy to see that a rotation of a |j,m⟩ state by an
angle θ about the z-axis can be written as

U3(θ) |j,m⟩ = exp

(
− i

ℏ
θJ3

)
|j,m⟩ = e−iθm |j,m⟩ . (B.167)

11Using the Jz matrix representation given by expression (B.268), check that the state vectors ξ1, ξ0 and ξ−1

given in (B.152) are in fact Jz eigenstates.



Quantum Physics III. Monday 7th September, 2026, 11:08. 309

This tells us that a θ = 2π rotation of a half-integer spin system (m half-integer) does not return
the same state, because we get an extra minus sign. Indeed,

U3(2π) |j,m⟩ = e−i2πm |j,m⟩ = e−iπ |j,m⟩ = − |j,m⟩ . (B.168)

To recover the exact original state we need to perform a 4π rotation

U3(4π) |j,m⟩ = e−i4πm |j,m⟩ = e−i2π |j,m⟩ = + |j,m⟩ . (B.169)

However, for integer spin systems (m integer) a 2π rotation does return the original state,

U3(2π) |j,m⟩ = e−i2πm |j,m⟩ = e−i2π |j,m⟩ = + |j,m⟩ . (B.170)

A mathematical object that picks up a minus sign after a 2π rotation wouldn’t be admissible
in classical mechanics. However, remember that observable magnitudes in quantum mechanics
are quadratic in the wavefunctions, therefore the minus sign is completely acceptable in this
case. It turns out that Nature fully exploits the mathematics of rotations and there are plenty
of half-integer spin systems. In fact, as far as we know, all elementary matter particles (quarks
and leptons) are spin-1/2 systems.

B.5.2 Representations of the rotation operator: rotation matrices.

Consider a system described by a set of vector states |j,m⟩ with definite value of angular
momentum j and 3-component m. We want to find the matrix elements of the unitary operator
U(R) that implements spatial rotations on this system. Remember that the operator U(R) is
given by

U(R) = exp

(
− i

ℏ
J · ω

)
. (B.171)

The rotation is performed around the direction of the vector ω by an angle of |ω| radians.
[J2, Ji] = 0, so [U(R), J2] = 0 and the matrix elements of U(R) must be diagonal in j,〈

j′,m′ ∣∣U(R)
∣∣ j,m〉 ∝ δj′j . (B.172)

For a given j, the U(R) operator can be represented by a (2j + 1) × (2j + 1) matrix, denoted

by D
(j)
m′m(R), whose elements are

D
(j)
m′m(R) ≡

〈
j,m′ ∣∣U(R)

∣∣ j,m〉 . (B.173)

These are called rotation matrices or Wigner matrices. A rotated vector state can be written as

|j,m⟩R = U(R) |j,m⟩ =
∑
m′

|j,m′⟩ ⟨j,m′|U(R)|j,m⟩ . (B.174)

This tells us directly how to obtain |j,m⟩R in terms of the rotation matrix elements

|j,m⟩R =
∑
m′

D
(j)
m′m(R) |j,m

′⟩ . (B.175)

As an example let’s quote the rotation matrix for a system of j = 1/2,

D(1/2)(θ, φ) =

(
e−iφ/2 cos θ2 −e−iφ/2 sin θ

2

eiφ/2 sin θ
2 eiφ/2 cos θ2

)
, (B.176)

where θ and φ are the usual polar and azimuth angular variables of the spherical coordinates.
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Figure B.1: Clebsch-Gordan coefficients for a few angular momentum couplings. Taken from
the Review of Particle Physics [14].

B.5.3 Clebsch-Gordan coefficients, 3j-symbols and 6j-symbols.

Two systems with angular momentum J1 and J2 can be considered together as a global system
with total angular momentum J3 = J1 + J2. Two different basis states of this third system
can be written as |j1j2j3m3⟩ and |j1j2m1m2⟩. Using the completeness relation of the states
|j1j2m1m2⟩ we may write

|j1j2j3m3⟩ =
∑
m1,m2

|j1j2m1m2⟩ ⟨j1j2m1m2 | j1j2j3m3⟩︸ ︷︷ ︸
CG

. (B.177)

The special matrix elements ⟨j1j2m1m2 | j1j2j3m3⟩ are called Clebsch-Gordan coefficients. They
can be all chosen to be real, so we can also write

|j1j2j3m3⟩ =
∑
m1,m2

⟨j1j2j3m3|j1j2m1m2⟩ |j1j2m1m2⟩ , (B.178)

with the inverse relations

|j1j2m1m2⟩ =
∑
j3,m3

⟨j1j2j3m3|j1j2m1m2⟩ |j1j2j3m3⟩ . (B.179)

An alternative notation is,

Ψm3
j1j2j3

=
∑
m1,m2

Cj1j2(j3m3;m1m2)Ψ
m1m2
j1j2

,

Ψm1m2
j1j2

=
∑
j3,m3

Cj1j2(j3m3;m1m2)Ψ
m3
j1j2j3

.
(B.180)

Figure (B.1) shows CG coefficients for a number of angular momentum configurations. As an
example of how to use it, consider the table corresponding to the 1 ⊗ 1 coupling. Since in
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that table j1 and j2 are fixed (to 1), we can shorten the notation and write |m1,m2⟩ instead of
|j1, j2,m1,m2⟩, and |j3,m3⟩ ≡ |J,M⟩ instead of |j1j2j3m3⟩. Thus

|m1,m2⟩ =
∑
J,M

⟨m1,m2|J,M⟩ |J,M⟩ . (B.181)

From the middle portion of the 1⊗ 1 table is now very easy to read the following relations

|+1,−1⟩ =
√

1
6 |2, 0⟩ +

√
1
2 |1, 0⟩ +

√
1
3 |0, 0⟩

|0, 0⟩ =
√

2
3 |2, 0⟩ −

√
1
3 |0, 0⟩

|−1,+1⟩ =
√

1
6 |2, 0⟩ −

√
1
2 |1, 0⟩ +

√
1
3 |0, 0⟩

(B.182)

Written in full detail, |j1j2m1m2⟩ =
∑

j3,m3
⟨j1j2m1m2|j1j2j3m3⟩ |j1j2j3m3⟩, they are

|1, 1,+1,−1⟩ =
√

1
6 |1, 1, 2, 0⟩ +

√
1
2 |1, 1, 1, 0⟩ +

√
1
3 |1, 1, 0, 0⟩

|1, 1, 0, 0⟩ =
√

2
3 |1, 1, 2, 0⟩ −

√
1
3 |1, 1, 0, 0⟩

|1, 1,−1,+1⟩ =
√

1
6 |1, 1, 2, 0⟩ −

√
1
2 |1, 1, 1, 0⟩ +

√
1
3 |1, 1, 0, 0⟩

(B.183)

Instead of using the Clebsch-Gordan coefficients to construct states of total angular mo-
mentum J3 from states with individual angular momenta J1 and J2, it is possible to use these
coefficients to construct a state Ψ of total angular momentum zero from states Ψm1m2m3

j1j2j3
with

three individual angular momenta:

Ψ =
∑

m1,m2,m3

(
j1 j2 j3
m1 m2 m3

)
Ψm1m2m3
j1j2j3

. (B.184)

The coefficients multiplying the states Ψm3m1m2
j3j1j2

are called 3j symbols, and are related to the
CG coefficients by(

j1 j2 j3
m1 m2 m3

)
=

(−1)j1−j2−m3

√
2j3 + 1

⟨j1j2m1m2 | j1j2j3 −m3⟩ (B.185)

Because of the symmetric way in which the three angular momenta appear in the coupling, the
3j symbols are symmetric under even permutations of columns,(

j1 j2 j3
m1 m2 m3

)
=

(
j2 j3 j1
m2 m3 m1

)
=

(
j3 j1 j2
m3 m1 m2

)
. (B.186)

Under odd permutations of columns they are related by a factor (−1)j1+j2+j3 , thus(
j1 j2 j3
m1 m2 m3

)
= (−1)j1+j2+j3

(
j2 j1 j3
m2 m1 m3

)
. (B.187)

Furthermore, (
j1 j2 j3
m1 m2 m3

)
=

(
j2 j3 j1
m3 m1 m2

)
=

(
j3 j1 j2
m2 m3 m1

)
. (B.188)

(
j1 j2 j3
m1 m2 m3

)
= 0, unless m1 +m2 +m3 = 0 and

j1 + j2 − j3
j1 − j2 + j3
−j1 + j2 + j3

 ≥ 0. (B.189)
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The last condition is usually denoted as △(j1j2j3). A useful recursion relation for the CG
coefficients is

√
j(j + 1)−m(m− 1) ⟨j1j2m1m2)|j1j2j(m− 1)⟩

=
√
j1(j1 + 1)−m1(m1 + 1) ⟨j1j2(m1 + 1)m2|j1j2jm⟩

+
√
j2(j2 + 1)−m2(m2 + 1) ⟨j1j2m1(m2 + 1)|j1j2jm⟩ (B.190)

Note that all three coefficients in this formula vanish unless m1 +m2 = m− 1.

When coupling three angular momenta it is common practice to introduce the so called 6j
symbols. They are denoted as {

j1 j2 j3
ℓ1 ℓ2 ℓ3

}
and are defined for integers and half-integers j1, j2, j3, ℓ1, ℓ2, ℓ3 whose triads (j1, j2, j3), (j1, ℓ2, ℓ3),
(ℓ1, j2, ℓ3), and (ℓ1, ℓ2, j3) satisfy the following conditions:

1. Each triad satisfies the triangular inequalities.12

2. The sum of the elements of each triad is an integer. Therefore, the members of each triad
are either all integers or contain two half-integers and one integer.

If these conditions are not satisfied the 6j is zero. The 6j symbols are invariant under permu-
tation of their columns, e.g., {

j1 j2 j3
ℓ1 ℓ2 ℓ3

}
=

{
j2 j1 j3
ℓ2 ℓ1 ℓ3

}
, (B.191)

and under exchange of two corresponding elements between rows, e.g.,{
j1 j2 j3
ℓ1 ℓ2 ℓ3

}
=

{
ℓ1 ℓ2 j3
j1 j2 ℓ3

}
. (B.192)

The 6j symbols can be computed using the following relation,

{
j1 j2 j3
ℓ1 ℓ2 ℓ3

}
= (−1)j1+j2+ℓ1+ℓ2 ∆(j1j2j3) ∆(ℓ1ℓ2j3) ∆(ℓ1j2ℓ3) ∆(j1ℓ2ℓ3)

×
∑
k

(−1)k(j1 + j2 + ℓ1 + ℓ2 + 1− k)!

k!(j1 + j2 − j3 − k)!(ℓ1 + ℓ2 − j3 − k)!(j1 + ℓ2 − ℓ3 − k)!(ℓ1 + j2 − ℓ3 − k)! α β
(B.193)

where the sum must be taken over all integer values of k so that the arguments of the factorials
are not negative, the last two coefficients in the denominator are given by

α = (−j1 − ℓ1 + j3 + ℓ3 + k)!, β = (−j2 − ℓ2 + j3 + ℓ3 + k)! (B.194)

and the triangle relations are defined by

∆(abc) =

√
(a+ b− c)!(a− b+ c)!(−a+ b+ c)!

(a+ b+ c+ 1)!
(B.195)

12The triangular inequality for the (j1, j2, j3) triad is |j1 − j2| ≤ j3 ≤ j1 + j2.
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B.5.4 Spherical harmonics.

The spherical harmomics, Y m
ℓ (θ, φ), are eigenfunctions of the orbital angular momentum and

satisfy the following differential equation,[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2

]
Y m
ℓ + ℓ(ℓ+ 1)Y m

ℓ = 0. (B.196)

They are given explicitly by

Y m
ℓ (θ, φ) = (−1)m

[
2ℓ+ 1

4π

(ℓ−m)!

(ℓ+m)!

]1/2
Pmℓ (cos θ)eimφ, (B.197)

and satisfy the orthogonality relation∫ 2π

φ=0

∫ π

θ=0
(Y m
ℓ )∗(θ, φ)Y m′

ℓ′ (θ, φ) sin θ dθ dφ = δmm′δℓℓ′ . (B.198)

We will need to use the integral of the product of three spherical harmonics, which is given by
the so-called Gaunt formula

〈
ℓ′m′ ∣∣YM

L

∣∣ ℓm〉 ≡ ∫ (Y m′
ℓ′ )∗(θ, φ)YM

L (θ, φ)Y m
ℓ (θ, φ) dΩ

=

∫ π

0
sin θ dθ

∫ 2π

0
dφ (Y m′

ℓ′ )∗(θ, φ)YM
L (θ, φ)Y m

ℓ (θ, φ)

= (−1)m
′
√

1

4π
(2ℓ′ + 1)(2L+ 1)(2ℓ+ 1)

(
ℓ′ L ℓ

−m′ M m

)(
ℓ′ L ℓ
0 0 0

)
. (B.199)

From the properties of the 3j-symbols it can be seen that this integral, or matrix element, is
zero unless −m′ +M +m = 0, the sum ℓ′ +L+ ℓ is an even integer, and the relation △(ℓ′Lℓ) is
satisfied. It is easier to remember these rules by realizing that they follow from the requirement
that the angular momentum quantum numbers ℓ′, m′ must arise from the angular momentum
addition rules aplied to L,M and ℓ,m, which are

ℓ′ = |L− ℓ|, |L− ℓ|+ 1, . . . , L+ ℓ and m′ =M +m.

This will become clearer after reading the next section about the Wigner-Eckart theorem since,
in fact, the Gaunt formula is a special case of the theorem.

B.5.5 The Wigner-Eckart theorem.

The angular momentum eigenstates |jm⟩ can depend on any number of other dynamical variables
which are invariant under the action of the symmetry generators Ji. In the following it will be
convenient to include possible additional quantum numbers in the labelling of the eigenstates,
such as |Φjm⟩ or, in an even better notation, |Φmj ⟩. Using this notation we can write(

J1 + iJ2
) ∣∣Φmj 〉 = ℏ

√
j(j + 1)−m(m+ 1)

∣∣∣Φm+1
j

〉
(
J1 − iJ2

) ∣∣Φmj 〉 = ℏ
√
j(j + 1)−m(m− 1)

∣∣∣Φm−1
j

〉
(
J1 ∓ iJ2

) ∣∣Φmj 〉 = ℏ
√
j(j + 1)−m(m∓ 1)

∣∣∣Φm∓1
j

〉
(
J1 − iJ2

) ∣∣∣Φm+1
j

〉
= ℏ

√
j(j + 1)− (m+ 1)(m+ 1− 1)

∣∣Φmj 〉
= ℏ

√
j(j + 1)−m(m+ 1)

∣∣Φmj 〉
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(
J1 + iJ2

) ∣∣∣Φm−1
j

〉
= ℏ

√
j(j + 1)− (m− 1)(m− 1 + 1)

∣∣Φmj 〉
= ℏ

√
j(j + 1)−m(m− 1)

∣∣Φmj 〉(
J1 ∓ iJ2

) ∣∣∣Φm±1
j

〉
= ℏ

√
j(j + 1)− (m± 1)(m± 1∓ 1)

∣∣∣Φm±1∓1
j

〉
= ℏ

√
j(j + 1)−m(m± 1)

∣∣Φmj 〉
As an application of these relations we can obtain a handy result that we will use to prove
the Wigner-Eckart theorem. Let |Ψjm⟩ ≡ |Ψm

j ⟩ be another multiplet of states which are also
eigenstates of angular momentum with the same eigenvalues. Then we have

ℏ
√
j(j + 1)−m(m± 1)

〈
Φm±1
j

∣∣∣Ψm±1
j

〉
=
〈
Φm±1
j

∣∣∣ (J1 ± iJ2
)
Ψm
j

〉
=
〈(
J1 ∓ iJ2

)
Φm±1
j

∣∣∣Ψm
j

〉
= ℏ

√
j(j + 1)−m(m± 1)

〈
Φmj

∣∣Ψm
j

〉
. (B.200)

Therefore 〈
Φm±1
j

∣∣∣Ψm±1
j

〉
=
〈
Φmj

∣∣Ψm
j

〉
. (B.201)

This shows that the quantity
〈
Φmj

∣∣∣Ψm
j

〉
is independent of m. We consider only the matrix

elements in which both state vectors have equal values of j and m, because both are eigenstates
of the Hermitian operators J2 and J3, so the matrix element would vanish unless they both had
the same eigenvalues (remember that eigenvectors with different eigenvalues are orthogonal),〈

Φm3
j3

∣∣∣Ψm2
j2

〉
= 0, unless j2 = j3 and m2 = m3. (B.202)

For a general operator, O, we would not expect its matrix elements between angular momen-

tum eigenstates,
〈
Φm3
j3

∣∣∣O ∣∣∣Ψm2
j2

〉
, to vanish or to be independent of the 3-components m3 and

m2. However, there is a special type of operators, called irreducible tensor operators, whose
matrix elements have a very simple dependence on the angular momentum 3-components: this
dependence is entirely contained in a Clebsch-Gordan coefficient.

An irreducible tensor operator of rank j is a set of 2j + 1 operators Omj (a tensor of 2j + 1
components), withm = −j,−j+1, . . . ,+j, such that the commutators of the rotation generators
with these operators are

[J3, O
m
j ] = ℏmOmj . (B.203)

[J1 ± iJ2, O
m
j ] = ℏ

√
j(j + 1)−m(m± 1)Om±1

j . (B.204)

It is also said the the operators Omj have spin j. Examples of irreducible tensor operators are the
spherical harmonics. Section B.6 contains a short introduction to irreducible tensor operators.
The previous commutation relations can also be written as

[Ji, O
m
j ] =

∑
m′

[
J
(j)
i

]
m′m

Om
′

j ,

with i = 1, 2, 3. These three relations are written in a compact way as

[J, Omj ] =
∑
m′

[
J(j)

]
m′m

Om
′

j , (B.205)

where
[
J(j)

]
m′m

is a matrix element of the spin-j representation of the angular momentum
operators,13 [

J
(j)
3

]
m′m

≡ ℏmδm′m, (B.206)[
J
(j)
1

]
m′m

± i
[
J
(j)
2

]
m′m

≡ ℏ
√
j(j + 1)−m(m± 1) δm′,m±1. (B.207)

13In section B.5.1 you can see the explicit representations for j = 1/2, j = 1 and j = 3/2.
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A scalar operator, for example, is one that commutes with all components of J, which trivially

agrees with the relations (B.203) and (B.204) if we set j = m = 0, for which J
(j)
m′m = 0. These

relations are also consistent with our previous definition of a vector operator V as one that
satisfies the commutation relations

[Ji, Vj ] = iℏ
∑
k

ϵijkVk. (B.129)

Indeed, since the spherical components of this vector are

V +1 = − 1√
2
(V1 + iV2), V −1 =

1√
2
(V1 − iV2), V 0 = V3, (B.208)

from the previous commutation relations it is easy to find

[J3, V
m] = mℏV m, [J1 ± iV2, V

m] = ℏ
√
2−m(m± 1)V m±1. (B.209)

This shows that the V m components form a set of 2j + 1 operators V m
1 , with j = 1.

The Wigner-Eckart theorem states that〈
Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉
=

1

2j3 + 1
⟨j1j2m1m2 | j1j2j3m3⟩ ⟨Φ ∥O ∥Ψ⟩ (B.210)

where ⟨j1j2m1m2 | j1j2j3m3⟩ is the Clebsch-Gordan coefficient associated with the coupling of
two angular momenta J1 and J2 to give J3, and ⟨Φ ∥O ∥Ψ⟩ is the so-called reduced matrix ele-
ment, which is independent of the angular momentum orientation. It can depend on everything
except the 3-components m1, m2 and m3. The Clebsch-Gordan coefficients are chosen to be all
real, so we can as well write ⟨j1j2j3m3 | j1j2m1m2⟩ or, Cj1j2(j3m3;m1m2), giving these other
two equivalent expressions of the theorem,〈

Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉
=

1

2j3 + 1
⟨j1j2j3m3 | j1j2m1m2⟩ ⟨Φ ∥O ∥Ψ⟩ . (B.211)

〈
Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉
=

1

2j3 + 1
Cj1j2(j3m3;m1m2) ⟨Φ ∥O ∥Ψ⟩ . (B.212)

In some sense, the Wigner–Eckart theorem states that operating with an irreducible tensor
operator of rank j1 on the angular momentum eigenstate Ψm2

j2
is like adding a state with angular

momentum j1 to it. The matrix element for the spherical tensor operator is proportional to the
Clebsch–Gordan coefficient which arises when adding the two angular momenta.

As an example of the usefullness of this theorem suppose we want to compute, in the dipole
approximation, the transition probability of an electron from a 4d to a 2p orbital in a hydrogen
atom. This involves calculating matrix elements of the form ⟨2p,m3 | ri | 4d,m2⟩, where ri is any
of the x, y, z components of the position operator, and m3 = (−1, 0, 1), m2 = (−2,−1, 0, 1, 2) are
the magnetic quantum numbers of the 2p and 4d orbitals. In principle there are 3× 5× 3 = 45
integrals to do, but the Wigner-Eckart theorem allows us to compute just one of them and infer
the remaining with the help of a CG table. From a qualitative point of view, this is due to the
fact that all these 45 calculations are all related to each other by rotations. If an electron is in
one of the three 2p orbitals, rotating the system is equivalent to moving the electron to a different
2p orbital (in general it will be a quantum superposition of the 3 basis states, m3 = −1, 0,+1).
Analogous statements apply for the five 4d orbitals and the three ri operator components. The
Wigner-Eckart theorem factorises out the angular dependence, which is encoded in the CG
coefficients.

To prove the theorem, let’s consider a general operator Om1
j1

of spin j1 and let it act on Ψm2
j2

to get
Om1
j1

Ψm2
j2

≡ Ωm1m2
j1j2

. (B.213)
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When multiplied with the angular momentum generators this state vector becomes

JiΩ
m1m2
j1j2

= JiO
m1
j1

Ψm2
j2

= JiO
m1
j1

Ψm2
j2

−Om1
j1

JiΨ
m2
j2

+Om1
j1

JiΨ
m2
j2

=
[
Ji, O

m1
j1

]
Ψm2
j2

+Om1
j1

JiΨ
m2
j2
.

(B.214)

The state JiΨ
m2
j2

can be written as

JiΨ
m2
j2

=
∑
m3

∣∣∣Ψm3
j2

〉〈
Ψm3
j2

∣∣∣ JiΨm2
j2

〉
= ℏ

∑
m3

[
J
(j2)
i

]
m3m2

Ψm3
j2
. (B.215)

Furthermore, according to (B.205),[
Ji, O

m1
j1

]
Ψm2
j2

= ℏ
∑
m3

[
J
(j1)
i

]
m3m1

Om3
j1

Ψm2
j2
. (B.216)

Therefore

JiΩ
m1m2
j1j2

= ℏ
∑
m3

[
J
(j1)
i

]
m3m1

Om3
j1

Ψm2
j2

+ Om1
j1

ℏ
∑
m3

[
J
(j2)
i

]
m3m2

Ψm3
j2
. (B.217)

JiΩ
m1m2
j1j2

= ℏ
∑
m3

[
J
(j1)
i

]
m3m1

Ωm3m2
j1j2

+ ℏ
∑
m3

[
J
(j2)
i

]
m3m2

Ωm1m3
j1j2

. (B.218)

The last expression shows that Ji acts on Ωm1m2
j1j2

just as if this were a state vector for a system
consisting of two particles with spins j1 and j2, and 3–components m1 and m2. Therefore, using
the CG coefficients, the state Ωm1m2

j1j2
can be written as the linear combination

Ωm1m2
j1j2

= Om1
j1

Ψm2
j2

=
∑
j3m3

⟨j1j2m1m2 | j1j2j3m3⟩ Ωm3
j1j2j3

,

=
∑
j3m3

Cj1j2(j3m3;m1m2) Ω
m3
j1j2j3

,
(B.219)

where Ωm3
j1j2j3

are state vectors of angular momentum j3 with 3–component m3. Thus

〈
Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉
=

〈
Φm3
j3

∣∣∣∣∣∣
∑
j′m′

Cj1j2(j
′m′;m1m2) Ω

m′
j1j2j′

〉

=
∑
j′m′

Cj1j2(j
′m′;m1m2)

〈
Φm3
j3

∣∣∣Ωm′
j1j2j′

〉
= Cj1j2(j3m3;m1m2)

〈
Φm3
j3

∣∣∣Ωm3
j1j2j3

〉
. (B.220)

In the last step we have used the fact that
〈
Φm3
j3

∣∣∣Ωm′
j1j2j′

〉
is zero unless j′ = j3 and m′ = m3.

Now, equation (B.201) applied to the state vectors Φ and Ω means that〈
Φm3±1
j3

∣∣∣Ωm3±1
j1j2j3

〉
=
〈
Φm3
j3

∣∣∣Ωm3
j1j2j3

〉
. (B.221)

As a consequence, the matrix element
〈
Φm3
j3

∣∣∣Ωm3
j1j2j3

〉
does not depend on the 3–component m3

value and we may write〈
Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉
=

1

2j3 + 1
Cj1j2(j3m3;m1m2) ⟨Φ ∥O ∥Ψ⟩ . (B.222)

This completes the proof of the theorem. The 1/(2j3 + 1) factor is just chosen for convenience,
but there are other conventions.
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Using this result it is easy to see that the matrix elements of all vector operators for state
vectors of definite angular momentum are parallel. Indeed, let A and B be any pair of vectors.
Applying the Wigner–Eckart theorem we have〈

Φm3
j3

∣∣∣Am1
1

∣∣∣Ψm2
j2

〉
=

1

2j3 + 1
C1j2(j3m3;m1m2) ⟨Φ ∥A ∥Ψ⟩ . (B.223)

〈
Φm3
j3

∣∣∣Bm1
1

∣∣∣Ψm2
j2

〉
=

1

2j3 + 1
C1j2(j3m3;m1m2) ⟨Φ ∥B ∥Ψ⟩ . (B.224)

Therefore, as long as ⟨Φ ∥B ∥Ψ⟩ does not vanish,〈
Φm3
j3

∣∣∣Am1
1

∣∣∣Ψm2
j2

〉
=

⟨Φ ∥A ∥Ψ⟩
⟨Φ ∥B ∥Ψ⟩

〈
Φm3
j3

∣∣∣Bm1
1

∣∣∣Ψm2
j2

〉
. (B.225)

Since this is true for the spherical components of the vectors, it is also true for the Cartesian
components of the operators, Ai and Bi,〈

Φm3
j3

∣∣∣Ai ∣∣∣Ψm2
j2

〉
=

⟨Φ ∥A ∥Ψ⟩
⟨Φ ∥B ∥Ψ⟩

〈
Φm3
j3

∣∣∣Bi ∣∣∣Ψm2
j2

〉
. (B.226)

We could as well write the previous equation in vector notation, with the understanding that
stands for three equations, one for each component〈

Φm3
j3

∣∣∣A ∣∣∣Ψm2
j2

〉
=

⟨Φ ∥A ∥Ψ⟩
⟨Φ ∥B ∥Ψ⟩

〈
Φm3
j3

∣∣∣B ∣∣∣Ψm2
j2

〉
. (B.227)

In particular, since J is itself a vector operator,〈
Φm3
j2

∣∣∣A ∣∣∣Ψm2
j2

〉
=

⟨Φ ∥A ∥Ψ⟩
⟨Φ ∥J ∥Ψ⟩

〈
Φm3
j2

∣∣∣J ∣∣∣Ψm2
j2

〉
. (B.228)

Note that we have written this result only for the case j2 = j3 because, since J commutes

with J2, the matrix elements
〈
Φm3
j3

∣∣∣J ∣∣∣Ψm2
j2

〉
would vanish if Φ and Ψ had different angular

momenta, j2 ̸= j3. However, the third components m2 and m3 don’t need to be equal because
Jx and Jy, are expressed in terms of the ladder operators, which change the values of the
third components. It is important to point out that this is a general rule only for the angular
momentum operator. Other operators may have non-vanishing matrix elements between states
of different total angular momentum.

The Wigner-Eckart theorem can be expressed using the 3j-symbols as〈
Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉
= (−1)j3−m3

(
j3 j1 j2

−m3 m1 m2

)
⟨Φ ∥O ∥Ψ⟩ (B.229)

By using this theorem we can separate those features of a physical process which depend on
geometry or symmetry properties (contained in the coupling coefficients) from those which de-
pend on the detailed physical interactions (contained in the reduced matrix elements). From
the properties of the coupling coefficients we can deduce the following selection rules,〈

Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉
= 0 unless m3 = m1 +m2 and △(j1j2j3). (B.230)

The 3j-symbols are real, so〈
Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉∗
= (−1)j3−m3

(
j3 j1 j2

−m3 m1 m2

)
⟨Φ ∥O ∥Ψ⟩∗ , (B.231)

and since the reduced matrix elements are independent of the projection quantum numbers, we
have ∑

m2m3

∣∣∣〈Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉∣∣∣2 = |⟨Φ ∥O ∥Ψ⟩|2
∑
m2m3

(
j3 j1 j2

−m3 m1 m2

)2

. (B.232)
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Now we can use the orthogonality condition of the 3j–symbols∑
m1m2

(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j′3
m1 m2 m′

3

)
=
δ(j3, j

′
3)δ(m3,m

′
3)

(2j3 + 1)
, (B.233)

to write ∑
m2m3

∣∣∣〈Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉∣∣∣2 = 1

2j1 + 1
|⟨Φ ∥O ∥Ψ⟩|2 . (B.234)

Since the right hand side of this formula is independent of m1 and there are just 2j1 + 1 values
of m1, we can perform also the sumation over m1 to get∑

m1m2m3

∣∣∣〈Φm3
j3

∣∣∣Om1
j1

∣∣∣Ψm2
j2

〉∣∣∣2 = |⟨Φ ∥O ∥Ψ⟩|2 . (B.235)

The Landé formula.

Let’s return to equation (B.228). Setting j2 = j, m3 = m, m2 = m′ and the ratio of reduced
matrix elements to C, we could rewrite that equation as〈

Φmj

∣∣∣A ∣∣∣Ψm′
j

〉
= C

〈
Φmj

∣∣∣J ∣∣∣Ψm′
j

〉
. (B.236)

To evaluate the constant C we can do〈
Φmj

∣∣A · J
∣∣Ψm

j

〉
=
∑
m′

〈
Φmj

∣∣∣A ∣∣∣Ψm′
j

〉〈
Ψm′
j

∣∣∣J ∣∣∣Ψm
j

〉
, (B.237)

and use the proportionality condition to write∑
m′

〈
Φmj

∣∣∣A ∣∣∣Ψm′
j

〉〈
Ψm′
j

∣∣∣J ∣∣∣Ψm
j

〉
= C

∑
m′

〈
Φmj

∣∣∣J ∣∣∣Ψm′
j

〉〈
Ψm′
j

∣∣∣J ∣∣∣Ψm
j

〉
= C

〈
Φmj

∣∣J2
∣∣Ψm

j

〉
= C j(j + 1)ℏ2. (B.238)

Therefore

C =

〈
Φmj

∣∣∣A · J
∣∣∣Ψm

j

〉
j(j + 1)ℏ2

, (B.239)

and 〈
Φmj

∣∣∣A ∣∣∣Ψm′
j

〉
=

〈
Φmj

∣∣∣A · J
∣∣∣Ψm

j

〉
j(j + 1)ℏ2

〈
Φmj

∣∣∣J ∣∣∣Ψm′
j

〉
(B.240)

This special form of the Wigner–Eckart theorem is known as the Landé formula.

B.6 Irreducible tensor operators.

We give here another definition of irreducible tensor operators. An irreducible tensor operator
T(k) of rank k is an object with 2k+1 components which, under a coordinate rotation r′ = Rr,
satisfy

PRT
(k)
q P−1

R =
∑
q′

T
(k)
q′ D

(k)
q′q (R), q, q′ = −k,−k + 1, . . . , k − 1, k (B.241)

where D
(k)
q′q (R) are the matrix elements associated with the irreducible representation14 D(k) of

the rotation group SO(3). An example of irreducible tensor operators is the set of spherical

14See section B.5.2 for a brief introduction to the rotation matrices D
(k)

q′q(R). Without going into a very precise
mathematical definition, let’s just say that in an irreducible representation the corresponding matrices cannot be
brought into a block-diagonal form by performing a similarity transformation.
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harmonics. When a rotation operator acts on an spherical harmonic eigenstate, |jm⟩, the result
can be generally written as a linear combination of states with the same value of j and all
possible different values of m:

PR |jm⟩ =
∑
m′

|jm′⟩D(j)
m′m(R), D

(j)
m′m(R) =

〈
jm′ ∣∣PR ∣∣ jm〉 . (B.242)

So doing j → k, m→ q and m′ → q′ we have

D
(k)
q′q (R) =

〈
kq′
∣∣PR ∣∣ kq〉 . (B.243)

Let us now see how the definition of irreducible tensor operators given in the previous section
is related to the one given here. Remember that infinitesimal rotation by an angle δθ about the
z axis can be written to first order as PR(δθ, z) = 1 + iδθJz. Therefore, to first order

PR(δθ, z)T
(k)
q P−1

R (δθ, z) = (1 + iδθJz)T
(k)
q (1− iδθJz) = T (k)

q + iδθ
[
Jz, T

(k)
q

]
(B.244)

D
(k)
q′q (δθ, z) =

〈
kq′
∣∣ 1 + iδθJz

∣∣ kq〉 (B.245)

Inserting (B.244) and (B.245) in (B.241), and using the relations ⟨kq′|kq⟩ = δq′q and Jz |kq⟩ =
q |kq⟩ we obtain

T (k)
q +iδθ

[
Jz, T

(k)
q

]
=
∑
q′

T
(k)
q′
〈
kq′
∣∣ 1 + iδθJz

∣∣ kq〉 =∑
q′

T
(k)
q′ ⟨kq′|kq⟩+iδθ

∑
q′

T
(k)
q′ ⟨kq′|Jz|kq⟩ .

(B.246)
Therefore [

Jz, T
(k)
q

]
=
∑
q′

T
(k)
q′
〈
kq′
∣∣ Jz ∣∣ kq〉 = qT (k)

q . (B.247)

In a similar way we can obtain[
Jx, T

(k)
q

]
=
∑
q′

T
(k)
q′
〈
kq′
∣∣ Jx ∣∣ kq〉 , (B.248)

[
Jy, T

(k)
q

]
=
∑
q′

T
(k)
q′
〈
kq′
∣∣ Jy ∣∣ kq〉 . (B.249)

Using

J+1 = − 1√
2
(Jx + iJy), and J−1 =

1√
2
(Jx − iJy),

with the inverse relations

Jx = − 1√
2
(J+1 − J−1), and Jy =

i√
2
(J+1 + J−1),

the two previous expressions can be combined into a single one[
J±1, T

(k)
q

]
=
∑
q′

T
(k)
q′
〈
kq′
∣∣ J±1

∣∣ kq〉 . (B.250)

Remembering that

⟨kq′|J±1|kq⟩ = ∓
√

1
2 [k(k + 1)− q(q ± 1)] δq′,q±1 (B.251)

we can write all the commutators between the components of J and the components of T(k) in
the following way[

J±1, T
(k)
q

]
= ∓

√
1
2 [k(k + 1)− q(q ± 1)]T

(k)
q±1,

[
J0, T

(k)
q

]
= qT (k)

q . (B.252)
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It can be shown that the transformation law (B.241) follows from the commutation relations
(B.252), so they can be considered as an alternative definition of an irreducible tensor. Note
that they are the same as the commutation relations (B.205).

The scalar product of two irreducible tensor operators is defined as

T(k) ·U(k) =
∑
q

(−1)q T (k)
q U

(k)
−q . (B.253)

The tensor product of two irreducible tensor operators with components T
(k)
q and U

(k′)
q′ is defined

as the irreducible tensor operator with the following components,

V
(K)
Q =

∑
qq′

T (k)
q U

(k′)
q′ ⟨kk′qq′|kk′KQ⟩ =

√
2k + 1

∑
qq′

(−1)−k+k
′−Q

(
k k′ K
q q′ −Q

)
T (k)
q U

(k′)
q′ .

(B.254)
The values of K and Q are restricted to

K = |k − k′|, . . . , k + k′, Q = q + q′ = −K, . . . ,+K. (B.255)

From the commutation relations of T(k) and U(k′) it can be shown that the components of V(K)

satisfy the following commutation relations,[
J±1, V

(K)
Q

]
= ∓

√
1
2 [K(K + 1)−Q(Q± 1)]U

(K)
Q±1,

[
J0, V

(K)
Q

]
= QV

(K)
Q . (B.256)

So, indeed, V(K) is an irreducible tensor operator.

B.7 Vector fields and multipole expansions.

B.7.1 Rotational properties of a vector field.

Let V(r) be a vector field in 3D-space and let R be a general proper rotation (a member of
the SO(3) group, sometimes also called O+(3) group). Consider the following transformations
under the R operator,

r −→ r′ = Rr, V(r) −→ V′(r′) = R
(
V
(
R−1r

))
. (B.257)

Think of R as a (rotation) matrix operating on a three dimensional vector. To know how
V(r) transforms under a rotation we need to apply the unrotated field V to the unrotated
vector R−1r, and then rotate the whole result according to R. That’s what the expression

R
(
V
(
R−1r

))
means.15 We now want to find an operator PR such that

PR

(
V(r)

)
= R

(
V
(
R−1r

))
. (B.258)

Consider first an infinitesimal rotation about the z axis by an angle dθ. This is given by

R(δθ, z) =

 1 δθ 0
−δθ 1 0

0 0 1

 . (B.259)

So

R−1(δθ, z) r =

 1 −δθ 0
δθ 1 0
0 0 1

 x
y
z

 =

 x− yδθ
xδθ + y

z

 , (B.260)

15To know the value of the field on a rotated vector r (that is, on a vector expressed in the new reference frame),
we have to apply the specific functional expression of V on the vector before it is rotated R−1r (that is, expressed
in the old reference frame), and then rotate the result back to the new reference frame. Note that, in general, the
functional form of V is itself modified by the rotation operation, V → RV = V′.
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V
(
R−1(δθ, z) r

)
=

 Vx(R
−1r)

Vy(R
−1r)

Vz(R
−1r)

 , (B.261)

PR(dθ, z)
(
V(r)

)
= R

(
V
(
R−1r

))
= R(δθ, z)

(
V
(
R−1(δθ, z) r

) )
=

 1 δθ 0
−δθ 1 0

0 0 1

 Vx(R
−1r)

Vy(R
−1r)

Vz(R
−1r)

 =

 Vx(R
−1r) + δθVy(R

−1r)
−δθVx(R−1r) + Vy(R

−1r)
Vz(R

−1r)


=

 Vx(x− yδθ, xδθ + y, z) + δθVy(x− yδθ, xδθ + y, z)
−δθVx(x− yδθ, xδθ + y, z) + Vy(x− yδθ, xδθ + y, z)

Vz(x− yδθ, xδθ + y, z)

 . (B.262)

Calling PRVx(r) the first component of the previous vector,[
PR(dθ, z)

(
V(r)

)]
x
= PRVx(r) = Vx(x− yδθ, xδθ + y, z) + δθVy(x− yδθ, xδθ + y, z), (B.263)

and writing to first order

PRVx(r) = Vx(r) +
∂Vx
∂x

dx+
∂Vx
∂y

dy +
∂Vx
∂z

dz, (B.264)

we can deduce comparing16 both expressions that

PRVx(r) = Vx(r) +
∂Vx
∂x

(−yδθ) + ∂Vx
∂y

(xδθ) + δθVy

= Vx(r) + δθ

(
x
∂

∂y
− y

∂

∂x

)
Vx + Vyδθ =

(
1 +

i

ℏ
δθLz

)
Vx + δθVy, (B.265)

where Lz = −iℏ(x∂y−y∂x) is the third component of the orbital angular momentum. Similarly,

PRVy(r) =

(
1 +

i

ℏ
δθLz

)
Vy − δθVx, PRVz(r) =

(
1 +

i

ℏ
δθLz

)
Vz. (B.266)

The three expressions can be combined into this one

PR(dθ, z)V(r) =

(
1 +

i

ℏ
δθLz

)
V(r) + δθ

 0 1 0
−1 0 0
0 0 0

 Vx(r)
Vy(r)
Vz(r)

 , (B.267)

Defining

Sz = ℏ

 0 −i 0
i 0 0
0 0 0

 , (B.268)

and Jz = Lz + Sz, we have

PR(dθ, z)V(r) =

(
1 +

i

ℏ
δθJz

)
V(r). (B.269)

Considering also infinitesimal rotations about the x and y axis would lead us to

Sx = ℏ

 0 0 0
0 0 −i
0 i 0

 , Sy = ℏ

 0 0 i
0 0 0

−i 0 0

 . (B.270)

16From f(x+∆x) = f(x) + ∂f
∂x

∆x at first order, you get Vx(x− yδθ) = Vx(x) +
∂Vx
∂x

(−yδθ), also at first order.



322

It can be recognised that Sx, Sy, Sz are in fact the matrix representation of the spin 1 quantum
mechanical operators, S = (Sx, Sy, Sz). The eigenvalues of Sz are λ = −1, 0,+1. The normalized
eigenvectors for each one of these eigenvalues are

ê+ = − 1√
2

 1
i
0


(λ=+1)

, ê0 =

 0
0
1


(λ=0)

, ê− =
1√
2

 1
−i
0


(λ=−1)

, (B.271)

which are just the unit vectors in the spherical basis. In an alternative notation, we can also
write

|SMs⟩ =


|1, 1⟩ = ê+

|10⟩ = ê0

|1− 1⟩ = ê−

. (B.272)

We have found that the transformation properties of a vector field are governed by an orbital
angular momentum operator L, a spin angular momentum operator S, and that the two opera-
tors are coupled according to the relation J = L+ S. Given the specific form of the S operator
found, we conclude that a vector field has spin S = 1. Since the transformation of a scalar
field is describable entirely on the basis of an orbital angular momentum operator, the spin of a
scalar field is zero.

B.7.2 Multipole expansion of the electric and magnetic fields.

The Maxwell equations in empty space are

∇B = 0, ∇E = 0, ∇×B =
1

c

∂E

∂t
, ∇×E = −1

c

∂B

∂t
, (B.273)

with

B = ∇×A, E = −1

c

∂A

∂t
, (B.274)

where A is the vector potential. If we take the time-dependence of the field vectors to be of the
form e−iωt and set k = ω/c, the equations become

∇B = 0, ∇E = 0, ∇×B = −ikE, ∇×E = ikB, (B.275)

B = ∇×A, E = ikA. (B.276)

Working in the Coulomb gauge (∇A = 0), and using the vector identity ∇ × (∇ × E) =
∇(∇E)−∇2E, we can deduce from the previous equations the following set of vector Helmholtz
equations.

(∇2 + k2)B(r) = 0, (∇2 + k2)E(r) = 0, (∇2 + k2)A(r) = 0. (B.277)

A solution to (∇2 + k2)B(r) = 0 can be written as

(∇2 + k2)BE(ℓ,m, r) = 0, (B.278)

with
BE(ℓ,m, r) =

√
ℓ(ℓ+ 1)fℓ(kr)Yℓℓm, (B.279)

where fℓ(kr) are spherical Bessel functions and Yℓℓm are vector spherical harmonics given by

Yℓℓm =
1√

ℓ(ℓ+ 1)

(
− L−Y

m
ℓ ê+ + L0Y

m
ℓ ê0 + L+Y

m
ℓ ê−

)
=

1√
ℓ(ℓ+ 1)

∑
q

(−1)qLqY
m
ℓ ê−q =

LY m
ℓ√

ℓ(ℓ+ 1)
. (B.280)
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ê+ = − 1√
2
(êx + iêy), ê0 = êz, ê− = − 1√

2
(êx − iêy). (B.281)

Note that Yℓℓm is orthogonal to the radius vector r because

r ·Yℓℓm =
Y m
ℓ√

ℓ(ℓ+ 1)
r · L =

Y m
ℓ√

ℓ(ℓ+ 1)
r(r× p) = 0. (B.282)

The corresponding electric field is, according to the Maxwell equations,

EE(ℓ,m, r) =
i

k
∇×BE(ℓ,m, r). (B.283)

The orthogonality relation r ·Yℓℓm = 0 implies that

r ·BE(ℓ,m, r) = 0, (B.284)

therefore an electromagnetic field characterized by BE(ℓ,m, r) and EE(ℓ,m, r) is known as a
transverse magnetic (TM) field of order ℓ. The transversality condition does not apply to EE,
which may have non-vanishing radial components. Such a field is therefore also designated as
an electric multipole of order ℓ.

Of course, fℓ(kr)Yℓℓm also satisfies the Helmholtz equation (∇2 + k2)E(r) = 0, therefore we
have the following new pair of solutions,

EM(ℓ,m, r) =
√
ℓ(ℓ+ 1)fℓ(kr)Yℓℓm, (B.285)

BM(ℓ,m, r) = − i

k
∇×EM(ℓ,m, r), (B.286)

r ·EM(ℓ,m, r) = 0. (B.287)

Such a radiation field is known as a magnetic multipole or a transverse electric (TE) field of
order ℓ. In this case BM may have radial components.

The general solution to the vector Helmholtz equations for the electromagnetic field can be
expressed as a linear combination of electric and magnetic multipoles of all orders,

B(r) =
∑
ℓ,m

[
aE(ℓ,m)BE(ℓ,m, r) + aM(ℓ,m)BM(ℓ,m, r)

]
, (B.288)

E(r) =
∑
ℓ,m

[
aE(ℓ,m)EE(ℓ,m, r) + aM(ℓ,m)EM(ℓ,m, r)

]
, (B.289)

where the coefficients depend on the sources and the boundary conditions. Since the parity of
the vector spherical harmonic Yℓℓm is (−1)ℓ, the parities of BE(ℓ,m, r) and EM(ℓ,m, r) are also
both (−1)ℓ. The electric field EE(ℓ,m, r) is proportional to ∇×BE(ℓ,m, r), therefore its parity
must be opposite to that of BE(ℓ,m, r), that is (−1)ℓ+1, because the curl operation transforms
a polar vector into an axial vector and vice versa. The same argument applies to BM(ℓ,m, r),
which must then have parity (−1)ℓ+1. Also, since A is proportional to E, both have the same
parity. We have then the following parity relations,

π
[
BE(ℓ,m, r)

]
= π

[
EM(ℓ,m, r)

]
= π

[
AM(ℓ,m, r)

]
= (−1)ℓ, (B.290)

π
[
EE(ℓ,m, r)

]
= π

[
BM(ℓ,m, r)

]
= π

[
AE(ℓ,m, r)

]
= (−1)ℓ+1. (B.291)

There are no multipoles of order zero because Yℓℓm = 0 for ℓ = 0. The following conventions
and notations are often used,

• The parity of an electromagnetic field is defined as the parity of B, πem = π(B).

• The polarization of an electromagnetic field is defined as the direction of E.

• The multipoles are named according to the values of 2ℓ: dipole (ℓ = 1, 2ℓ = 2), quadrupole
(ℓ = 2, 2ℓ = 4), octapole (ℓ = 3, 2ℓ = 8), etc. Additional designations are Eℓ for electric
multipole of order ℓ and Mℓ for magnetic multipole of order ℓ. Therefore E1, E2 are electric
dipole and electric quadrupole, and M1, M2 are magnetic dipole and magnetic quadrupole.
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B.8 Multipole expansion of the electromagnetic scalar and vec-
tor potentials.

We provide here a brief reminder of multipole expansions for the scalar and vector potential.
For more details please see for example [10] or [6]. In this section we use the SI system of units.

The electric potential created by point-like charge q at a distance r is ϕ = 1
4πϵ0

q
r , but the

spatial dependence of the potential created by an arbitrary distribution of charge will be more
complicated than just 1/r. At large distances from the source any potential can be conveniently
written as an expansion in powers of 1/r, called multipole expansion. For large values of r the
series will be dominated by multipoles of low order and the higher terms can be ignored.

Consider a localized distribution of charge described by a charge density ρ(rp) centered
around the origin of coordinates. The potential created by this distribution at large distances
can be written as an expansion in spherical harmonics,

ϕ(r) =
1

4πϵ0

∞∑
ℓ=0

ℓ∑
m=−ℓ

4π

2ℓ+ 1
qℓm

Y m
ℓ (θ, φ)

rℓ+1
. (B.292)

This is called a multipole expansion. The ℓ = 0 term is the monopole term, ℓ = 1 are dipole
terms etc. The constants qℓm depend on the specific form of the charge distribution ρ(rp), and
can be determined taking into account that the potential is also given by

ϕ(r) =
1

4πϵ0

∫
ρ(rp)

|r− rp|
d3rp, (B.293)

and the expansion of 1/|r− rp| given by

1

|r− rp|
= 4π

∞∑
ℓ=0

ℓ∑
m=−ℓ

1

2ℓ+ 1

rℓ<

rℓ+1
>

(Y m
ℓ )∗(θp, φp)Y

m
ℓ (θ, φ), (B.294)

where the notation r> means the greater of the two distances (r, rp), and r< means the smaller.
Since we want to find the potential in a point outside the charge distribution, we take r< = rp
and r> = r. We have

ϕ(r) =
1

4πϵ0

∫ [
4π

∞∑
ℓ=0

ℓ∑
m=−ℓ

1

2ℓ+ 1

rℓp
rℓ+1

(Y m
ℓ )∗(θp, φp)Y

m
ℓ (θ, φ)

]
ρ(rp) d

3rp

=
1

ϵ0

∑
ℓ,m

1

2ℓ+ 1

[∫
(Y m
ℓ )∗(θp, φp) r

ℓ
p ρ(rp) d

3rp

]
Y m
ℓ (θ, φ)

rℓ+1
. (B.295)

The coefficients are then given by

qℓm =

∫
(Y m
ℓ )∗(θp, φp) r

ℓ
p ρ(rp) d

3rp. (B.296)

These coefficients are called multipole moments. It is instructive to write a few of them in
Cartesian coordinates to better exhibit their physical interpretation,

q00 =
1√
4π

∫
ρ(rp) drp =

1√
4π
q (B.297)

q11 = −
√

3

8π

∫
(x− iy)ρ(rp) drp = −

√
3

8π
(px − ipy),

q10 =

√
3

4π

∫
zρ(rp) drp =

√
3

4π
pz

(B.298)
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q22 =
1

4

√
15

2π

∫
(x− iy)2ρ(rp) drp =

1

12

√
15

2π
(Q11 − 2iQ12 −Q22),

q21 = −
√

15

8π

∫
z(x− iy)ρ(rp) drp = −1

3

√
15

8π
(Q13 − iQ23),

q20 =
1

2

√
5

4π

∫
(3z2 − r2)ρ(rp) drp =

1

2

√
5

4π
Q33.

(B.299)

We have written only the moments with m ≥ 0, since for a real charge density the moments with
negative m are related by qℓ,−m = (−1)mq∗ℓm. In the previous equations q is the total charge, or
monopole moment, p is the electric dipole moment,

p =

∫
rp ρ(rp) drp, (B.300)

and Qij is the traceless quadrupole moment tensor,

Qij =

∫ [
3(xi)p(xj)p − r2pδij

]
ρ(rp) drp. (B.301)

The ℓth multipole coefficients (2ℓ+ 1 of them in number) are linear combinations of the corre-
sponding multipoles expressed in rectangular coordinates. The expansion of ϕ(r) in rectangular
coordinates can be derived by a direct Taylor series expansion of 1/|r− rp|,

ϕ(r) =
1

4πϵ0

q
r
+

pr

r3
+

1

2

∑
i,j

Qij
xixj
r5

+ . . .

 (B.302)

The monopole and dipole terms are

ϕmon(r) =
1

4πϵ0

q

r
, ϕdip(r) =

1

4πϵ0

pr

r3
=

1

4πϵ0

pr̂

r2
. (B.303)

The vector potential created by a current of intensity I circulating through a closed loop of
arbitrary shape is given by the following line integral around the loop

A(r) =
µ0I

4π

∮
1

|r− rp|
drp. (B.304)

Expanding 1/|r− rp| as

1

|r− rp|
=

1√
r2 + r2p + 2rrp cos θrrp

=
1

r

∞∑
n=0

(rp
r

)n
Pn(cos θrrp), (B.305)

we obtain a multipole expansion for A(r),

A(r) =
µ0I

4π

[
1

r

∮
drp +

1

r2

∮
rp cos θrrp drp +

1

r3

∮
r2p

(
3

2
cos2 θrrp −

1

2

)
drp + . . .

]
. (B.306)

The monopole term (which goes like 1/r) is always zero because the integral is just the total

vector displacement around a closed loop,

∮
drp = 0. This, of course, is in agreement with

∇B = 0. The dipole term is

Adip(r) =
µ0I

4πr2

∮
rp cos θrrp drp =

µ0I

4πr2

∮
(r̂rp) drp. (B.307)

This expression can be written in a different way using the identity∮
(r̂rp) drp = −r̂×

∫
dap (B.308)
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where ap is the vector area of the loop. If the loop is flat, then the magnitude of ap is the area
enclosed, with the direction assigned by the usual right hand rule (fingers in the direction of the
current). We can then write

Adip(r) =
µ0
4π

µ× r̂

r2
=
µ0
4π

µ× r

r3
=

1

4πϵ0c2
µ× r

r3
, (B.309)

where we have replaced µ0 by c2 using the relation µ0ϵ0 = 1/c2, and µ is the magnetic dipole
moment

µ ≡ I

∫
dap = Iap (B.310)

According to Eqs. (B.16) and (B.30), a vector potential and a magnetic dipole moment can
be converted between the Gaussian and SI systems of units using the relations

Asi =

√
µ0
4π

Ag, µsi =

√
4π

µ0
µg. (B.311)

Therefore,

Ag =

√
4π

µ0
Asi =

√
4π

µ0

µ0
4π

µsi × r

r3
=

√
µ0
4π

µsi × r

r3
=

µg × r

r3
. (B.312)

The vector potential generated by a magnetic dipole moment can then be written in both systems
of units as

Asi =
µ0
4π

µsi × r

r3
, Ag =

µg × r

r3
. (B.313)

B.9 Dirac equation up to order v2/c2.

Following the notation in Chapter 1, we start from the Dirac equation written in the form

(E′ − qϕ)ψu =
1

2m
(σπ)K(σπ)ψu, (B.314)

where

K =
2mc2

E′ + 2mc2 − qϕ
. (B.315)

Now we approximate K as

K =
1

1 +
E′ − qϕ

2mc2

≈ 1− E′ − qϕ

2mc2
. (B.316)

Inserting this in equation (B.314) we get

(E′ − qϕ)ψu =
1

2m

[
(σπ)2 − (σπ)

E′ − qϕ

2mc2
(σπ)

]
ψu. (B.317)

To proceed simplifying this equation it is convenient to define the operator

Ω = 1 +
(σπ)2

8m2c2
. (B.318)

To order v2/c2 we have

Ω−1 = 1− (σπ)2

8m2c2
. (B.319)

We define ψ = Ωψu and multiply (B.317) on the left by Ω−1. Taking into account that
ψu = Ω−1ψ we get

Ω−1(E′ − qϕ)Ω−1ψ =
1

2m
Ω−1

[
(σπ)2 − (σπ)

E′ − qϕ

2mc2
(σπ)

]
Ω−1ψ. (B.320)
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Let’s inspect one by one the different terms of the previous equation only to order v2/c2.

Ω−1(E′ − qϕ)Ω−1ψ ≈ (E′ − qϕ)ψ − (σπ)2

8m2c2
(E′ − qϕ)ψ − (E′ − qϕ)

(σπ)2

8m2c2
ψ.

1

2m
Ω−1(σπ)2Ω−1 ψ ≈ 1

2m
(σπ)2 ψ − 1

2m

(σπ)2

8m2c2
(σπ)2 ψ − 1

2m
(σπ)2

(σπ)2

8m2c2
, ψ

=
1

2m
(σπ)2 ψ − 1

8m3c2
(σπ)4 ψ.

1

2m
Ω−1(σπ)

E′ − qϕ

2mc2
(σπ)Ω−1 ψ ≈ 1

2m
(σπ)

E′ − qϕ

2mc2
(σπ)ψ = (σπ)

E′ − qϕ

4m2c2
(σπ)ψ.

Putting everything together:

(E′ − qϕ)ψ − (σπ)2

8m2c2
(E′ − qϕ)ψ − (E′ − qϕ)

(σπ)2

8m2c2
ψ

=
1

2m
(σπ)2 ψ − 1

8m3c2
(σπ)4 ψ − (σπ)

E′ − qϕ

4m2c2
(σπ)ψ. (B.321)

(E′−qϕ)ψ =

[
(σπ)2

2m
− (σπ)4

8m3c2
+

(σπ)2

8m2c2
(E′ − qϕ)− (σπ)

E′ − qϕ

4m2c2
(σπ) + (E′ − qϕ)

(σπ)2

8m2c2

]
ψ.

(B.322)
The following relations are useful to further simplify this equation.

(σπ)(E′ − qϕ)− (E′ − qϕ)(σπ) = E′(σπ)− q(σπ)ϕ− E′(σπ) + qϕ(σπ)

= qϕ(σπ)− q(σπ)ϕ = qϕσ (p− qA)− qσ (p− qA)ϕ

= qϕ(σp)− q2ϕ(σA)− q(σp)ϕ+ q2(σA)ϕ = qϕ(σp)− q(σp)ϕ. (B.323)

But, remembering that the operator p acts on everything that stands to its right,[
ϕ(σp)− (σp)ϕ

]
ψ = ϕ(σp)ψ − [(σp)ϕ]ψ − ϕ [(σp)ψ] = − [(σp)ϕ]ψ, (B.324)

which means that
ϕ(σp)− (σp)ϕ = iℏσ (∇ϕ) . (B.325)

Therefore
(σπ)(E′ − qϕ)− (E′ − qϕ)(σπ) = iℏqσ (∇ϕ) . (B.326)

We need also to use the following relations,

[π (∇ϕ)− (∇ϕ)π]ψ = [(p− qA) (∇ϕ)]ψ − [(∇ϕ) (p− qA)]ψ

= (p∇ϕ)ψ + (∇ϕ) (pψ)− qA (∇ϕ)ψ − (∇ϕ) (pψ) + q (∇ϕ)Aψ = (p∇ϕ)ψ.

This means that
[π (∇ϕ)− (∇ϕ)π] = −iℏ∇ (∇ϕ) . (B.327)

Also, using17 p×∇ϕ = −iℏ (∇×∇ϕ)− (∇ϕ× p), and ∇×∇ϕ = 0, we have

[π × (∇ϕ)]− [(∇ϕ)× π] = (p− qA)× (∇ϕ) − (∇ϕ)× (p− qA)

= p× (∇ϕ)− qA× (∇ϕ)− (∇ϕ)× p+ q (∇ϕ)×A

= p× (∇ϕ)− (∇ϕ)× p+ 2q (∇ϕ)×A

= −iℏ∇× (∇ϕ)− 2 (∇ϕ)× p+ 2q (∇ϕ)×A = −2 (∇ϕ)× (p− qA).

17The term p × (∇ϕ) is worked out in the same way we have obtained p × A = −iℏ (∇×A) − A × p, and
using the fact that ∇× (∇ϕ) = 0.
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So

[π × (∇ϕ)]− [(∇ϕ)× π] = −2 (∇ϕ)× π. (B.328)

Using the previous two results and the relation (σa)(σb) = ab+ iσ(a× b), we find

(σπ) (σ∇ϕ)− (σ∇ϕ) (σπ) = π (∇ϕ) + iσ [π × (∇ϕ)]− (∇ϕ)π − iσ [(∇ϕ)× π]

= π (∇ϕ)− (∇ϕ)π + iσ
[
[π × (∇ϕ)]− [(∇ϕ)× π]

]
= −iℏ∇ (∇ϕ)− 2iσ (∇ϕ)× π = −iℏ∇ (∇ϕ) + 2i(σπ)× (∇ϕ) . (B.329)

Collecting everything together,

(σπ)2(E′ − qϕ) + (E′ − qϕ)(σπ)2 = (σπ)
[
(σπ)(E′ − qϕ)− (E′ − qϕ)(σπ)

]
−
[
(σπ)(E′ − qϕ)− (E′ − qϕ)(σπ)

]
(σπ) + 2(σπ)(E′ − qϕ)(σπ)

= (σπ)
[
iℏqσ (∇ϕ)

]
−
[
iℏqσ (∇ϕ)

]
(σπ) + 2(σπ)(E′ − qϕ)(σπ)

= iℏq
[
(σπ) (σ∇ϕ)− (σ∇ϕ) (σπ)

]
+ 2(σπ)(E′ − qϕ)(σπ)

= iℏq
[
− iℏ∇ (∇ϕ) + 2i(σπ)× (∇ϕ)

]
+ 2(σπ)(E′ − qϕ)(σπ)

= ℏ2q∇ (∇ϕ)− 2ℏq(σπ)× (∇ϕ) + 2(σπ)(E′ − qϕ)(σπ). (B.330)

Now we insert this into equation (B.322),

(E′ − qϕ)ψ =

[
(σπ)2

2m
− (σπ)4

8m3c2
+

ℏ2q
8m2c2

∇ (∇ϕ)− 2ℏq
8m2c2

(σπ)× (∇ϕ)

+
2

8m2c2
(σπ)(E′ − qϕ)(σπ)− 1

4m2c2
(σπ)(E′ − qϕ)(σπ)

]
ψ,

(E′ − qϕ)ψ =

[
(σπ)2

2m
− (σπ)4

8m3c2
+

ℏ2q
8m2c2

∇ (∇ϕ)− ℏq
4m2c2

(σπ)× (∇ϕ)

]
ψ. (B.331)

Following equation (1.82) we have

1

2m
(σπ)2 =

1

2m

(
p− q

c
A
)2

− qℏ
2mc

σ · (∇×A) .

Furthermore, to order v2/c2 we can write

1

c2
(σπ)4 =

1

c2

[
σ
(
p− q

c
A
)]4

≈ 1

c2
(σp)4 =

1

c2
p4,

1

c2
π × (∇ϕ) =

1

c2

(
p− q

c
A
)
× (∇ϕ) ≈ 1

c2
p× (∇ϕ)

= − i

c2
ℏ∇× (∇ϕ)− i

c2
(∇ϕ)× p = − 1

c2
(∇ϕ)× p.

Therefore we finally arrive at

(E′ − qϕ)ψ =

[
1

2m

(
p− q

c
A
)2

− qℏ
2mc

σ · (∇×A)

− p4

8m3c2
+

ℏ2q
8m2c2

∇ (∇ϕ) +
ℏq

4m2c2
σ
[
(∇ϕ)× p

]]
ψ. (B.332)
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B.10 Entropy, temperature and the Boltzmann factor.

This is a very terse summary of fundamental concepts. For more details and a full treatment
the reader is referred to the standard textbooks on the subject, for example Thermal Physics,
C. Kittel and H. Kroemer, 1980.

Thermal physics can be developed following a logical structure where the main concepts
are entropy, temperature, the Boltzmann factor, the chemical potential, the Gibbs factor, and
the distribution functions. The fundamental logical assumption of the theory is that a closed
system can be in any of its accessible quantum states with equal probability. Quantum states
are either accessible or inaccessible to the system, and the system is equally likely to be in any
one accessible state as in any other accessible state. The entropy is a measure of the number of
quantum states accessible to a system. For a system with n allowed quantum states the entropy
is defined as the natural logarithm of n,

σ = log(n). (B.333)

The entropy is a function of the energy U , the number of particles N , and the volume V of the
system, because these parameters enter in the determination of n (other parameters may enter
as well). The definition σ = log(n) is more convenient than σ = n, since it is much easier (and
natural) to deal with the combined entropy of two systems as σ1 + σ2 rather than n1n2.

When two systems are brought into thermal contact they will transfer energy into one another
while keeping the total energy constant. The initial number of combined states before contact,
n1n2, may increase after contact due to the flow of energy between the systems in one or other
direction. The fundamental assumption favours the energy sharing between the two systems
that maximizes the number of accessible states of the combined system. This statement is the
kernel of the law of increase of entropy (second law of thermodynamics). After thermal contact,
the combined system evolves until the maximum value for the number of accessible quantum
states is reached. It can be shown that this maximum is attained when the value of (∂σ/∂U)N,V
for one system is equal to the value of the same quantity for the second system,(

∂σ1
∂U1

)
N1,V1

=

(
∂σ2
∂U2

)
N2,V2

. (B.334)

The partial derivatives here are evaluated keeping the number of particles and volume, Ni and Vi,
fixed. This equality property for two systems in thermal contact is just the property we expect
of the temperature. Accordingly, the fundamental temperature τ is defined by the relation

1

τ
≡
(
∂σ

∂U

)
N,V

. (B.335)

The use of 1/τ ensures that the energy flows from high τ to low τ . The Kelvin temperature
T is proportional to τ , with τ = kBT , where kB is the Boltzmann constant. The conventional
entropy S is given by S = kBσ, so

S = kB log(n). (B.336)

Consider now a small system with only two states, one at energy 0 and one at energy ε,
that is placed in thermal contact with a large system called reservoir. The total energy of the
combined two systems is U0. When the small system is in the state of energy 0, the reservoir
will have U0 energy and n(U0) states available to it. When the small system is in the state
of energy ε, the reservoir will have U0 − ε energy and n(U0 − ε) states available to it. By the
fundamental assumption, the ratio of the probability of finding the small system with energy ε
to the probability of finding it with energy 0 is given by

P (ε)

P (0)
=
n(U0 − ε)

n(U0)
=

exp[σ(U0 − ε)]

exp[σ(U0)]
= exp

[
σ(U0 − ε)− σ(U0)

]
. (B.337)
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By expanding the reservoir entropy σ in a Taylor series and using the definition of fundamental
temperature we arrive, neglecting terms of higher order, at

σ(U0 − ε) ≈ σ(U0)− ε

(
∂σ

∂U

)
U0

= σ(U0)−
ϵ

τ
. (B.338)

Therefore σ(U0 − ε)− σ(U0) = −ε/τ and

P (ε)

P (0)
= e−ε/τ . (B.339)

This is Boltzmann’s result.



Bibliography

[1] H. A. Bethe and E. E. Salpeter. Quantum Mechanics of one- and two-electron atoms.
Springer-Verlag, 1957.

[2] B. H. Bransden and C. J. Joachain. Physics of Atoms and Molecules (second edition).
Prentice Hall, 2003.
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